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ABSTRACT
Mixture modelling or unsupervised classification is a problem of identifying and modelling components in a body
of data. Earlier work in mixture modelling using Minimum Message Length (MML) includes the multinomial
and Gaussian distributions (Wallace and Boulton, 1968),
the von Mises circular and Poisson distributions (Wallace
and Dowe, 1994, 2000) and the distribution (Agusta and
Dowe, 2002a, 2002b). In this paper, we extend this research by considering MML mixture modelling using the
Gamma distribution. The point estimation of the distribution was performed using the MML approximation proposed by Wallace and Freeman (1987) and gives impressive results compared to Maximum Likelihood (ML). We
then considered mixture modelling on artificially generated datasets and compared the results with two other criteria, AIC and BIC. In terms of the resulting number of
components, the results were again impressive. Application to the Heming Pike dataset was then examined and
the results were compared in terms of the probability bitcostings, showing that the proposed MML method performs better than AIC and BIC. A further application also
shows that our method works well with datasets containing left-skewed components such as the Palm Valley (Australia) image dataset.
KEY WORDS
Unsupervised Classification, Mixture Modelling, MML,
Gamma

1 Introduction
Mixture modelling [1, 2, 3] - generally known as clustering or unsupervised classification - models, as well as partitions, an unknown number of components (or classes or
clusters) of a dataset into a finite number of components. In
this paper, we discuss, in particular, a classification problem which models a statistical distribution by a mixture (a
weighted sum) of other distributions. This type of classification results in a model described by four elements: (1a)
the number of components, (1b) the relative abundances
(or mixing proportions) of each component, (1c) their distribution parameters and (1d) the members (or things) that
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belong to the components.
In selecting the most appropriate number of components in a dataset, the problem we often face is keeping
the balance between model complexity and goodness of fit.
In other words, the best model for a dataset must be sufficiently complex in order to cover all information in the
dataset, but not so complex as to over-fit. A series of papers
by Wallace and co-authors [1, 4, 5], dealt with model selection and parameter estimation problems using the Minimum Message Length (MML) principle, which provides
a fair comparison between models by stating each of them
as a two-part message which encodes both model and the
data in light of the model stated. Various related principles
have also been stated independently by Solomonoff [6],
Kolmogorov [7], Chaitin [8], and subsequently by Rissanen [9]. For an overview, see [5].
The MML mixture modelling proposed in [1] dealt
with classification problems of discrete multinomial and
continuous Gaussian distributions. It was extended by Wallace and Dowe [10, 11, 12] to accommodate two other distributions - Poisson and von Mises circular. The method
was further broadened by Agusta and Dowe [13, 14] to accommodate the distributions with known and unknown
degrees of freedom.
Beginning with parameter estimation, this paper extends the application of the MML principle to the problem
of mixture modelling by considering the Gamma distribution. We compare the parameter estimation results with the
Maximum Likelihood method in terms of their KullbackLeibler distances from the true model to the inferred model.
We also analyse mixture modelling results and compare
them with the results of two other commonly used criteria, AIC and BIC, in terms of the resulting number of components. Applications to two real-world datasets: Heming
Pike dataset and Palm Valley (Australia) image dataset are
also provided.

2 MML Parameter Estimation
The Minimum Message Length (MML) principle is an invariant Bayesian point estimation and model selection technique based on information theory. The basic idea of MML
is to find a model that minimises the total length of a two-



part message encoding the model, and the data in light of
that model [1, 4, 5].
Letting
be the data and
be a model with prior
probability
, using Bayes’s theorem, the point estimation and model selection problems can be regarded simultaneously as a problem of maximising the posterior
. From the informationprobability
theoretic point of view, where an event with probability
is encoded by a message of length
bits, the
problem is then equivalent to minimising
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where the first term is the message length of the model and
the second term is the message length of the data in light of
the model.
In applying the MML principle to the mixture problem of Gamma distributions, we need firstly to perform parameter estimation of the Gamma distribution. The parameter estimation used here utilises the MML approximation
proposed by Wallace and Freeman [4].
Given the data and parameters , let
be the
the likelihood,
prior probability distribution on ,
the negative log-likelihood and
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where  is the dimension of the parameter space and
P
J
O
M
is a  -dimensional
lattice constant with
QNRSN and
J KUT NRSN [4]. The MML estimate of 4 3 can be obtained

by minimising (3).
Considering that the Gamma distribution is continuous, a finite coding for the message can be obtained by
acknowledging that all recorded continuous data and measurements must be stated to a finite precision, which is, in
practice, made only to some precision, . In this way, a constant of
is added to the message length expression above, where
is the number of data [12, p74] [13,
Sec. 2] [10, p38].
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2.1 Multi-state Distribution

\

For a multi-state distribution with
states (and sample
size, ), the likelihood of the distribution is given by:
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Substituting (4) into (3) provides the total two-part
message length [1, p187 (4)] [1, p194 (28)] [12, p75]:
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2.2 Gamma Distribution
The Gamma distribution has a likelihood function:

(2)

the Fisher information - that is the determinant of the matrix of expected second derivatives of the negative loglikelihood. Based on (1), and by expanding the negative
log-likelihood, , as far as the second term of the Taylor
series about the parameter , the message length is then
calculated by [4, 12]:
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The derivation
of this equation is also shown elsewhere for
\y [12, p75].
Assuming a uniform prior of 5! !3 z{\|=N'} over
the  \~`N -dimensional region of hyper-volume NRS\
N'} , and minimising (3), the MML estimate  k is [10, 11,
12, 13, 14, 15]:
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where  is the scale parameter,  is the shape parameter
and 92_ is the Gamma function, given by:
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where we let here that 92: Af92_&A02 and  r 92_¡
A  92_ &A02  . For any positive integer, 2 , 92__I92tNZ} .
For large 2 , the direct calculation from the Gamma function definition above results in a very large value which
can not be calculated precisely. Instead, Stirling’s asymptotic representation of the Gamma function can be used to
approximate the function:
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In estimating the second parameter,  , we consider
two separate cases: firstly,  as a known parameter and
secondly,  as an unknown continuous parameter. Using
@
(2), the Fisher information for the first case, 9¨ , is:
@ 9¨: W 

@
and for the second case, 9 G   , is:
@ 9 : W   r Ovu   XN
G

 
¤ L on  over the range
 sf© Here,
 © we assume a NR[ M prior
[
, ] for both cases and a  'N
  prior on  over

 =1.0 &  =
ª =10
ML
ª

=100

MML
ML
MML

 =5.0 &  =
ª =10
ML
ª

=100

MML
ML
MML

1.0
0.153 0.23
0.112 0.16
0.011 0.01
0.011 0.01
1.0
0.196 0.30
0.141 0.19
0.010 0.01
0.010 0.01

«

«

«

«

«

«
«

«

3.0
0.220 0.36
0.137 0.21
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0.013 0.02
0.012 0.02
200.0
0.115 0.12
0.096 0.09
0.010 0.01
0.010 0.01
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Table 1. Kullback-Leibler distances of the ML and MML estimations of 100 datasets for Gamma distributions with
and
(with standard errors).
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the range (0, ] for the second case. Minimising (3), the
first MML estimate,
, gives:
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for both cases. Since there is no sufficient statistic, the
second MML estimate,
, is estimated by setting
and performing a binary search over
the parameter space. The search process is terminated
when a certain precision of estimation is obtained.
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2.3 Point Estimation of One Univariate
Gamma Model
In this subsection, we compare the MML parameter estimations of one-component univariate Gamma models to
the results obtained using the Maximum Likelihood (ML)
method in terms of their Kullback-Leibler (KL) distances.
The Kullback-Leibler distance between two continuand
is calculated by:
ous models

 ·X

¸ ·X

¸ s  92_ ¸92_2_  2
where, in this calculation,  ·X is regarded as the true
model and ¸9·X is the inferred model.
The experiment datasets for Table 1 were generated
M with 
repeatedly
Gamma distributions
¬ N x n x nc® , (100 times)
¬ N x n from
G' 
GZ¯ x n G ¬ N[n x n GZ n x n G N[nn x n G nn x nc® and the
number of data, W
 N[n G N[nng® . Both methods infer

the two estimates as unknown continuous parameters. As
shown in Table 1, the MML estimations always resulted in
estimates closer to the true model, with smaller KullbackLeibler distances for all values of , and . The MML
also performed a more robust estimation, with smaller or
equal standard errors of the resulting Kullback-Leibler distances. This case of MML outclassing ML is reminiscent
of the von Mises circular distribution [16] as well as the
distribution [13, 14].
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3 MML Mixture Modelling
In order to apply MML to a mixture modelling problem,
a two-part message conveying the mixture model needs to
be constructed. Recall that from Section 2, the model for
the mixture comprises several concatenated message fragments, stating in turn:
1a. The number of components: Assuming that all numbers are considered as equally likely up to some constant, (say, 100), this part can be encoded using a uniform distribution over the range.
1b. The relative abundances (or mixing proportions) of
each component: Considering the relative abundances
of an -component mixture, this is the same as the
condition for an
-state multinomial distribution.
The parameter estimation and the message length calculation of the multi-state distribution have been elaborated upon in subsection 2.1.

\

\

1c. For each component, the distribution parameters of its
attributes: In this case, the component attribute is inferred as a Gamma distribution as elaborated in subsection 2.2.
1d. For each thing, the component to which the thing is
estimated to belong.
For the item (1d), instead of the total assignment as
proposed in [1], the partial assignment is utilised [17, 10,
11, 12, 13, 14]. In the partial assignment, the data are assigned partially to each component with a certain probability which costs
, where
is the total probability of any component generating datum . For further
discussion, see [17, Sec. 3] [12, pp77-78][13, Sec. 5].
Once the first part of the message is stated, the second part of the message will encode the data in light of
the model stated in the first part of the message. Since the
objective of the MML principle is to find the model that
minimises the message length, we do not need to actually
encode the message. In other words, we only need to calculate the length of the message and find the model that gives
the shortest/minimum message length.
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4 Alternative Model Selection Criteria - AIC
and BIC
For comparison, two criteria are considered here. These are
the Akaike Information Criterion (
) and the Bayesian
Information Criterion (BIC).
AIC was first developed by Akaike [18] in order to
identify the model of a dataset and is given by:
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The two datasets were modelled with the parameter , set
as a known parameter and unknown continuous parameter,
respectively. The measurement accuracy, , is set equal to
0.01 for both cases. We repeated each modelling 20 times.
Comparison of the MML modelling results with those
obtained using AIC and BIC can be seen in Figure 1 for the
first case, and Figure 2 for the second case. As shown in
both graphs, MML performed better, in most cases, than
AIC and BIC. AIC performed badly as none of the datasets
were correctly modelled.

V

where is the logarithm of the likelihood at the maximum
likelihood solution for the investigated mixture model and
is the number of parameters estimated. Drawing on
the work by Sclove [19], for the Gamma mixture model,
is set equal to
when is known and
when is unknown, where is the number of
components and is the number of variables in the dataset.
Despite some drawbacks of this criterion in selecting the
number of components for a mixture modelling problem, it
is still often used to assess the order of a mixture model [3].
The model which results in the smallest
is the model
selected for the dataset.
The second criterion, BIC, was first introduced by
Schwarz [20] and is given by:
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Figure 1. Comparison of MML, AIC and BIC, when modelling the first artificial dataset.

where is the logarithm of the likelihood at the maximum
likelihood solution for the investigated mixture model,
is the number of parameters estimated and is the number
of data. Based on the discussion by Fraley and Raftery [21],
for the Gamma mixture model,
is set equal to
when
is known and
when is unknown, where is the
number of components and is the number of variables in
the dataset. (This model selection criterion is formally, not
conceptually, the same as the Minimum Description Length
(MDL) criterion proposed by Rissanen [9].) The model
which results in the smallest BIC is selected as the best
model for the dataset.
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5 Experiments
We applied the proposed method to some artificial datasets
and compared the results with two other criteria: AIC and
BIC. Applications to the Heming Pike dataset and the Palm
Valley (Australia) image dataset are also considered.

Figure 2. Comparison of MML, AIC and BIC, when modelling the second artificial dataset.

5.1 Artificial Datasets
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5.2 Heming Pike
The Heming Pike dataset consists of 523 data, measuring
the length of northern pikes (Esox lucius). This was sampled from Heming Lake, Manitoba, Canada in 1965, and
was reported earlier in [22, 23]. The data comprises five
different age-groups of pikes. In [23], the dataset was mod-
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elled by setting the second parameter, , as a known parameter with
(or
). In this
modelling, the same setting was applied. The measurement
accuracy, , for the modelling is set equal to 1.0.
Comparison between the modelling criteria is performed by dividing the original dataset into training and
test datasets with proportions of 471:52. We first find the
model for the training dataset and then fit the dataset to the
selected model. The latter is performed by measuring the
probability bit-costing,
, of each datum in
the test dataset (see [15] and the references therein). This
process is repeated 10 times. The resulting averages of the
probability bit-costings for the three criteria, MML, AIC
and BIC, are 184.27, 188.34, and 184.50 nits (1 nit =
bits), respectively. These results show that MML performs
better than both AIC and BIC with a smaller average of
probability bit-costings.
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Figure 4. Mixture model of the Palm Valley (Australia)
image dataset.



image consists of 66,482 colour data. We modelled the
dataset with the second parameter, , which was assumed
to be unknown and continuous. The measurement accuracy, , is set equal to 1.0.
The modelling results as well as the Palm Valley image can be seen in Figure 4, with the dataset being grouped
into three components. The first component has a small
, so that it is skewed strongly to the left. The second and the third components have
and are almost
normally distributed with a slight skew to the left. These
results suggest that the proposed method can also be used
to analyse image datasets with left-skewed components.
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6 Conclusion
In conclusion, we draw the reader’s attention to the following results from Subsection 2.3 and Section 5:
Figure 3. Mixture model of the Heming Pike dataset.

We further analysed the original dataset using MML,
AIC and BIC. The modelling results using MML and the
histogram of the dataset are presented in Figure 3. Using
the proposed method, the Heming Pike dataset was grouped
into five components with three components strongly overlapping in the middle. This result is the same as that reported in [23] and is also the same as the true groupings.
We further compared the modelling results with those performed using AIC and BIC. BIC modelled the original
dataset into five-component mixture model which was the
same as our MML results with a slight different structure,
whereas AIC grouped the data into three-component mixture model.

5.3 Palm Valley, Australia
The Palm Valley (Australia) image is a cropped and greyscaled image from a colour image displayed on Visible
Earth, NASA web page with VE record ID = 5687. The
original was acquired by the Spaceborne Imaging RadarC/X-band Synthetic Aperture Radar (SIR-C/X-SAR) onboard the space shuttle Endeavour on April 13, 1994. The

1. MML parameter estimation for one Gamma distribution shows a better performance than Maximum Likelihood (ML) for all values of , and . Smaller
standard errors of the estimations further show that the
method robustly performs parameter estimation (see
Section 2.3).
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2. In most cases, our MML scheme performed better
than BIC when modelling the artificial datasets. AIC
performed badly for all experiments (see Section 5.1).
3. The proposed MML also performed better than AIC
and BIC, as shown in the analysis of the probability bit-costings for the Heming Pike dataset (see Section 5.2). The method can also be applied to the modelling of datasets with left-skewed components such
as image dataset shown in Section 5.3.
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