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4 Canonical and standard forms

e A Boolean (logic) function can be expressed in a variety of algebraic forms. For example

e Each algebraic form entails specific gate implementation.

y=c-a+c-b=cla+b)=clc+b+a)

e A Boolean function can be uniquely described by its truth table, or in one of the canonical forms.

¢ Two dual canonical forms of a Boolean function are available:

— The sum of minterms (SoM) form

— The product of maxterms (PoM) form.

o A minterm is a product of all variables taken either in their direct or complemented form

e A maxterm is a sum of all variables taken either in their direct or complemented form
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4.1 Minterms. n-to-2" Decoders

e Consider, for example, all possible logic products of three variables x = (x9, x1, ()

e There are 2° = 8 different minterms that can be written in the form m; = &» - 1 - %o
where T represents either variable x or its complement

All three-variable minterms are listed in the following table:

X | Ty X1 Xy Minterms mg M1 Mo M3 My My Mg M7
00 0 0Omo=22-21-79; 1 0 0 0 0 0O O O
110 0 1 mi = Ty T Lo 0O 1 0 0 0 0 0 O
2/0 1 0|lme=22-21-20/ 0 0O 1 0 0 0 0 O
310 1 1|mg=2o-21-29/0 0 0O 1 0 0 0 O
411 0 0|mg=22-21-20/ 0 0 0 0O 1 0 0 O
5|1 0 1 ms=22-21-29] 0 0 0 0 0 1 0 O
61 1 0 meg = T - T1 * Tg 00000010
7111 1 my=x9-21-20/ 0 0 O 0 0 0 0 1
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The logic circuit that generates all
minterms is called an n-to-2" decoder:

’ 0"—“ Mo = 2-2;(7;0

X» — Y -8 Z " my .:
Kz B3 — m
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Example: Logic structure of a 2-to-4 decoder
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4.2 The Sum-of-Minterms (SoM) canonical form of a logic function

e Any logic function y of n variables can be expressed as the logic sum of products of minterms and the
respective values of the function, that is:
2n—1

y=f(Tn-1,...,70) = Zyvi‘mi 4.1)
i=0

e It is clearly equivalent to the sum of minterms for which the values of the function are 1, say, y; = 1

y=flep_1,...,20) = Z mj 4.2)

forall j such that y;=1

Example of a 3-variable function

| x[zy @ @oly|m;]

00 0 0]0

170 0 110 y=0-my+0-m+1-mo+0-m3g+1-my+1-ms+0-mg+1-ms
210 1 0]1)me = M9+ My +ms+ my

310 1 10

411 0 0 1]my = 2(2,4,5, 7) — acommonly used short notation

o/ 1 0 1)1 |ms

6/1 1 01]0 = T2 X1 T+ T2 T Top+ T2 T1 To+ T2 T1-Tp

7111 1)1|myg
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4.3 Decoder-based implementation of a logic function. Solution 1.

Any logic function can be implemented using a decoder and a logic OR gate.
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4.4 Maxterms
e A logic sum (OR) of all variables taken in their direct or complemented form is called a Maxterm, 1/;.

e A maxterm is a complement of an equivalent minterm

M,=m;=2Zp_1-...20=Tp_1+...20
where 7 represents either variable x or its complement T

For example, all three-variable Maxterms are listed in The logic circuit that generates all

the following table: Maxterms is also called an n-to-2"
HX‘ To2 X1 g Maxterms M() M1 MQ M3 M4 M5 M6 M7 decoder:

000 0 0|My=29+x1+29/ 0 1 1 1 1 1 1 1 Zoixz"xﬂxo
110 0 1 My=a9+x+2 1 0 1 1 1 1 1 1 Y hx -
210 1 0|My=a94+21+29 1 1 0 1 1 1 1 1 4 110EC 30T Bex v
310 1 1| My=mot+a+a 1 1 1 0 1 1 1 1 o X Ms=
411 0 O M4 =T9+ X1+ X9 1 1 1 1 0 1 1 1 M;Z 72+7‘+)-(-°
5/1 0 1| Ms=%o+x1+7 1 1 1 1 1 0 1 1
OFL 10 My =2y 2 4a 111111011 Noe that decoder producing
1 1V My=Zp4342) 1 1 1 1 1 1 1 0| payermshas circles at its outputs
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4.5 The Product-of-Maxterms (PoM) canonical form of a logic function

e Using the duality principle we can re-write eqn (4.1) in the following form:
e Any logic function y of n variables can be expressed as the logic product of sums of maxterms and
the respective values of the function, that is:

21
y=f@n,...,20) = [ (wi+ M) 43)
i=0
o It is clearly equivalent to the product of Maxterms for which the values of the function are 0, say,
yj =0
Yy = f(l‘n,h cee 71;0) = H Mj 4.4)

forall j such that y;=0
Example of a 3-variable function

x|z @ 2oly|m,|

00 0 0]0]M

o o 1o M? y = (04 Mo)(0+ My)(1+ My)(0+ Ms)(1 + My)(1+ Ms)(0+ Mg)(1 + My)

210 1 01 :M()'Ml'Mg'Mg

310 1 1]0|Ms

411 0 01 = H(O, 1,3,6) — acommonly used short notation

501 0 11

6/1 1 00| Mg = (x2+ 21 + 20) (22 + 21 + Zo) (T2 + T1 + o) (@2 + 1 + 20)

711 11
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4.6 More on Decoder-based implementation of a logic function.

Using AND, NOR, OR and NAND gates.
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4.7 Standard forms

e Implementations of logic functions based on canonical forms are called two-level implementations
(inverters of input variables are not counted)

e It is often possible to simplify canonical forms into standard forms:
e The Sum-of-Minterms (SoM) form can be simplified into a Sum-of-Products (SoP) form.

e The Product-of-Maxterm (PoM) form can be simplified into a Product-of-Sums (PoS) form

Examples:

yp = a-b+a-b-c
2 = (a+0b)(@a+b+c)
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4.8 NAND and NOR based implementations

NAND implementation can be easily obtained from the Sum-of-Products form.

A“? -Do\w NAwD Nor

—_ — ANO op
¥, - 4 -
=X Xy tKa X, =
s d=f2k thaXo s Y= XXyt
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NOR implementation can be easily obtained from the Product-of-Sums form.

EXAMOLE
X
X2
:55 — J
X

d
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|
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Product-of-Sums form can also be implemented as an Inverted-Sum-of-Products form

EXANMPLE

Y= (105,) (Bo i 455) (15475 )

= XKyt Xez'@'ffflz‘fs
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Sume-of-Products form can also be implemented as an Inverted-Product-of-Sums form

ExAneLE

Y= X + Ko ko= (Hrh)(GE,)

P ——:D—L__Do__
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