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S Gate-level minimization
5.1 Principle of logic function minimization

Minimization of logic functions is based on the following two dual simplification rules:

e If in a SoP expression two products differ only by a variable being in direct and complemented form
then this variable can be deleted:

y=a-fx)+a-fx)=f(x)

e If in a PoS expression two sums differ only by a variable being in direct and complemented form then
this variable can be deleted:

y=(a+fx)a+fx)=[fx)

e Minterms (maxterms) can be visualised as 2" vertices
of an n-dimensional hyper-cube.

For example consider a 3-D cube:

e Note that two connected vertices differ by a single
variable being in a direct or complemented form

e For example consider the sum of two neighbouring

minterms:
M5+ My =Ty X1 -To+ T2 T1-To=T1" T

e Similarly M; - My = (Zg + x1 + Zg) (22 + 21 + To) = 21 + T
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5.2 Karnaugh Maps

e Karnaugh maps aka K-maps can be thought of as a representation of sides of a n-dimensional
hypercube representing logic functions.

e A K-map is a convenient tool of mimimizing logic functions up to 6 variables (practically 4)

e A K-map is a re-arrangement of a truth table such that the adjacent minterms/maxterms differ in one
position only.

X xo
5.3 A 2-variable Karnaugh map XX° o0 | D
A 2-variable K-map template: O | mo|m or Mo My
Minterms, m,, can be replaced by respective I [ mylms p A} m,| ms
maxterms, M; = m;
Example 1 x’ Xo ’ g -.£°_.
No simplification 0 o} O|Me 0 i | } m, =X, Xe
possible: o | | |m, I =

[ of | |M K J-l.) O

y: m,+m2 = )?IXO""XI’P;
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Example 2
g Xo
Loop around a pair of adjacent minterms: ' - - = -
L1 Y= Moty = X, Xo+ X Xo = X,
For Maxterms loop around zeros.
ul[o]o

Example 3

Xo 0(;_
Minterms can be “looped around” \ —!‘Fo"'z X= Z, 'T IE Lﬁ/ - -
— ;' x,[,-f-x,xo =(X,+X,)Xo =X°
|

any number of times: P J/'
1 ‘) ~
™ I . g = X X

AR

A.P. Paplifiski 5-3

Digital Logic/Design. — L. 5 March 22, 2006

5.4 A 3-variable Karnaugh map

Cut a 3-D cube along one side and unfold it. Two templates are used:

van| O 1 [Xe Xo
0 00 Mo m [mo[m,) oolotii]io %o
1 0Limims| or | )M f_xf O Mo| M) 3| M2] of [mo [ m [ ms|me
3 V1 |Mg|mz| % e |7 J || Myl Ms|M7| Mg M_‘d M1 m7£6 I)(,z
2| O|Mmyims M| M5 X

The 8 minterms (or maxterms) of a 3-variable function are arranged in the K-map so that to preserve the
property of adjacent squares being different in only a complement of single variable
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EXAMPLE
Consiolev J: )L(le;,(o)=2(2,4,5,€)
Ko '
0]o Kok Kot X K1 Ko = K, Ko
r";’/o X ANA, M
'K ! o
[,] O == = P
Xz! AT X2kt o), = X2k
NN, ~ma ”m

y-_-.v Z(Z,h, 5,6) = Myt Myt t Mg = X,Z)-fKZXT
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e “Adjacent” squares do not always touch each other:

|XO,
W Koy Kot Ky Ky Ky = K Xy
[
x?_, ﬂ\

r 1\
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* FOUR ADJACENT SQUARES

form o (n-2)Vatiabl prodiuct

Xo
1)
iy

iy

1

X
X2 l ’
y XoJ
H RS,
5
le Ty
. i
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XXy Ko+ X0 Ko _ X3 X,
+sz{4?° +X_z Xy Xo +X, X

=X,
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o Simplfy  y=flta)=2(02,4,5¢)

S

0

¥ []
‘|t2 O
]
i) O

i L S

o

Xz

5

oY

A

—

4

y= Ko+ XK

—— Kok, -

* Simplify g fla %)= =(23,4,67)
Xo '

-=y

—_—
-
fomme )} o
-—

L

Nl

h[ "o
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. 5Cm1°'('cf’al 3 =f[xax,x°) =S Z(O,i, ?,5)

X. 1 Koy
e '\ —"
s LU Tk
T - 2 — — — -—
D LUV ° y: xle'f'XZxo'f‘xlXo
] 9]0 _
2 O /l\l -X ) zo
7
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5.5 A 4-variable Karnaugh map
. Xo
'"%0,.0
)‘3)(2)(o 071\ ! [ ! 0
OO mO m[ m} mz
2
x5 L Miz Mz mis My, e | square represents 4-variable product
10 [MeiMg| m,,|My, (minterm)
I ‘ e 2 squares represent 3-variable product
/
Xo _ ‘ e 4 squares represent 2-variable product
V£94 24, AZ) e 8 squares represent a single variable

xsz [ lil

\ Lo '—2—-—”‘[0
iR ain e
X - Xslzx
3 G _’J !
. 7

Consider that top and bottom, or left and right edges link adjacent vertices of a 4-dimensional cube
representing a logic function of four variables.
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Examples
50"@/4\7'3 the lo?«'c an
Y= Hxs k2t )= Z (0,2,8,0,1, 13,14, 15)
Xo ,
] T X2X
| LI Jx} X,
3 7 ‘ Mliy ‘
X
X3 XX,
. [Se P/
[ q= Ky Xy ¥ot Xy M+ X3 X, | SUMN-ol- PRODUCTS fo«m
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In order to obtain a simplified Product-of-Sums form we loop around zeros and complement variables:
4= Ftaxt) = =710,2,8,10,11,13,19,15) [soty]
= n(l‘310,576/ 719112‘) [%NJ

- X X3 +Xo)
(Xz+X;+£o) o (t+2 )
O 0JOXT,
2
xs [ O L — (xz‘f‘x[*»?o)
R E————
X
= (Bt rxe) (o 11 (s 1) (k397 ) | PRODUCTf-Sulres

fos
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