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ABSTRACT
Mixture modellingor unsupervisedclassificationis aprob-
lem of identifying and modelling componentsin a body
of data. Earlier work in mixture modelling using Min-
imum MessageLength (MML) includes the multinomial
and Gaussiandistributions (Wallaceand Boulton, 1968),
the von MisescircularandPoissondistributions(Wallace
andDowe, 1994, 2000) andthe

�
distribution (Agustaand

Dowe, 2002a, 2002b). In this paper, we extend this re-
searchby considering MML mixture modelling usingthe
Gammadistribution. The point estimationof the distri-
bution wasperformedusingtheMML approximationpro-
posedby WallaceandFreeman(1987) andgives impres-
sive resultscompared to Maximum Likelihood (ML). We
then considered mixture modelling on artificially gener-
ateddatasetsandcompared the resultswith two othercri-
teria, AIC and BIC. In termsof the resultingnumber of
components,the resultswereagain impressive. Applica-
tion to the Heming Pike datasetwas then examined and
the resultswerecomparedin termsof the probability bit-
costings,showing that the proposedMML methodper-
forms betterthanAIC andBIC. A further application also
shows that our method works well with datasetscontain-
ing left-skewedcomponentssuchasthePalmValley (Aus-
tralia) imagedataset.
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1 Intr oduction

Mixture modelling [1, 2, 3] - generally known ascluster-
ing or unsupervisedclassification- models,aswell aspar-
titions, an unknown number of components(or classesor
clusters)of adatasetintoafinite numberof components.In
this paper, we discuss,in particular, a classificationprob-
lem which modelsa statisticaldistribution by a mixture (a
weightedsum)of otherdistributions. This typeof classifi-
cationresultsin a modeldescribedby four elements:(1a)
the number of components,(1b) the relative abundances
(or mixing proportions)of eachcomponent,(1c) their dis-
tribution parametersand(1d) themembers (or things) that

belong to thecomponents.
In selectingthe mostappropriatenumber of compo-

nentsin a dataset,the problem we often faceis keeping
thebalancebetweenmodelcomplexity andgoodnessof fit.
In otherwords,the bestmodel for a datasetmustbe suf-
ficiently complex in order to cover all information in the
dataset,but notsocomplex asto over-fit. A seriesof papers
by Wallaceandco-authors[1, 4, 5], dealtwith modelse-
lectionandparameterestimationproblemsusingtheMin-
imum MessageLength(MML) principle, which provides
a fair comparisonbetweenmodelsby statingeachof them
asa two-partmessagewhich encodesbothmodel andthe
datain light of themodelstated.Various relatedprinciples
have also beenstatedindependentlyby Solomonoff [6],
Kolmogorov [7], Chaitin [8], andsubsequently by Rissa-
nen[9]. For anoverview, see[5].

The MML mixture modellingproposedin [1] dealt
with classificationproblems of discretemultinomial and
continuousGaussiandistributions. It wasextendedbyWal-
laceandDowe[10, 11, 12] to accommodatetwo otherdis-
tributions - Poissonandvon Mises circular. The method
wasfurther broadenedby AgustaandDowe[13, 14] to ac-
commodatethe

�
distributions with known andunknown

degreesof freedom.
Beginning with parameterestimation,this paper ex-

tendstheapplication of theMML principle to theproblem
of mixture modellingby considering theGammadistribu-
tion. Wecomparetheparameterestimationresultswith the
Maximum Likelihood method in termsof their Kullback-
Leiblerdistancesfromthetruemodel to theinferredmodel.
We also analysemixture modelling resultsand compare
themwith the resultsof two othercommonly usedcrite-
ria, AIC andBIC, in termsof theresultingnumberof com-
ponents. Applications to two real-world datasets:Heming
Pike datasetandPalm Valley (Australia)imagedatasetare
alsoprovided.

2 MML Parameter Estimation

TheMinimum MessageLength(MML) principle is anin-
variant Bayesianpoint estimationandmodelselectiontech-
niquebasedoninformationtheory. Thebasicideaof MML
is to find a modelthatminimisesthetotal lengthof a two-



partmessageencoding the model, andthedatain light of
thatmodel� [1, 4, 5].

Letting � be the dataand � be a modelwith prior
probability �����	� , usingBayes’s theorem, the point esti-
mationandmodelselectionproblems canbe regardedsi-
multaneously as a problem of maximising the posterior
probability �
��������
�������	����������� . Fromtheinformation-
theoretic point of view, where aneventwith probability �
is encodedby a messageof length ����������� �!� bits, the
problemis thenequivalent to minimising"$#&%'%)(*#&+ �,�������-�.�������	�'�!�$�����/�0���������1�	�'� (1)

wherethefirst termis themessagelengthof themodel and
thesecondtermis themessagelengthof thedatain light of
themodel.

In applyingthe MML principle to the mixtureprob-
lemof Gammadistributions,weneedfirstly to perform pa-
rameterestimationof theGammadistribution. Theparam-
eterestimationusedhereutilisestheMML approximation
proposedby WallaceandFreeman[4].

Given the data 2 and parameters 34 , let 5!�634 � be the
prior probability distribution on 34 , 78�92:�;34 � the likelihood,< �=�>�����?78�92:��34 � thenegative log-likelihoodand

@ � 34 �:�BA #&C D E � <
E:34 E:34&F G (2)

theFisherinformation- that is thedeterminantof thema-
trix of expectedsecondderivatives of the negative log-
likelihood. Basedon (1), andby expanding the negative
log-likelihood,

<
, as far asthe secondterm of the Taylor

seriesaboutthe parameter34 , the messagelength is then
calculatedby [4, 12]:

"H#&%)%'(*#6+ �I�����/� 5!�&34 �J.KK @ �&34 �
L < L � M

�,�>����� 5 � 34 �*78�92:� 34 �@ � 34 �
L � M �'N L ����� J K � (3)

where � is thedimensionof theparameter spaceand J K
is a � -dimensional lattice constant with JPO �QNR�SN M andJ KUT NR�SN M [4]. TheMML estimateof 34 canbeobtained
by minimising(3).

Considering that the Gammadistribution is continu-
ous, a finite coding for the messagecan be obtained by
acknowledgingthatall recordedcontinuousdataandmea-
surements mustbestatedto a finite precision, which is, in
practice,madeonly tosomeprecision, V . In thisway, acon-
stantof WX�����Y�ZNR��V[� is addedto themessagelengthexpres-
sionabove, where W is thenumberof data[12, p74] [13,
Sec.2] [10, p38].

2.1 Multi-state Distrib ution

For a multi-statedistribution with \ states(and sample
size, W ), thelikelihood of thedistribution is given by:

78�9] O G ] � G &6 G ]P^�� � O G � � G &6 G �.^��_�`�.acbO �.aRd� 6&��.afe^

where� O L � � L 6& L �g^h�iN , for all j : �ckmlon and] O L ] � L &6 L ]p^q�=W .
Using(2), it follows that:@ �9� O G � � G 6& G � ^ �:�=W�r ^ts Ovu �[� O � � &6w� ^	x

Thederivation of thisequation is alsoshown elsewherefor\y� M
[12, p75].

Assuminga uniform prior of 5!� 3�!�z�{��\|�=N��'} over
the ��\~�`N�� -dimensionalregionof hyper-volume NR�S��\��N��'} , andminimising(3), theMML estimate���k is [10, 11,
12, 13, 14, 15]:

�� k �=�9] k L NR� M ���S��W L \X� M � (4)

Substituting(4) into (3) provides the total two-part
messagelength[1, p187(4)] [1, p194 (28)] [12, p75]:

�������Y��\���N/�'} L �Z��\���N���� M �Z�������c��W J ^ts O � L N��
� ^k�� O �9] k L NR� M �R���/�
�� k (5)

2.2 GammaDistrib ution

TheGammadistributionhasa likelihoodfunction:

78�92:� � G�� �:� ���� �v� s O�� r s��� u
����� � � 2�l�nY� �:G ����n

where � is the scaleparameter, � is the shapeparameter
and���92_� is theGammafunction, givenby:

���92_�_� �
� � � s O � sc�'� �

wherewe let herethat ���92:��� Af���92_���&A02 and � r O�u �92_�¡�A � ���92_���&A02 � . For any positive integer, 2 , ���92_�_�I�92t��N��Z} .
For large 2 , the direct calculation from the Gammafunc-
tion definition above resultsin a very large value which
cannot becalculatedprecisely. Instead, Stirling’s asymp-
totic representationof theGammafunction canbeusedto
approximatethefunction:

���92_�:¢ � s � 2 � s bdg£
MR¤ �'N L NN M 2 L NM�¥/¥ 2 � LB¦ �Z� 2:� s.§ �'�

In estimatingthe secondparameter, � , we consider
two separatecases:firstly, � as a known parameter and
secondly, � asan unknown continuousparameter. Using
(2), theFisherinformationfor thefirst case,

@ �9�¨� , is:

@ �9�¨�:� W �� �
andfor thesecondcase,

@ �9� G�� � , is:

@ �9� G�� �:� W �� � � � r Ovu � � � �XN
Here, we assumea NR�[� prior on � over the range

[
� sf© , � © ] for bothcasesanda

M � ¤ �'N L � � � prior on � over



� =1.0& � = 1.0 3.0 10.0 50.0 100.0 200.0ª
=10 ML 0.153« 0.23 0.220« 0.36 0.227« 0.59 0.182« 0.22 0.179« 0.27 0.113« 0.11

MML 0.112« 0.16 0.137« 0.21 0.140« 0.36 0.125« 0.11 0.118« 0.14 0.099« 0.09ª
=100 ML 0.011« 0.01 0.012« 0.01 0.010« 0.01 0.011« 0.01 0.011« 0.01 0.013« 0.02

MML 0.011« 0.01 0.011« 0.01 0.010« 0.01 0.011« 0.01 0.010« 0.01 0.012« 0.02� =5.0& � = 1.0 3.0 10.0 25.0 100.0 200.0ª
=10 ML 0.196« 0.30 0.138« 0.19 0.148« 0.17 0.193« 0.36 0.149« 0.21 0.115« 0.12

MML 0.141« 0.19 0.097« 0.11 0.100« 0.10 0.138« 0.25 0.103« 0.11 0.096« 0.09ª
=100 ML 0.010« 0.01 0.011« 0.01 0.010« 0.01 0.013« 0.01 0.011« 0.01 0.010« 0.01

MML 0.010« 0.01 0.010« 0.01 0.010« 0.01 0.012« 0.01 0.010« 0.01 0.010« 0.01

Table1. Kullback-Leibler distancesof the ML andMML estimationsof 100 datasetsfor Gammadistributions with �q�¬ N x n G' x nc® and� � ¬ N x n G'¯ x n G N�n x n GZ n x n G N[nRn x n G
M nRn x nf® (with « standarderrors).

therange(0, ° ] for thesecondcase.Minimising (3), the
first MML estimate,�� ±¨±³² , gives:

��Y±³±³²´�
µ
¶ � O

2 ¶W � (6)

for both cases. Sincethere is no sufficient statistic, the
secondMML estimate, �� ±³±³² , is estimatedby settingE "H#&%)%'(*#6+ ��E � �Un andperforming a binary searchover
the parameter space. The searchprocessis terminated
whenacertainprecisionof estimationis obtained.

2.3 Point Estimation of OneUnivariate
GammaModel

In this subsection, we compare the MML parameteresti-
mationsof one-component univariateGammamodelsto
theresultsobtainedusingtheMaximum Likelihood (ML)
methodin termsof theirKullback-Leibler (KL) distances.

TheKullback-Leibler distancebetweentwo continu-
ousmodels�
��·X� and ¸
��·X� is calculatedby:

����������¸���� �
s � ���92_������� ���92_�¸
��2_� � 2

where, in this calculation, �
��·X� is regarded as the true
model and ¸��9·X� is theinferredmodel.

The experimentdatasetsfor Table1 weregenerated
repeatedly (100times)fromGammadistributionswith ���¬ N x n G' x nc® , � � ¬ N x n GZ¯ x n G N[n x n GZ n x n G N[n�n x n G

M n�n x nc® andthe
number of data, W � ¬ N[n G N[n�ng® . Both methods infer
the two estimatesasunknown continuousparameters. As
shown in Table1, theMML estimationsalwaysresultedin
estimatescloserto the truemodel, with smallerKullback-
Leibler distancesfor all valuesof � , � and W . TheMML
alsoperformeda more robust estimation,with smalleror
equalstandard errorsof theresultingKullback-Leiblerdis-
tances.This caseof MML outclassingML is reminiscent
of thevon Misescirculardistribution [16] aswell asthe

�
distribution [13, 14].

3 MML Mixtur e Modelling

In order to apply MML to a mixture modellingproblem,
a two-part messageconveying themixturemodelneeds to
be constructed.Recall that from Section2, themodelfor
themixture comprisesseveralconcatenatedmessagefrag-
ments,statingin turn:

1a. Thenumber of components: Assumingthatall num-
bersareconsideredasequallylikely up to somecon-
stant,(say, 100),this partcanbeencodedusinga uni-
form distributionover therange.

1b. The relative abundances(or mixing proportions) of
eachcomponent:Consideringtherelativeabundances
of an \ -componentmixture, this is the sameas the
condition for an \ -state multinomial distribution.
Theparameterestimationandthemessagelengthcal-
culationof themulti-statedistributionhavebeenelab-
orateduponin subsection2.1.

1c. For eachcomponent, thedistributionparametersof its
attributes: In this case,thecomponentattribute is in-
ferredasa Gammadistribution aselaboratedin sub-
section2.2.

1d. For eachthing, the componentto which the thing is
estimatedto belong.

For the item (1d), insteadof the total assignmentas
proposedin [1], the partial assignment is utilised [17, 10,
11, 12, 13, 14]. In thepartial assignment, thedataareas-
signedpartially to eachcomponentwith acertainprobabil-
ity whichcosts�������c�����92_�'� , where���92_� is thetotalprob-
ability of any componentgeneratingdatum2 . For further
discussion,see[17, Sec.3] [12, pp77-78][13, Sec.5].

Oncethe first part of the messageis stated,the sec-
ond part of the messagewill encode the datain light of
themodel statedin thefirst partof themessage.Sincethe
objective of the MML principle is to find the model that
minimisesthemessagelength, we do not needto actually
encodethemessage.In otherwords,weonlyneedto calcu-
latethelengthof themessageandfind themodel thatgives
theshortest/minimummessagelength.



4 Alter nativeModel SelectionCriteria - AIC
and BIC

Forcomparison,two criteriaareconsideredhere.Theseare
the Akaike Information Criterion (¹�º&» ) andthe Bayesian
Information Criterion (BIC).

AIC was first developedby Akaike [18] in order to
identify themodelof a datasetandis givenby:

¹¼º&»��,� M < L M W�½
where

<
is thelogarithm of thelikelihood at themaximum

likelihood solutionfor the investigatedmixture model andW ½ is the number of parametersestimated. Drawing on
the work by Sclove [19], for the Gammamixture model,Wz½ is setequalto ¾¿�IN L ¾�] when � is known and ¾À�N L M ¾�] when � is unknown, where ¾ is the number of
componentsand] is thenumberof variablesin thedataset.
Despitesomedrawbacksof this criterion in selectingthe
numberof componentsfor amixturemodelling problem,it
is still oftenusedto assesstheorderof amixturemodel[3].
Themodel which resultsin thesmallest¹�º&» is themodel
selectedfor thedataset.

The secondcriterion, BIC, was first introduced by
Schwarz[20] andis given by:Á º&»��,� M < L W�½8�����?W
where

<
is thelogarithm of thelikelihood at themaximum

likelihood solutionfor theinvestigatedmixturemodel, W ½
is thenumberof parametersestimatedand W is thenumber
of data.BasedonthediscussionbyFraley andRaftery[21],
for theGammamixture model, W ½ is setequalto ]_¾ when� is known and

M ¾R] when � is unknown, where ¾ is the
number of componentsand] is thenumberof variablesin
thedataset.(Thismodelselectioncriterionis formally, not
conceptually, thesameastheMinimumDescriptionLength
(MDL) criterion proposedby Rissanen[9].) The model
which resultsin the smallestBIC is selectedas the best
model for thedataset.

5 Experiments

We appliedtheproposedmethodto someartificial datasets
andcomparedtheresultswith two othercriteria: AIC and
BIC. Applications to theHemingPikedatasetandthePalm
Valley (Australia)imagedatasetarealsoconsidered.

5.1 Artificial Datasets

In this experiment, we generatedtwo artificial univariate
three-component mixture datasetswith � O �ÂN[n ,

¬ � � ,� § ®�� ¬�¬ M gG'Ã nc® , ¬
MYÄ
GZÃ�Ã ® , ¬

M/Å
G'Ã
¥ ® , ¬ ¯ N GZ

M ® , ¬ ¯�¯fG'�Æ ® ,¬ ¯�fG'Æ nc®/® and � O � � � � � § �  for the first dataset,
and � O �  ,

¬ � � ,� § ®Ç� ¬�¬ N ÆgG
MYÄ ® , ¬ N ¥ GZ¯ N/® , ¬

M n GZ¯� ® ,¬ M�M G'¯
Å ® , ¬ M ÃgG'Ã/¯ ® , ¬

M
ÆgGZÃ

Ä ®�® and � O ��� � �È� § � 
for the second. Themixing proportionsof the threecom-
ponents in both datasetswere1:1:1, out of 300 samples.

Thetwo datasetsweremodelledwith theparameter� , set
asa known parameter andunknown continuousparameter,
respectively. Themeasurement accuracy, V , is setequalto
0.01for bothcases.We repeatedeachmodelling 20 times.

Comparisonof theMML modelling resultswith those
obtained usingAIC andBIC canbeseenin Figure1 for the
first case,andFigure2 for the secondcase.As shown in
both graphs, MML performedbetter, in mostcases,than
AIC andBIC. AIC performedbadlyasnoneof thedatasets
werecorrectly modelled.

Figure1. Comparisonof MML, AIC andBIC, whenmod-
elling thefirst artificial dataset.

Figure2. Comparisonof MML, AIC andBIC, whenmod-
elling thesecondartificial dataset.

5.2 Heming Pike

The HemingPike datasetconsistsof 523data,measuring
the lengthof northern pikes(Esoxlucius). This wassam-
pled from HemingLake, Manitoba,Canadain 1965, and
wasreported earlier in [22, 23]. The datacomprisesfive
differentage-groupsof pikes.In [23], thedatasetwasmod-



elled by settingthe secondparameter, � , asa known pa-
rameterÉ with � �~N[nYN x Ã N  (or � s bd ��n x n Å�Å ¯ ). In this
modelling, thesamesettingwasapplied.Themeasurement
accuracy, V , for themodelling is setequalto 1.0.

Comparison betweenthe modelling criteria is per-
formed by dividing the original datasetinto training and
testdatasetswith proportions of 471:52. We first find the
model for thetrainingdatasetandthenfit thedatasetto the
selectedmodel. The latter is performedby measuring the
probability bit-costing, �>�����c���
�92_�Z� , of eachdatum 2 in
the testdataset(see[15] andthe referencestherein). This
processis repeated10 times.Theresultingaveragesof the
probability bit-costings for the threecriteria, MML, AIC
andBIC, are184.27,188.34,and184.50 nits(1 nit = �����:� �
bits), respectively. Theseresultsshow thatMML performs
betterthanboth AIC andBIC with a smalleraverage of
probability bit-costings.

Figure3. Mixture modelof theHemingPikedataset.

We further analysedtheoriginal datasetusingMML,
AIC andBIC. The modellingresultsusingMML andthe
histogram of the datasetarepresentedin Figure3. Using
theproposedmethod, theHemingPikedatasetwasgrouped
into fivecomponents with threecomponentsstrongly over-
lappingin the middle. This result is the sameasthat re-
portedin [23] andis alsothe sameasthe true groupings.
We further comparedthemodellingresultswith thoseper-
formed using AIC and BIC. BIC modelled the original
datasetinto five-component mixturemodelwhich wasthe
sameasour MML resultswith a slight different structure,
whereasAIC groupedthedatainto three-componentmix-
turemodel.

5.3 Palm Valley, Australia

ThePalm Valley (Australia)imageis a croppedandgrey-
scaledimage from a colour image displayedon Visible
Earth,NASA web pagewith VE record ID = 5687. The
original wasacquired by the Spaceborne Imaging Radar-
C/X-bandSyntheticAperture Radar(SIR-C/X-SAR) on-
boardthespaceshuttleEndeavour on April 13,1994. The

Figure 4. Mixture model of the Palm Valley (Australia)
imagedataset.

imageconsistsof 66,482 colour data. We modelledthe
datasetwith thesecondparameter, � , which wasassumed
to be unknown andcontinuous. The measurement accu-
racy, V , is setequalto 1.0.

Themodelling resultsaswell asthePalm Valley im-
agecanbeseenin Figure4, with thedatasetbeinggrouped
into threecomponents. The first component hasa small��Ê N x n , so that it is skewedstrongly to the left. Thesec-
ondandthethird componentshave � �ËN x n andarealmost
normally distributedwith a slight skew to the left. These
resultssuggest that theproposedmethodcanalsobeused
to analyseimagedatasetswith left-skewedcomponents.

6 Conclusion

In conclusion,wedraw thereader’s attentionto thefollow-
ing resultsfrom Subsection 2.3andSection5:

1. MML parameter estimationfor oneGammadistribu-
tion showsabetterperformancethanMaximumLike-
lihood (ML) for all valuesof � , � and W . Smaller
standarderrorsof theestimationsfurthershow thatthe
methodrobustly performs parameter estimation(see
Section2.3).

2. In most cases,our MML schemeperformed better
thanBIC whenmodelling theartificial datasets.AIC
performedbadlyfor all experiments(seeSection5.1).

3. The proposedMML alsoperformedbetterthanAIC
and BIC, as shown in the analysisof the probabil-
ity bit-costingsfor theHemingPike dataset(seeSec-
tion 5.2). Themethodcanalsobeappliedto themod-
elling of datasetswith left-skewed componentssuch
asimagedatasetshown in Section5.3.
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