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1. (a) Given v =7¢ +2j —3k and w =27 — 35 + 5k compute

i)  vxw, (i) v (v xw), (i) (2w —3v)-(wx v)

(iv)  The vector projection of v in the direction of w.

. © J R ‘ .
‘> 9:","3 = - ’.z 3| = yv—‘rl;\l/—z_sg
2 -3 5
D)2 (gew) o (i) (a-38) (2xg) =0

V) Uec. projection = 3 (g g-0)= (§£«>
w

g.(;)v:[t.‘,—6—-l5:"7 (:‘)-L_):(t+?+2_5238

2 gec. pjecton =~ g (2L -34rBR)

3 marks

(b) Construct a parametric equation for the straight line that passes through the two points
—2,1,4) and (3,1,2). Construct a second parametric equation for a second straight line
p q g

for the points (—7,1,6) and (8, 1,0).

[ X4

5 et 000 = (L8 - £ (0 - C2,00))
= (-44) + ¢ (5,0-2)

~ ene Lo(s)= (F2u6) + 9 ((?,1,03 - (-7,1,63>

(2,1,6) + S (159 -¢)

or

3 marks
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(c) Show that the two lines defined in part (b) coincide (i.e. that they are one and the same
line).

IQQ e nes cOwncdle.  Thea e cuwMt- Aode
Co(t) = £, (S

T CRLe)E E(50-0) = (71,6) * $(55,9-6)

N ~L+5E= 14188 D £:- (£35S

3: ( = |

z: 4-21¢= 6-€S D C€=-1+£3S

. no engtaanth on F oS

5 marks
(d) Find the shortest distance between the pair of lines defined by
Line 1 : x(t)=14+7t, ylt)=2+2t, 2z(t)=3-3t
Line 2 : r(s)=2+2s, y(s)=1-3s, =z(s)=1+5s
[ = Scalor prjestion of @i
J o N -
~ W L ti;
J
- J. >
- % Iz (2,0 = (1,2.3)
N
( ] - (;),.I,)_')_> ('-)'1.;’9\
N=0,-4125)  fom pact ()
D L= (-1-2) (1L-4125) 102 %7
- 2 A\l o
’ ’ 5 marks
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. (a) Use Gaussian elimination with back-substitution to find all solutions of the following

system of equations. Be sure to record the details of each row-operation (for example, as
a note on each row of the form 2(2) — 3(1) — (2').)

20 — 3y + 2z = 6
r + 4y — z = 0
- + 2y — z = =2

27\"33+2?'— 6 O
7k+‘t:j_'2'—0
-

!

-Y\+7-:j - ¢

2.’)\—'3‘(] ¢ 272

(
(V]
\0}

”:j -4 = -6 :72':.7

8 marks
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(b) Evaluate each of the following

@)E?Mgﬂ (i) [éz][;ggl (i) det

\ 3 4
(> (7] 25 ) R 1S4% 6+ b YA
o |

__ 1 VA [ 2
& 4 9
{ 6 (5
Y d&:1}13_%33+‘}32
S 6 2 6 2 S
- ?-(“3>~‘f(lL\+ (15-4)
= =6-64¢ +y |
= =43

4 marks
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(c) Let
2 3
A:[5 1}'
Find numbers a and b such that
A2+aA+b]:[8 8}
where [ is the 2 by 2 identity matrix.
A% [?_ 3:( 2 3] (4415 6+3] 19 q
5 | S ] (0O +8S (8]+I _[:5 !6}
p A —_—
A +aA+0L =o0
o [ a]efE e ]
(5 (6 S | o © O
=) 19 + 2 a0 + 0 =9 O
T+ 36 =9 @
5 + S a - o @ }-‘7 a =-3
6 + & +0 z=0 @ 5 6= -3

bfn&cﬁ O

So

L

(4 +2(-3) + (-13) =0

3 oed Oz -3

v
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4 marks

(d) Use the result of the part (c) to compute the inverse of A.

R —
P -23A -1 T =0

= H”SI—I%A"'_O

= ﬂnl: #[‘( 3
3 L[5 -2

= aAa-'. L ~2 ) . L2
[y [A giv*}é[

4 marks
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. (a) Use integration by parts to show that, for n > 0,

n n

/ cos™ () dz = ~ cos™ () sin(x) + " / cos"%(z) d

Loz § o nan - § osn- e o g

I

. n-l -1
YA 3 e+ (n~0$%z‘%w’én N A

= fwn CJAn‘( n + (0—13 S ((—-60317\)&)3"_27\ A

VL e a™nr (a0 (T, - )
=2 T - -+ P NPt LA -t T
n 1 n #o.
10 marks
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(b) Use the previous result to show that, for n > 0,

/2 1-3-5---2n— 17
2n _ —
/0 cos (@) dr = — TS o 9
Faom T)N’f‘ O
2 Ln-( 2
mn'}\.(i,‘f\. = [%\/\.Y\OJB "
9 ol
ﬂ/ A g 2
- n-
o 2n °
fr 0o
Y 0T T
- 2 ’s) 4]
= _ PR 2n-2
So Wy Nndn = Ln- 3T Ao
ln
(2 N/ zn-% z
- ﬂ*) - > ((> )
— [ — — 170
2n 2n-1 2 So $ ndn
- L. 2 5 2Za-~l o
2 4 e 2N z

10 marks
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4. Evaluate each of the following integrals

(a) /Qsine do

-
-

-

I:S&W&o@@ @?m.

~e s + [ wno o

~ NG + GG + C

5 marks
(b) /mloge(x) dx
T- S'ZLD‘DVL&% 037)0«‘3
L % _ 2

R L PRt

- L.yt I

= l,%("ﬂ% N+ C
5 marks
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(c) /y\/2+ydy

T2 g aegliay Gy pam

34
= 390y "%fa*‘d?/z'egj

2 34

TY DT L %

5 marks
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. Determine which of the following improper integrals converge and which diverge.

1
1
(a)I:/ da
0 l—ZE

Put

t
T()= § 5 4 ot £<4
O

Thas e c'r\ftami & o htgend mnpapes

uhfrijmi.

5 marks
(b) I:/loo sin?(z)e™ % dx
Nof 7hast
2% R .
0 < Su~ (W) e < & OQW‘/<7\<OO
: & . - £
=) O<LMAS&MLTLG_Z<[\MS€--—ZKA
T2 { 2‘__-900 { "
-
= —2-‘- e_"z
) Sw v -ln N
= o C l Sw e An < 2 Q‘l
CJV\U'QI’:IQM'
5 marks
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Nofe +hot
e "
o < — < = pr o<
e re’™ le @™
=) SE_(_ i Lot
O < hmwm o S an £ Am 5 S U
g9 f200 | /lee™
N~
= OO
) 3 n
B oo < /\MV\ S c An
£ ! l+e™
— — P
JALJ‘Q/BQ/\*
OR
- n
e [\);M < -
A0 ,+Q-1\_ =1 #0

Y c‘ru(-cjmx, st ouvvae.

10 marks
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P
P ot €
_ . 2
Te = g(g’”‘“ A n €I
( M ?
N Ofe et
g\.-n')‘kz l
o<(7__ < o3 o nS> |
€
:7 o < Stany 3
1(7‘\ OQK<S ;C';_OQK
|
) (7t
- A
[ £
Noo fakhe Lok al £ = o
&
. oL
D 0 < Lum Q(W%) Arw < |
| n

£ Do
(haed we cmclucte Hat f 8uv‘m
wteg el T amoege

5 marks
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6. Use a suitable test to find which of the following infinite series are convergent. Be sure to state
which test you used and to show your working.

1 1 1 1 1

(a) S= + (="

log 2 10g3—i_10g4_10g5+ logn

ﬂ(fen\odl'fzrj Serwes
I . .
a-n - Z;j_;\ CCQ@(‘@ ) f\v\;vo\o ("jﬂ
/

") (dJ/\H < Eg—ﬂ N>l
DS onvraa By T Al Seved e,

e

6 marks
(b) = ZCOSH
2 [ 0
0< B0 L H— <L g §o
At H n-+| n Y
fnte

=) = fen®y comurged 03 SPAnith S L

6 marks

[e.e]

1 :
(c) S= Z logn (Hint : first compute dlog(log(z))/dx)
n=2

((03 ((Dj(ﬂ\> = L ‘ék

7 - 0
S ?’L"’j* [(oa ([i’j(;ﬂ)@l - @
Thug Mo Sy heutged OY T N L eyt

8 marks
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n2

(d) S:; 3n® +5n2 —4

Note thot ohen N2 [ we have
S5n-4 o

5 30 50 -4 3 245 froayg

A
o —— < 0D Lo 4y
3n"+50 ¢ 3n° 3n

Thas He guen S comuriges
Q0
(Y compansm th 2 A3

nZ=i

5 marks

(e 9]

1
(e) S_Z n2 + sin’n

n=1

mb&'ﬁ\&f o < — < e

T o< o <L &

CJhU‘ErJ@N(".
This Do ifn R genes AR

5 marks
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7. (a) Compute the Taylor series for v/ around the point 2 = 1.

’¢ (Ff’gfl..- = ﬂ.‘an
> o
— - ~
71_1 ( :O,’q.
..-—I _ ]
L2 —ZL = 1!,
2
3
-2 _ 5
1Sk 2 (-1) - 2! a,
> 3 _ 2
G2 W sC-LC: 3hay
)2 r S

AASIED o L FENENEE) =

N+ l
a‘ﬂ:‘(‘q A L (35 2n0-3)
L% Nl
n22
A, = | Qt - ._2.‘...
—
Jau = |+ Ji()\-t)-;;; (n-1) 2, .4‘&“(&_04
+:

10 marks
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(b) Without doing any further calculations, write down the Taylor series for v/1 — u? around
the point u = 0.

Put xz (-u* > 1=’
— r_._—--._‘
= Vi-u®* = (- 'pL_ul_ EL‘- —L_i u“qf"“fé'n C‘LG
: .
' - -
WSUHA 6;\ = -Z-an (l~3-5--.20—3>
Ny 2
5 marks

(c) Use the result of part (b) to obtain an infinite series expansion for the function s(z) defined
by
3(:13):/ V1—u?du 0<z<l1
0

"
n :.S) B 7 L B B 2n
8(3 A (1 2 U 13 YT+ +6;\u.,,,>ogu
i ?{.} S N+(
= I s N B +
AN WY f%‘*‘"'*&ﬂ” Ny
2N +1
G - - 1
n ,n 7 (1-3-5. -Zn-'i)
"2 2

5 marks
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8. Use I'Hopital’s rule to evaluate each of the following limits.

R -
(a) L:xlgg T+ 2
2
L— - ﬁ\.«.(\/] p
X -2 N+ L
- l\w 2R _ "(f‘
Y=o -2 |
5 marks
L log(a)
(b) L—:lcl—% sin(2mx)
NI G (2Tn)
. {
- ['\A/V\ n
n = -
b2 CoS (27 n)
- (
27T
5 marks
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(c) L= h_)m e * log(z + 3)

[ - (s e L 505 (}Lf&)

Xyoo
- L\,-M 603 (?\_*‘3)
N 00 2
e r-
= L ‘
- n+3 - O
N0
) e‘?..)k
5 marks
(d) Prove that for any n > 0
0= ILm x " log(x)
. - N
L = é\J\-M n (DJ()«D
=20
Loy () L
L gy
n —7 co n N7 ~
20 A )Lh I
( . ( .
= — Lum — =0 Stnce N S>o
D n
5 marks
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9. (a) State what is meant by the phrase a separable first order ordinary differential equation.

The ODE & Suth et F may = R-wWrithen o

A L I

00‘ (‘j} 3 o) 4 marks
(b) Find all functions y(x) that are solutions of
d
% + y = sin(2x)

D) Mamogenont equeshn 1 L g <o ‘736"‘3“4*6"%

) Porficulor coushm *h:j j?(yq: Biuwian
+ C a2

5 Y2 Ld@alns (0)Cwn
j'*j: (c:+L?DcJALw +(E,—Lc.7?u;29x =
= C+2BD =20 ank B-2cC= |
= - - = B:( d =~
) 2% < “5 :'\ c=-lg
Fall golut'on = g ): Ae™ + & bl el

10 marks

(c) Use your result from part (b) to compute all functions u(x) that are solutions of

v du
] + pri sin(2z)

Nof - = U N _n ‘ 7
j vy ) o = Ae” D’ES’\AZ_K-*-S- CRL 7
_Nn
5 UM):= C- Ae —l—:—mzn-é’-wzn

6 marks
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10. Consider the differential equation

Py . dy
—Z 4+ 922 15y = 452 — 36 + 8¢3*
dr2 + I Y x + se

(a) Write down the homogeneous version of the above differential equation.

[

A _
I???‘ "'Z‘i%“(f):j =0,

1 marks

(b) Find the general solution of the homogeneous differential equation.

A LLN-15 20, 5 N=d> A :=-5

=) JL. (ﬂ: F\re.gnf- De” 52&

5 marks
(c) Find any particular solution of the full differential equation.
An
Ge ALK ‘jP(@—. An+B+Cne
R In 3n
7 Y, ArCe  +3Cne
] . In 3In
=) U p - 6cCce + 7C2LQ
_ 4] In 37\.
) p +199-159p = 6CC +2Aslice - isan
-8B
) 45.4:45) Z_A-ISB:—_’)b) gc = Y
=) A:*?)) B:L) C = |
In
‘o ‘ﬂp(&>2—3%+2.+ne
6 marks
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(d) Hence write down the full general solution of the differential equation.

ﬂ(’ﬂ) z fj? o0 + 'jh (@

I

_ - . 3n )
- 37L+ L ne ~ Ae ~ %e— S
1 marks
(e) Find the particular solution such that at = 0 we have y = 0 and dy/dx = 1.
8(07:0 =) o=-20L+ @A +B
tj/(aﬂ: [ £.) [:——34—[4—3{4—-55
Go
A+ B= -2
3A -5%= 3
=) KA =< A a= -2 ok Bz ~2 47
- -7 3 -
.
8
So  Fro FM'QMO\(‘ Solutiom (A
In 3 - 5%
;j(@:~37\+2 + nEe -2 e -de
¢ e
7 marks
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11. (a) Given the function f(z,y) = (x — y)/(x + y) evaluate each of the following

. Of .\ Of Lo O . Of
(i) o (ii) oy (iii) g0’ (iv) 200y’
53 (o, fD - Y
Nt d
D ?_’E = ' - ™9 - LN

'l i ‘(> 37-,": - { + | + 2 (VL" :})
R s DA s D
- 2. (- :jl
(')L«-U) 3
l\/) Bl!{: - 31 ‘F - 2 (- d)

5 marks
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(b) Given the curve
z(s) = 2s + 357, y(s) = 4s* — 2s, —00 < § < 00

and the function
F(,y) = sin(5z + ) — 267
compute df /ds at s = —1.

NGOz -2 43 = Y0z b2 =6
°f - 5 b (Sney) = Soos il ek S=-l

o

6 = -
26 - cos(5mey) - Led = cosll m2en aF S

= £ D
9 (gtd%zg>§:’t - %\'%*-%i %78:'1

- [5(,0310(—4) + [cog“ —ZCQ’>(-10>

= -30¢oy ] +Loe’

5 marks
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(c) Compute the tangent plane to the function f(x,y) = /422 + y? at (2,3,5).

200 y) = £(2,) ¢ (-2)

On

FAD=5 2oy ety () -

:J

= 2(x3ﬁ3 = @+ q ()\-'Zv*‘ 2 (tj—-f;)
S 5 S

5 marks

(d) Use linear approximation and the result of part(c) to estimate \/4(1.97)2 + (3.03)2

%(’ ~Q 'f"(( - 0-0 +
~97 3-03) = S 5‘( 3) g(o.03>

S
497

S f (197 3-03) ~ §.97

5 marks
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