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ABSTRACT. A Lorenz link is equivalent to a T-link, which is a positive
braid built by concatenating torus braids of increasing size. When each
torus braid except the largest is obtained by full twists, then the T-link
can be described as the Dehn filling of a parent link. In this paper, we
completely classify when such parent links are hyperbolic. This gives
a classification of the geometry of T-links obtained by full twists when
the amount of twisting is large, although the bound on the number
of required twists is not effective. We also present effective results on
hyperbolicity for broad families of T-links obtained by twisting, even
when the number of twists is small. Finally, we identify families of
satellite T-links obtained by half-twists.

1. INTRODUCTION

Lorenz links are the closed periodic orbits of a system of equations in-
vestigated by Lorenz in the 1960s [19]. They exhibit interesting dynamics
that has led to significant further investigation over the years, in the fields of
dynamics, geometry, and topology; see for example [10]. These links can be
described as links on an embedded branched surface in R3, called the Lorenz
template, due to work of Guckenheimer and Williams [13], and Tucker [24].
Birman and Williams were the first to investigate Lorenz links through the
lens of knot theory, in the 1980s [2], and the first to show such links are
closed positive braids. Birman and Kofman [1] showed that Lorenz links are
equivalent to T-links, which are positive braids with a particular form; see
Section 2 below. Thus techniques from braid theory can be brought to bear
upon Lorenz links via T-links.

We are interested in the complement of these links, and in particular their
geometrization. Thurston showed in the 1980s that all knots in the 3-sphere
are either torus knots, satellite, or hyperbolic [22], and we refer to this as
the knot’s geometric type. The geometric type of Lorenz links has been
considered since work of Birman and Williams in the 1980s [2]. They showed
that all torus knots are Lorenz knots, and satellites obtained as certain cables
of Lorenz knots are Lorenz knots. Hyperbolic geometry has been considered
by Gomes, Franco, and Silva [11, 12], who proved hyperbolicity of Lorenz
links satisfying certain conditions based on the Lorenz template. Satellite
links have received additional attention, by El Rifai [8], de Paiva [5], and
de Paiva and Purcell [7].
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In spite of this work, there remains no systematic way of determining
whether a Lorenz link is hyperbolic, toroidal, or satellite using its description
either on the Lorenz template, or as a closed braid in the form of a T-link.
These descriptions uniquely determine a link, and hence uniquely determine
its geometric type, so it is natural to ask for a simple description of geometric
type based on the Lorenz link description.

In this paper, we consider the Birman—Kofman description of Lorenz links
as T-links. We extend the classification of the geometry of T-links to those
that admit full twists. Such links are obtained from a “parent” link by Dehn
filling. Such parent links can give significant insight into the geometry of their
Dehn fillings. The ones considered in this paper are generalizations of links
considered by Lee in the simpler twisted torus knot case [17, Proposition 5.7].
They also appear in work used to obtain upper volume bounds on related
links in [3]. In this paper, we completely classify when these parent links
are hyperbolic; this is Theorem 3.8 below. This result leads to new infinite
families of hyperbolic T-links, determined only by parameters in a braid
describing the link.

Theorem 1.1. Fiz relatively prime integers q < p, and let ay,...,a, be
positive integers less than p and increasing in value. There exists B > 0 with
the following property. Consider the T-link obtained from the (p,q)-torus
knot by full twisting at least B times in regions with ai,as,...,a, strands,
respectively. This T-link is hyperbolic if and only if either all a; < q, or there
is a; > q that is not a multiple of q.

The T-links of Theorem 1.1 must be obtained by full twisting; unfortunately
the constant B in the above theorem is not effective, thus we currently do
not have a concrete, universal bound on the number of full twists that are
required.

However, in Section 4 we improve this: We present two theorems that
guarantee hyperbolicity of T-links with full twists, given only their parameters,
where the bounds on numbers of full twists required are explicit, small, and
relatively simple. The results are Theorem 4.3 and Theorem 4.5. For example,
the following result is a corollary of Theorem 4.3.

Corollary 1.2. Suppose p, q, and a, are relatively prime integers, with

1 <q<a, <p, and suppose a1 < --- < a,, are positive integers less than
p. Let K be the T-link obtained from the (p,q)-torus knot by full twisting at
least once in regions with a1, as,...,an_1 strands and at least twice in the

region with a,, strands. Then K is hyperbolic.

This result is quite strong, especially compared with similar results on
hyperbolicity when multiple strands are twisted. For example Purcell [20,
Theorem 3.7] guarantees hyperbolicity of certain links obtained by Dehn
filling, twisting multiple strands, but six full twists are required in addition to
other symmetries for the methods of that paper to apply. Note Corollary 1.2
requires only one or two full twists. Similarly, all the T-links that are
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hyperbolic by Theorems 4.3 and 4.5 require diagrams with only one or two
full twists. This is because the proofs of these results have access to tools
from braid theory, particularly work of Ito [15], and do not strictly rely on
geometry.

Note that the description of Lorenz links via T-links does not require full
twists, and so it would be nice to weaken the hypotheses of Theorem 1.1 and
Corollary 1.2 even further to allow more general torus braids in regions with
a; strands. This seems difficult. In this paper, we give more results in the
satellite case.

Theorem 1.3. For q < p integers, let K be a T-link obtained from the
(p, q)-torus link by half-twisting in circles encircling less than q strands, or
encircling multiples of q strands. Then S — K is satellite.

The precise statement is Theorem 5.4. Note this extends work of [7] to
families of T-links with both full twists and half twists, which gives many
more families in a very natural way.

1.1. Acknowledgements. This work was partially supported by the Aus-
tralian Research Council, grant DP210103136.

2. RESULTS ON BRAIDS

This section reviews results on braids that will be used throughout. As
usual, let o; be the standard generator of the braid group, giving a positive
crossing between the i-th and (i + 1)-th strands.

For 1 < p, q, define the (p, q)-torus braid as:

(0’1 ‘e O'p_l)q

Note that within the braid group on p strands, its closure is the torus link
T(p,q). When p, g are coprime, this is a torus knot, but we will not always
restrict to coprime p and g unless specifically stated.

We will also consider such braids within larger braid groups. When r < p,
the (r,s) braid within the braid group on p strands is still defined to be
(01...0.-1)% but now note this has p — r strands with no crossings lying to
the right of the braid, viewing the braid arranged from top to bottom.

Let r1,...,7; and s;,..., S, be integers such that 2 <r; < --- < rg, and
s; > 0 for all . The T-link T'((r1, s1), ..., (T, Sk)) is defined to be the closure
of the braid

S1 82 Sk
- _ _
(0102...00 1) (0102 .. 0py—1)%% ... (0102 ... Op —1)°F.

Thus T'((r1,81),-..,(rk, Sk)) is obtained by concatenating the braids (r;, s;)
within the braid group on r; strands, and then taking the closure.

Taking closures of torus braids and related braids allows additional sym-
metries and restrictions on the braid. For example, we will use the following
standard result on torus knots and links.
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F1GURE 1. The equivalence of T'(p, q) and T'(q,p) is given by
rotating 180° in the diagonal axis shown for the Heegaard
torus for S3. This exchanges the solid tori in the standard
genus-1 Heegaard splitting for S3.

K
>

Lemma 2.1. Let 1 < p, q be integers. Then the torus link T (p, q) is equivalent
to the torus link T(q,p) via a homeomorphism of S® fizing the Heegaard torus
containing T (p,q) and switching the two solid tori bounded by F'.

The proof of Lemma 2.1 is well known, and appears in many knot theory
texts. We visualise the proof in Figure 1.

The next result generalises [7, Lemma 2.7]. There the result only holds
when each s; is a multiple of r;. Here we extend more generally.

Proposition 2.2. Let 0 <7y < -+ <11 < ¢ < rig1 < -+- < 1rp < p be
integers. Then, for k > 0, the T-link

K = T((le 81)7 ey (Ti—17 Si—l)a (q: qk)v (ri-i-l) 8i+1)7 ey (Tn7 Sn)a (p7 Q))
18 equivalent to the T-link

K = T((Tl, 81), Ceey (T‘i_l, Sz‘—l), (Ti+1, 3i+1)a ceey (Tn, Sn), (p + qk,q)).

Note that Proposition 2.2 allows us to assume there are no full twists on
g strands in a T-link of the form T'(--- , (p, q)).

Proof. The braid (g, gk) is obtained by performing k full twists on ¢ strands.
We know that these full twists commute in the braid group. Thus in the
braid representing K, we may isotope (q, gk) to the top of the braid, leaving
the rest of the braid unchanged.

Now perform the isotopy of K of Lemma 2.1, switching p and ¢ in the
(p, q)-torus link. The rotation in the diagonal shown in Figure 1 takes the
(vertical) braids (71, 1) * - - - % (T, Sn,) to inverted braids, forming a tangle in
the horizontal direction on a quadrilateral representing the projection torus.
(The form of this tangle is not important for the argument here, but more
details can be found in [7, Lemma 2.3].) The result is a link of the form
T(q,p) with a tangle along the horizontal p-strands. The first such tangle
is the braid (g, gk), which is unchanged by this isotopy because it is a full
twist (see, for example, Birman and Kofman [1, Corollary 3]). Then the link
diagram is formed by the braid (g, p) followed by (¢, gk). These two braids
can be combined to form the braid (q,p + gk). Now apply the inverse of the
isotopy of Figure 1. This changes the link from T'(q,p + ¢k) with tangles
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Fi1GURE 2. Illustration of Proposition 2.3 in the case that
qg=2,r=4,p =7, for an arbitrary tangle shown as a
gray box. The left-most picture shows the original link. The
(r 4+ 1)-st strand, shown in blue, can be pulled tight beneath
the diagram, resulting in the middle picture. The right-most
picture shows the result after isotoping strands (r + 1) to p.
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along the p horizontal strands to a link of the form T'(p + ¢k, p) with these
tangles returned to their form as braids (r1,s1) % - -+ * (7, Sp). The result is
the link K’. 0

Proposition 2.3. Let p, q, and r be positive integers with 0 < g <1 < p.
Consider the (p,q) torus link, which is the closure of the braid on p strands
given by (o1...0p-1)%. There is an ambient isotopy of S3 taking this to the
closure of the braid on r strands given by

(Or—1...0p—g1)’ " (o1...00—1)".

Moreover, an ambient isotopy realising the equivalence fizes the portion of
the braid (o1 ...0p—1)? corresponding to the r left-most strands at the top the
braid. Thus, we may replace a neighbourhood of these strands above the braid
(01...0p—1)% with any tangle T on r strands, and we find that the resulting
link is ambient isotopic to the closure of the link obtained by concatenating the
braid on r strands (oy—1...0r—q1)P™", with T, and then with (o1 ...0p-1)%.
See Figure 2.

Proof. Because r > ¢, the (r 4+ 1)-st strand at the top of the braid only runs
under the ¢ overcrossing strands in the braid corresponding to the (p,q)
torus link. It then runs around the braid closure back to the top, returning
to the r — g + 1 position. Together with a horizontal line from the r — ¢+ 1
position to the r + 1 position, this strand bounds a disc in $2, lying under
the plane of projection. Use this disc to push the strand in S® to become a
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horizontal strand lying below the plane of projection, running from the r + 1
position, then behind ¢ strands, to the r + 1 — g position. Adjust slightly,
pulling the right side up, so that the result is a closed braid; see Figure 2,
middle. Note that the resulting braid consists of only p — 1 strands. This
isotopy generalises the isotopy given by Lee in [18, Figure 6], and by de Paiva
in [6, Figure 1].

This move can be repeated for all the p — r strands to the right of the
(r+1)-st strand. When finished, we obtain a link on r strands as claimed. O

2.1. Braid index. Recall that the braid index of a knot K, which we will
denote (K), is the minimal number of strands required to form a braid
with closure isotopic to K. We will repeatedly use the following result of
Franks and Williams [9] on braid index of the closure of a positive braid.

Theorem 2.4 (Corollary 2.4 of [9]). Let B be a positive braid on p strands
that contains a full twist
AZ = (0'1 . .O'p_l)p.

Then B has braid indez p. O
Lemma 2.5. Let p, q, d and r be positive integers such that ¢ <1 < p and
d+q >r. Let B, be a positive braid on r strands, and let B, denote the
braid on p strands obtained by adding p — r trivial strands to the right of the
braid B,. Then the closure of the braid on p strands

By(oy ... Ur_l)d(O'l coop—1)?
has braid index equal to .

Proof. By Proposition 2.3, the closure of the given braid on p strands is
equivalent to the closure of the braid on r strands

B/ = (O’T,1 e O‘r,q+1)p_TBT(O'1 e Urfl)d(dl e O'Tfl)q.

Because this is a positive braid, and because d + ¢ > r, the braid B’ has at
least one positive full twist on r strands. Thus Theorem 2.4 implies that the
closure of B (and B’) has braid index equal to r. O

Corollary 2.6. Suppose 0 <11 < --- <71y < p are integers, Si,...,Sy and
q are positive integers, and suppose ¢ < 1, < Sy + q. Then the T-link

K =T((r1,51),-,(Tn,5n), (p,q))

has braid index equal to ry,.

Proof. Let B,, be the braid on r, strands obtained as the concatenation of
torus braids (r1,s1) ... ("n—1,Sn—1), where we view each (r;, s;) as a braid
on 1, strands by adding r,, — r; trivial strands to the right of the braid
(ri,si) = (o1...0r,—1)%. Then the given T-link is the closure of the braid

B, (o1...00,-1)"(01...0p—1)".

Since ¢ < rp, < sy + ¢, the result follows from Lemma 2.5. (|
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The next definition is from Williams [25].

Definition 2.7. A generalized g-cabling of a link L is a link L’ contained in
the interior of a tubular neighbourhood L x D? of L such that

(1) each fiber D? intersects L’ transversely in ¢ points; and
(2) all strands of L’ are oriented in the same direction as L itself.

Williams showed the following result on generalised g-cablings for knotted
L in [25].

Theorem 2.8 (Theorem 1 of Williams [25]). The braid index is multiplicative
under generalized cabling. That is, if L is a link with each component a
non-trivial knot and L' is a generalized q-cabling of L then B(L") = qB(L),
where B(x) is the braid index of *. O

This result was extended to unknotted L in the case of positive braids by
de Paiva in [4]. The following result is from that paper.

Lemma 2.9 (Lemma 2.3 of [4]). Let L' be a generalized q-cabling of the
unknot L, with L given by a positive braid on n strands, where n > 1. Also,
assume the knot inside L is given by a positive braid. Then L' has braid
index equal to q. ([l

3. PARENTS OF T-LINKS

In this section, we build the “parent links” mentioned in the introduction.
Dehn filling on such links produces T-links with full twists. By classifying
when such links are hyperbolic, and applying Thurston’s hyperbolic Dehn
filling theorem, we show that, in an appropriate sense, most T-links with
only full twists are hyperbolic. This is an extension of work by de Paiva and
Purcell [7]. There, the same links were constructed, and some conditions
were given to guarantee hyperbolicity. Here, we strengthen the result by
completely characterising when such links are hyperbolic.

Definition 3.1. Let p, g be relatively prime integers such that 1 < g < p.
Consider the (p, ¢)-torus braid on p strands, and its closure, the torus link
T(p,q). Let F denote the Heegaard torus on which T'(p, q) lies. Let a be
an integer with 0 < a < p. Denote by J, an unknot lying horizontally with
respect to the (p, ¢)-torus braid, positioned just above the crossings of the
braid, bounding a disc such that the interior of that disc meets F' transversely
in a single arc intersecting the a leftmost strands of the braid.

More generally, given aq,...,a, satisfying 1 < a1 < -+ < a,, < p, take
disjoint unknots J,,,...,J,, as above, positioned so that the ¢-th is pushed
vertically above the (i + 1)-th with respect to the braid, so that all are
disjoint. Figure 3 shows an example.

Proposition 3.2. Let p, q be relatively prime integers with 1 < q < p. Let
Qn,...,a1 be integers such that 1 < a1 < --- < a, < p, with n > 1. Also,
assume that there is a; > q which is not a multiple of q. Then the link
K =T(p,q) U Ja, U---UJy, is atoroidal.
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FIGURE 3. Shows 7'(7,2) augmented at the top right by J,
J3, and Jy.

In [7], it is shown that K is hyperbolic if all the a; > ¢ are not multiples
of q. Here, we show only one needs not be a multiple of ¢ for hyperbolicity.

Proof. Suppose S — N(K) admits an essential torus 7. Then T bounds a
solid torus V' that must contain at least one component of K.

First we show that we may choose V' to contain T'(p, q). For suppose V is
disjoint from T'(p, q). Then it must contain at least one .J, ;- The component
Ja; must have positive wrapping number in V, for otherwise T(p,q) and J, ;
would have zero linking number, which is a contradiction. Because there
is no essential torus in the exterior of the unknot in S3, it follows in this
case that 7' is unknotted in S3. Therefore, T' bounds a second solid torus V’
containing T'(p, q). Thus in all cases we may assume 7" bounds a solid torus
containing T'(p, q).

As ay, > ¢, by Proposition 2.3, the torus knot T'(p,q) is isotopic to a
closed braid with a, strands so that under the isotopy, the largest unknot
Ja, becomes the braid axis. Because the isotopy moves only the right-most
p — an, strands, all unknots J,,, ..., J,, are untouched by the isotopy.

The torus T is then contained in the solid torus S — N(.J,, ), and bounds
a solid torus V' containing T'(p, q). It follows that J,, is disjoint from V.

The torus T" must intersect the disc D,, bounded by J,, in a series of
circles, with each circle bounding a meridian of V. Each meridian of V'
can be isotoped to meet the same number of strands of T'(p, q), as follows.
The boundary of a meridian defines an unknot in S2, and all such unknots
are isotopic in S% — N(K), where the isotopy is obtained by pushing the
boundary of the meridian disc along the torus T'. Because T'(p,q) forms a
braid, it meets these discs monotonically. Let b denote the number of times
that a meridian of V intersects the strands of T'(p, ¢) on the disc D,, . Note
b > 1, or else T would be boundary parallel.
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Note also that V winds some number of times around the solid torus
S3 — N(J,,), and note that each meridian of this solid torus meets exactly
ap strands of T(p,q), since this is the number of strands in the closed
braid isotopic to T'(p, q) obtained from Proposition 2.3. Since V' meets each
meridian of 3 — N(J,, ) a total of a,, times, and each meridian of V' meets
T(p,q) a total of b times, b must divide a,,.

It follows that T'(p, q) is a generalised b-cabling of L, where L is the core
of the solid torus V.

Observe that T is embedded in exterior of the torus knot S® — N (T(p, q)).
By work of Tsau [23], there are no essential tori in a torus knot exterior.
Because b > 1, it follows that 7" must be compressible to its outside. That
is, V is unknotted in S3. Thus, Lemma 2.9 implies that T(p, ¢) has braid
index equal to b.

On the other hand, the torus knot 7'(p, ¢) with 1 < ¢ < p has braid index
equal to g; for example this follows from Franks and Williams’ Theorem 2.4.
Then, b = g, and b divides a,. Hence, g divides a,,.

By hypothesis, there is a; € {a1,...,a,} which is greater than ¢ and not
a multiple of ¢. Since a; > ¢, it must be the case that J,, is disjoint from the
solid torus V. Since T'(p, q) intersects the disc D,, bounded by J,, a total
of a; times, and T'(p, ¢) is a generalised g-cabling of L, it must be the case
that L intersects the disc a;/q times. However, ¢ does not divide a;. This is
a contradiction. O

Lemma 3.3. Let p,q be relatively prime integers with 1 < q < p. Let
Gn, ... a1 be integers such that 1 < a1 < - < ap < p withn > 1. Then
the link K =T(p,q) U Jg, U---UJy, has no annuli with boundaries in two
different components.

Proof. Suppose that S® — N(K) has an annulus A with boundaries 9; A
and 05 A that lie in two different components, C; and Cs, respectively, of
9(83 — N(K)).

Case 1: Consider first that 'y and Cy are J,; and J,, , respectively, for
some j # ke {1,...,n}.

Note 01 A and 92 A are isotopic in S? — N(K). The linking number between
C; and 9;A is zero if and only if 9;A is the longitude of C}, in which case
C; and 0;jA are isotopic, for j = 1,2.

Suppose 91 A is the longitude of C1, but d»A is not the longitude of Cs.
Since 01 A and 0, A are isotopic, C; and Cy would have nonzero linking
number in this case, but this is not possible. Similarly 0>A cannot be the
longitude of Cy if 91 A is not the longitude of C4.

Thus either 01 A is the longitude of C7 and J2A is the longitude of Cs, or
neither is a longitude. If both are longitudes, then C; and Cs are isotopic,
which is not possible. Thus neither are longitudes.

Then the linking number between Cy and 0, A is positive. However, C
and C5 have zero linking number, so 014 and Cy must have zero linking
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number. But 04 is isotopic to 91 4, and so 91 A and Cs have nonzero linking
number equal to the linking number of Cy and d»A. This is a contradiction.

Case 2: Now suppose that C; and Cy are J,; and T'(p, ), respectively,
for some j € {1,...,n}. Again 01 A and d, A are isotopic.

Suppose first that 02 A wraps at least one time along the longitude of
Cy = T(p,q). Then 02A has positive linking number with each of the
components Jg, , because T'(p, ¢) has positive linking number with each. But
the linking number between s A and J,, for J,, # Ci is zero, because Cy
has linking number zero with each such component, and 0> A has the same
linking number with C; as 01 A. This is a contradiction.

Thus 02 A is a meridian of Cy = T'(p, q). So 02 A and T'(p, q) have linking
number equal to one. The curve 0; A is some torus knot T'(a,b) on ON(C).
If a is equal to zero, then 01 A is a meridian of C7. Because a meridian
of C has linking number zero with Cy = T'(p, q), it follows that 9; A and
T'(p, q) have linking number equal to zero. However, this is not possible as
01A and 02 A are isotopic. So, a # 0. The linking number between 9; A and
Cy = T(p,q) is equal to a - aj, where C1 = J,;. Because 2A and T'(p, q)
have linking number 1, and 01 A and T'(p, ¢) have linking number identical
to 02 A and T'(p, q), it follows that a - a; = 1. This is impossible since a; > 1.
Therefore, no such annulus exists. O

Lemma 3.4. Let K be as in Proposition 8.2. Then K has no essential
annuli with both boundary components in ON (T (p,q)).

Proof. Suppose that S® — N(K) has an essential annulus A with both bound-
ary components in ON(T'(p, q)).

The exterior of a torus knot has just one essential annulus by work of
Tsau [23]. By work of Lee, [17, Lemma 5.1] that essential annulus would be
punctured by J,,, where a; > ¢ is not a multiple of g. Thus A is not essential
in S — N(T(p,q)). Thus A is compressible, boundary compressible, or
boundary parallel in S® — N(T(p, ¢)). Observe that a boundary compressible
annulus is in fact boundary parallel, using the fact that S% — N(T'(p, q)) is
irreducible and boundary irreducible.

Consider first that A is boundary parallel to an annulus B in ON (T (p, q)).
Then AU B bounds a solid torus V in S% — N(T'(p,q)). Since A is not
boundary parallel in $% — N(K), at least one Ja; must be inside V. In
addition, J,; has wrapping number greater than zero in V', or else T'(p, q)
and J,; would have linking number equal to zero, which is a contradiction.
But J,, is an unknot, whose complement admits no essential tori (e.g. [14,
page 15]). Thus V is also unknotted in S3. This implies that B is a meridional
annulus of IN(T(p,q)). If OV is boundary parallel to J,;, then J,; is the
core of V. Hence, the linking number between T'(p, q) and J,, would be
one, which is not possible. Thus, as 9V is not boundary parallel to J,,, OV
is an essential torus for $3 — N(K). This contradicts Proposition 3.2.

Assume now that A is compressible in S® — N(T(p,q)). Then there is a
compression disk D for A in S% — N(T(p,q)). Surgering A along D yields
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two discs, D1 and Ds, such that A = dD; U dDs. Since S® — N(T(p,q))
is boundary irreducible, 9D; bounds a disk E; on ON(T(p,q)). Thus, by
pushing E; slightly off of N (T'(p, q)) in S% — N(K), we obtain a compressing
disc for A in $3— N(K), which contradicts our assumption that A is essential.
Therefore, A is not compressible.

Thus A cannot have both boundary components on ON (T'(p, q)). O

Lemma 3.5. Let K be as in Proposition 3.2. Then K has no essential
annulus with both boundary components on one ON(Jq; ).

Proof. Suppose that S® — N(K) has an essential annulus A with both bound-
ary components on 9N (Jg,). Since 5% — N (Jg,) is a solid torus, and the solid
torus admits no essential annuli, A is not essential in S® — N(J,,). Thus A
is either compressible or boundary parallel in S — N (Ja;)-

Case A: Suppose A is boundary parallel, parallel to an annulus B in
ON(Jq,). Then AU B bounds a solid torus V in $* — N(J,,). Since A is not
boundary parallel in S? — N(K), at least one component C' of K must be
inside V.

Case A1l: Consider first that C' = T'(p,q). Then T'(p, q) has wrapping
number greater than zero in V, for otherwise J,; and T' (p, q) would have zero
linking number, a contradiction. Note this implies that 0V is incompressible
to its inside.

Suppose that some circle J,, with j # k lies in S3 — V. Then we may
isotope J,, to lie outside of W = N(J,;) UV, which is a regular solid torus
neighbourhood of the unknot J,;. Denote by w the winding number of .J,, in
S3 —W. If w = 0, then the linking number between .J,, and T'(p, q) is zero.
Thus, w # 0. But then this implies that the linking number between J,; and
Ja, 18 nonzero, a contradiction. Thus all circles Jq;, ..., Ja; 15 Jasiqy -5 Jay,
are inside V' in this case. Because at least two components of K lie inside V/,
AV is not boundary parallel to the inside.

The core of V' forms a torus knot T'(a,b) on N(J,,). Note b > 0 or else
T'(p, q) runs around a longitude of N (.J,,) and hence has linking number zero
with J,;, a contradiction.

Suppose b = £1, so the core of V has the form of the trivial knot T'(a, +1).
Then there exists a disc in $* — N(K) that is a longitude for N (J,;) whose
boundary can be divided into two arcs, one of which meets A C 9V in
a nontrivial arc, and the other meets ON(J,;). See Figure 4. This is an
essential boundary compression disc for A, contradicting the fact that A is
essential.

Since |[b| > 1, OV = ON(T(a,b)) is incompressible and not boundary
parallel to the outside, i.e. in the solid torus S% — Ja;-

This implies that in all cases V is essential in S% — N(K) contradicting
Proposition 3.2.

Case A2: The torus knot T'(p,q) cannot lie inside V' by the previous
case. So some C = J,, with j # k lies inside V. The wrapping number of
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FIGURE 4. A disc with boundary an arc on each of A C 9V
and ON (Jq; ).

Ja, inside V must be different from zero as J,, and T'(p,q) have positive
linking number. Since J,, and Ja; have zero linking number, V' must be a
longitude of ON(Jy,). If J4, is the core of V, then J,; and J,, are isotopic
in S3 — N(T(p,q)), a contradiction. So J,, is not the core of V. But then
JV is incompressible and not boundary parallel to the inside in S® — K,
and incompressible and not boundary parallel to the outside in S — K,

contradicting Proposition 3.2.

Case B: Suppose A4 is compressible in S — N (Ja;)- Then there is a
compression disk D for A in S% — N (Ja,). Surgering A along D yields two
discs, D1 and Ds, such that 0A = 0D1 U dD5. If one of 9Dy or 9Dy bounds
a disk E on ON(Jg;), then by considering a disc with boundary in A close
to E, we see that A is also compressible in $? — N(K), a contradiction. So
suppose that neither D1 nor D, bounds a disk on ON(J,;). Then Dy and
Dy are discs in the solid torus S% — N (Ja;) with nontrivial boundary on
ON(Ja,) and hence both are meridians of 5% — N (Jg,), i.e. with 9D and
0D forming longitudes of 9N (J,;). Undoing the surgery along D, it follows
that A is boundary parallel in S% — N (Ja;)- Thus we have a contradiction
to Case A.

Therefore, S3 — N(K) has no essential annulus with both boundary com-

ponents in one IN (Jg;). O
Proposition 3.6. The link K as in Proposition 3.2 has no essential annuli.

Proof. By Lemma 3.3, any essential annulus has both boundary components
on the same component of K. By Lemma 3.4, the two boundary components
cannot lie on IN(T(p,q)). By Lemma 3.5 the two boundary components
cannot lie on one of the IN(J,;). Thus no such annulus exists. (]
Theorem 3.7. Let p,q be relatively prime integers with 1 < q < p. Let
Gn,---,a1 be integers such that 1 < a1 < -+ < an, < p with n > 1. Also,
assume that there is a; > q which is not a multiple of q. Then, the link
K =T(p,q) U Ja, U---UJy, is hyperbolic.

Proof. By de Paiva and Purcell [7, Lemma 5.1], the link exterior is irre-
ducible and boundary irreducible. By Proposition 3.2, it is atoroidal. By
Proposition 3.6, it is anannular. Therefore it is hyperbolic by Thurston’s
hyperbolization theorem for Haken manifolds [22]. O
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Combining Theorem 3.7 and de Paiva and Purcell [7, Theorem 5.6], we
completely classify the geometric types of the links T'(p, q) U Jo, U ... Jg, .

Theorem 3.8. Let p,q be relatively prime integers with 1 < q < p. Let
ai1,...,ay be integers such that 1 < a3 < --- < ay < p. Then the link
K =T(p,q) U Ja, U...Jq, is hyperbolic if and only if either all a; < q, or
there is a; > q which is not a multiple of q.

Proof. When n = 1, the link K = T'(p,q) U J,, is the Dehn-filling parent of
a twisted torus knot; this has been treated by Lee [16, 17]. If n = 1 and
a1 = ¢, then [16, Theorem 1] implies that infinitely many Dehn surgeries
along J,, yield non-hyperbolic knots. Therefore, Thurston’s hyperbolic Dehn
filling theorem [21] implies K is not hyperbolic. In fact, the proof of [16,
Theorem 1] implies K is annular. If n = 1 and a; is not a multiple of ¢, then
K is hyperbolic by [17, Proposition 5.7].

In the case n > 1, if there is a; > ¢ that is not a multiple of ¢, then K is
hyperbolic by Theorem 3.7.

If n > 1 and all a; are less than ¢, then no a; is a multiple of ¢, and K is
hyperbolic by [7, Theorem 5.6].

Finally, if n > 1, there is some a; > ¢ and all a; > ¢ are multiples of g,
then K is satellite by [7, Theorem 5.6]. O

Corollary 3.9. Let p,q be relatively prime integers with 1 < q < p, and let
a1,...,0ay and S1,...,S, be integers such that 1 < a1 < -+ < a, < p and
s; > 0 for all i. Then, there exists B > 0 such that if each s; > B, the
T-link

T((al’ (1181), SRR (ana anSH)’ (pa Q))
is hyperbolic if and only if either all a; < q, or there is a; > q which is not a
multiple of q.

Proof. By Theorem 3.8, the link K = T'(p,q) U Ju, U---U J,, is hyperbolic
if and only if the a; satisfy the hypotheses of the corollary. Obtain the
given T-link by Dehn filling the link components J,,, ..., J,, along slopes
1/s1,...,1/sy, respectively. When the link K is hyperbolic, the Dehn filling
remains hyperbolic by Thurston’s hyperbolic Dehn filling theorem [21] pro-
vided the s; are sufficiently large. On the other hand, Dehn filling a satellite
K yields a satellite T-link, by de Paiva and Purcell [7, Theorem 5.6], and in
the case n = 1 and a1 = ¢, Dehn filling yields an annular link by Lee [16]. O

Note that Theorem 1.1 in the introduction follows immediately from
Corollary 3.9.

4. HYPERBOLICITY WITH EFFECTIVE FULL TWIST BOUNDS

While Corollary Corollary 3.9 is quite broad, unfortunately the constant B
in that theorem is not explicit, and so it may be difficult to apply in practice.
In this section we find explicit parameters which produce hyperbolic T-knot
obtained by full twists. Because we are considering full twists exclusively in
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this section, Proposition 2.2 implies that we may assume that none of the a;
are equal to q.

Proposition 4.1. Let ay,...,an, S1,-..,Sn, and p,q, k be integers satisfying
the following hypotheses:

e p and q are relatively prime,

el <a; < - <ap, and 0 < q<a, <p,
e cach s; > 0, and s, > 2,

e p and a, are relatively prime,

o k>2.

Then the T-knot K = T((a1,a151),- .-, (an,ansy), (p,q + kp)) is atoroidal.

Proof. Suppose that the exterior of K in S% admits an essential torus 7. By
work of Ito [15, Theorem 1.2(3)], because K is the closure of a braid with at
least two positive full twists on p strands, the torus 7" does not intersect the
braid axis C. Moreover, the knot inside T is given by a braid. Thus there
exists some integer d > 1 such that K is a generalized d-cabling of a knot L,
where L is the core of the solid torus bounded by T'. As a consequence, d
must divide p.

After (—1/k)-Dehn surgery along the braid axis C, the knot K becomes
the T-knot

K/ - T((ab alsl)a AR (a’m ansn)7 (p, q))
and the torus T becomes a new torus 7”. This will bound a solid torus V'’ in
S3, with core L'. Because ¢ < a,, < a,s, + ¢, the knot K’ has braid index
equal to a, by Corollary 2.6.

If L' is trivial, then a, is equal to d by Lemma 2.9. However, this is not
possible since ged(p, a,) = 1.

So L' is knotted. Then by Theorem 2.8, a, is equal to d3(L’'), where
B(L’) is the braid index of L. But then d divides p and d divides a,,, again
contradicting ged(p, an) = 1.

Therefore, the exterior of K admits no essential torus. O

We will combine the previous result with the following from [6], which
gives information on torus knots.

Theorem 4.2 (Theorem 1.2 of de Paiva [6]). Let p,q,ai1,...,an,51,-..,5n
be positive integers such that 1 < g <p and 1l < a; < -+ < ap < p with
a; # q. If ged(p, q) = 1 and in addition one of the following hold:

e g <ap, or

e g > a, and p is not of the form bqg+ 1 for some b > 0, or

e g>a, andp=>bg+1 for someb >0, but s1 > 1, or

® g>an, p=>bg+1 for someb>0, and s1 =1, but as # a1 + 1,
then T'((a1, s1a1), (a2, $2a2), ..., (an, Span), (p,q)) is not a torus knot. O

Theorem 4.3. Let ay,...,ay,, S1,...,5,, and p,q, k be integers satisfying
the following hypotheses:
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p and q are relatively prime,
l<a1 < <apandl <qg<a,<p,
each s; > 0 and s, > 2,
p and a, are relatively prime,
k>2,n>2.
Then if in addition, one of the following hold:
e q#1,
e ors; >1,
e oras #ay+1,
then the T-link K = T((a1,a151), ..., (an, ansn), (p,q + kp)) is hyperbolic.

Proof. Because ged(p, q) = 1, K is a knot. By Proposition 4.1, K is atoroidal,
so not a satellite knot.
The T-knot K is equivalent to the T-knot

T((aly 31)7 e (aﬂv a’nsn)v (q + kpap))

by [1, Corollary 3]. The integer g + kp does not have the form bp + 1 if and
only if ¢ is different from 1. So under these conditions, K is not a torus knot
by Theorem 4.2.

Therefore, by Thurston’s hyperbolization Theorem for knots [22], K is
hyperbolic. ([

Proposition 4.4. Let ay,...,an, S1,...,8,, and p,q, k be integers satisfying
the following hypotheses:

e p and q are relatively prime,
o l<a; < - <ap,andl <q<a,<p,
e cach s; > 0 and both s, and s,_1 are at least 2.

Suppose also that one of the following holds:

e g < an_1 and a, and a,_1 are relatively prime, or
® g > an_1 and ay and q are relatively prime.

Then the knot K = T((a1,a181), .., (an,ansyn), (p,q)) is atoroidal.

Proof. Suppose the exterior of K in S% admits an essential torus 7.
By Proposition 2.3, K is equivalent to the knot given by the closure of
the braid

p—an Snan+q
)

B = (0ay-1---0an—q+1) T (01...04,-1)

where 7 is the concatination of braids (a1,a181) ... (an—1,n—150-1)-

Since B has at least two positive full twists on a,, strands, it follows from
[15, Theorem 1.2(3)] that 7" does not intersect the braid axis C' of B. Thus
there is an integer d > 0 such that K is a generalized d-cabling of the core L
of the solid torus bounded by T'. Hence d divides a,.

Perform (—1/sy)-Dehn surgery along the braid axis C' to obtain the braid

B' = (04p-1---0ap—qt1)? -7 (01...04,-1)".
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Its closure gives K' = T'((a1,a181), - -+, (an—1, @n—18n—1), (an, q)). The torus
T becomes a new essential torus 7” in the exterior of K.

The torus T” bounds a solid torus with core L', which is either trivial or
knotted.

Suppose first the case that ¢ < a,—1. Then ¢ < ap—1 < an—15,—1 + ¢q, s0
Corollary 2.6 implies that K’ has braid index equal to a,_1. If L’ is the
trivial knot, then a,_; is equal to d by Lemma 2.9. This implies that d
divides both a,, and a,_1, contradicting the assumption in this case that
these are relatively prime. Similarly, if L’ is knotted, then Theorem 2.8
implies that a,,_1 is a multiple of d, with the same contradiction.

Now suppose ¢ > a,,_1. Then K’ has braid index ¢ by Franks and Williams,
Theorem 2.4. If L' is trivial, then as above, Lemma 2.9 implies ¢ equals d, and
therefore d divides both a, and ¢, contradicting the hypothesis. Similarly, if
L' is knotted, Theorem 2.8 implies ¢ is a multiple of d, and again d divides
both a, and ¢, which is a contradiction. [l

Theorem 4.5. Let ay,...,ay, S1,...,5,, and p,q, k be integers satisfying
the following hypotheses:

e p and q are relatively prime,

el<ar < - <apandl <q<a, <p,

e cach s; > 0 and both s, and s,_1 are at least 2.
Suppose also that one of the following holds:

o g <an_1 and a, and a,—1 are relatively prime, or
® g > an_1 and a, and q are relatively prime.

Then K =T ((a1,a181),- -, (an,ansn), (p,q)) is hyperbolic.

Proof. By Proposition 4.4, the knot K is atoroidal. By Theorem 4.2, using
the fact that ¢ < a,, K is anannular.
Therefore, K is hyperbolic. O

5. SATELLITE T-LINKS OBTAINED BY HALF-TWISTS

In this section we switch from discussions of hyperbolic links to satellite
links. We find families of Lorenz links that are satellites using half-twists,
rather than full-twists. Previous work by de Paiva and Purcell found con-
ditions that ensure a T-link is satellite, namely [7, Theorem 4.3]. Lee has
similar results for the case of twisted torus knots [16, Theorem 1]. We extend
these results.

Definition 5.1. Suppose B is a diagram given as a closed braid; we consider
the braid to have strands running vertically on the plane of projection. A
positive half-twist on the strands from a to b is the braid

Agp=(04...0p)(0q...0p—1)...(0q).

This can be thought of as cutting the braid between the a-th and b-th strands,
rotating in the anticlockwise direction by 180°, and gluing back. In braid
theory literature, the positive half-twist on all strands is well known as the
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FIGURE 5. An example of half twists when r =2,¢ = 3,t =
1. Left: A positive half-twist Ay ,4, a negative half-twist
Aq (r—t)q and a positive half-twist A _jyq414- The green
circle indicates the braid axis. Middle: The negative half-
twist cancels crossings above. Right: The additional positive
half-twist gives the braid (rg, tq).

Garside fundamental braid. A negative half-twist is defined similarly, only
the rotation is in the clockwise direction. See Figure 5.

Lemma 5.2. Let r,q,s be positive integers, and suppose s is not a multiple
of r. The (rq, sq)-torus braid is obtained by the following procedure. Start
with the trivial braid on rq strands; let Ji .4 be an unknot encircling all rq
strands. Let t be an integer such that 0 <t < r and s =t + kr for some
integer k. Insert a positive half-twist Ay ,q, followed by a negative half-twist
Ay (r—t)q and a positive half-twist A_y)gq1,0q- Finally, perform 1/k-Dehn
filling on Ji ,q. The result is the (rq, sq)-torus braid.

Proof. The process is illustrated in Figure 5. The positive half-twist Aq .
yields a braid

(0'10'2 ce O‘rqfl)(al Ce O‘Tq,Q) Ce (01),

encircled by Ji ;4. Perform the negative half-twist Ay (,_),. This concate-
nates the previous braid with

-1 —1_—1y/.—1 -1 -1
(J(rft)qfl o )(U(r%)qi1 ce Oy ) (U(r—t)q—l)'
This braid cancels with the positive half-twist along the first (r — ¢)q strands,
as shown in Figure 5, middle. Finally, the positive half-twist A(,._y)q11,r4
concatenates a positive half-twist along the last tq strands, giving the braid

(01 0rg—1)"" = (rq. tq),

still augmented by the unlink Ji ;4.

To obtain the braid (rq, sq), perform 1/k Dehn filling on J; ;4, removing
that link component and inserting an additional krq overstrands into the
braid, for a total of tg+krq = sq overstrands, giving the desired (rq, sq)-torus
braid. O



18 THIAGO DE PAIVA AND JESSICA S. PURCELL

Lemma 5.3. Let r,q,s be positive integers, with s not a multiple of .
Consider the torus braid (rq, sq). At the top of the braid, consider r disjoint
discs arranged horizontally, each encircling q strands of the braid, and similar
discs at the bottom of the braid. The boundary of each disc at the top connects
via a cylinder, embedded in the complement of the braid and enclosing q
strands, to the boundary of a disc at the bottom of the braid.

Moreover, the solid cylinders enclosed by these cylinders, containing q
strands each, forms the (r,s)-torus braid.

Proof. Let t be an integer such that 0 < ¢t < r and s = t+ kr for some integer
k. By Lemma 5.2, the (rgq, sq) torus braid is formed from k full twists on
rq strands, followed by a positive half-twist Ay ,,, then a negative half-twist
—Aq (r—1)q and a positive half-twist A _g41,,4- Each half-twist is on a
multiple of ¢ strands.

Observe that the cylinders described above can be arranged to completely
contain any half-twist on ¢ strands. For a half-twist on a multiple of ¢ strands,
say xq strands, x disjoint cylinders enter the top of the half-twist, and then
are half-twisted themselves, remaining disjoint, to exit the bottom of the
half-twist. Thus the cylinders remain embedded as claimed when passing
through half-twists. Finally, each full twist also preserves the cylinders,
sending each through a full twist.

To see that the braid formed by the solid cylinders is as claimed, observe
that the cylinders form k full twists, followed by one positive half-twist on all
strands. The (r—t) left-most cylinders then pass through a negative half-twist,
and the remaining ¢ right-most cylinders pass through a positive half-twist.
As in Lemma 5.2, this creates braid on r strands, with rk overstrands at
the top coming from the full twists, followed by t overstrands coming from
the concatenation of half-twists. Thus this is an (r,rk +t) = (r, s)-torus
braid. O

Theorem 5.4. Let p,q be integers such that 1 < q < p, and let (a1, b1),
.o, (an,by) be pairs of integers such that 1 < a; < -+ < ap, <q and b; >0

fori=1,...,n. Finally let r1,..., 7 and s1,..., Sy be integers such that

g<rig<---<rmq<p,ands; >0 fori=1,...,m. Then the T-link

K = T((ala bl)v R (an, bn)7 (qu, SIQ)a R (rm(b SmQ)v (p, Q))

is satellite with companion the T-link T'((r1,s1), ..., (Tm, Sm+1)) and pattern
given by the closure of the braid

(a1,01) ... (an,bp)(og-1...01)P""™ (q,q (ZTiSi) +q7“m>
i=1
Proof. As before, we think of the T-link as the closure of a braid on p
strands arranged vertically, the concatenation of braids (ay,b1), ..., (an,by),

(r1¢,519); - - - (rm@, 8mq), (p,q) in that order.
First apply Proposition 2.3 to change the closed braid of the T-link to a

closed braid B’ on r,,q strands. This isotopy fixes all of the 7,,q strands at
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the top left of the original braid; thus it does not affect any of the braids
(aj,b;) or (riq,siq), for any ¢, j. In other words, B’ is the braid given by
concatenating (0,41 .. 0r,q—q+1)7" "™ with braids (a1,b1), ..., (an,bpn),
(r14,519), - ., (rmgq, smq), and finally the braid (o7 ...0p,,4-1)%

By Lemma 5.3, there are 7, disjoint embedded cylinders in the complement
of the portion of the braid starting just above the braid (a1,b;), and ending
just below the braid (o ...0y,,4-1)¢ at the bottom. These cylinders each
enclose ¢ strands. They extend around the braid closure to give 7, disjoint
embedded cylinders running to the top of the braid, each enclosing ¢ strands,
arranged right to left across the top of the braid.

The only portion of the braid that is not already enclosed in one of these
cylinders is the braid (oy,,q—1-..0p,q—¢+1)? "™ lying at the top. This is
a braid whose left-most strand is the (r,,q — ¢ + 1)-th strand, and whose
right-most strand is the r,,g-th strand. In other words, this is a braid on the
right-most ¢ strands of the r,,¢-strand braid. Thus the right-most cylinder,
enclosing ¢ strands, can be extended to enclose this braid. Then all cylinders
connect to form a closed embedded torus ¥, encircling ¢ strands of the braid.

The torus X bounds a solid torus containing g strands, which we check
has the claimed form of the companion in the theorem statement. This solid
torus forms a braid on r, strands. By Lemma 5.3, each (r;q, s;q)-torus braid
from the original T-link causes the solid cylinder to form a braid (r,s;).
The braids (a;,b;) and (oy,,q—1-..07p,q—q+1)’~"™ lie completely inside the
solid cylinder, so they do not affect the braid it forms. Finally, consider
the braid (o1 ...0r,,q—1)? at the bottom of B’. This is formed by ¢ strands
running over all the rp,q strands. When the collection of solid cylinders
encounter this braid, the left-most solid cylinder encircles exactly these ¢
strands, and runs over all others to lie on the right-most side. Thus it
forms a (7, 1)-torus braid. So the solid torus enclosing ¢ strands has the
form of the closure of a braid (1, 1) ... ("m,Sm), (rm,1). This is the T-link
T((r1,51),-..(Tm,Sm + 1)) as claimed. Since it forms a nontrivial knot in
53, 3 is an incompressible torus.

Finally we check the form of the pattern. Starting at the top-left of
the braid B’, the torus X encloses the braid (aj,b1) ... (an, b,), which will
form part of the braid describing the pattern. As X follows the companion
into each of the braids (r;,s;), all the ¢ strands will make one full twist
each time ¥ runs completely through an overstrand. There are s; of these,
i=1,...m—1, plus s, + 1 for the (ry,, s, + 1) braid that the compan-
ion runs over. These will occur in some order, with ¥ also enclosing the
braid (o4—1...01)P”"™, coming from the top right of B’, at some point.
Because full twists commute in the braid group, we may write the braid
as (a1,b1)...(ap,by)(0g—1...01)P~"™ - 7 where 7 is an appropriate number
of full twists. To obtain the appropriate number of full twists, we need
to consider the homological longitude of the companion. The pattern is
the braid obtained when we apply a homeomorphism taking the solid torus
bounded by the companion to an unknotted solid torus, with homological
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longitude mapped to a standard longitude of the unknot. The effect is to
add " (ry — 1)si + (1 — 1) (8m + 1) additional full twists, for a total of
ot 1isi + ry full twists. Thus the pattern can be written as the braid

(a1,b1) ... (an,by)(0g—1...01)P""™(q, Q(Z i) + qrm) O
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