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Graph separators are a ubiquitous tool in graph theory and
computer science. However, in some applications, their useful-
ness is limited by the fact that the separator can be as large
as Q(y/n) in graphs with n vertices. This is the case for planar
graphs, and more generally, for proper minor-closed classes.
We study a special type of graph separator, called a layered
separator, which may have linear size in n, but has bounded
size with respect to a different measure, called the width. We
prove, for example, that planar graphs and graphs of bounded
Euler genus admit layered separators of bounded width. More
generally, we characterise the minor-closed classes that admit
layered separators of bounded width as those that exclude a
fixed apex graph as a minor.

We use layered separators to prove O(logn) bounds for a
number of problems where O(y/n) was a long-standing pre-
vious best bound. This includes the nonrepetitive chromatic
number and queue-number of graphs with bounded Euler
genus. We extend these results with a O(logn) bound on
the nonrepetitive chromatic number of graphs excluding a
fixed topological minor, and a logo(l) n bound on the queue-
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number of graphs excluding a fixed minor. Only for planar
graphs were log®™") n bounds previously known. Our results
imply that every n-vertex graph excluding a fixed minor has a
3-dimensional grid drawing with nlogo(l) n volume, whereas

the previous best bound was O(n?3/2).
Crown Copyright © 2017 Published by Elsevier Inc. All
rights reserved.
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1. Introduction

Graph separators are a ubiquitous tool in graph theory and computer science since
they are key to many divide-and-conquer and dynamic programming algorithms. Typ-
ically, the smaller the separator the better the results obtained. For instance, many
problems that are AP-complete for general graphs have polynomial time solutions
for classes of graphs that have bounded size separators—that is, graphs of bounded
treewidth.

By the classical result of Lipton and Tarjan [53], every n-vertex planar graph has a
separator of size O(y/n). More generally, the same is true for every proper minor-closed
graph class,* as proved by Alon et al. [3]. While these results have found widespread use,
separators of size ©(y/n), or non-constant separators in general, are not small enough to
be useful in some applications.

4 A graph H is a topological minor of a graph G if a subdivision of H is a subgraph of G. A graph H is a
minor of a graph G if a graph isomorphic to H can be obtained from a subgraph of G by contracting edges.
A class G of graphs is minor-closed if H € G for every minor H of G for every graph G € G. A minor-closed
class is proper if it is not the class of all graphs.
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In this paper we study a type of graph separator, called layered separators, that
may have Q(n) vertices but have bounded size with respect to a different measure. In
particular, layered separators intersect each layer of some predefined vertex layering in a
bounded number of vertices. We prove that many classes of graphs admit such separators,
and we show how (with simple proofs) they can be used to obtain logarithmic bounds
for a variety of applications for which O(y/n) was the best known long-standing bound.
These applications include nonrepetitive graph colourings, track layouts, queue layouts
and 3-dimensional grid drawings of graphs.

In the remainder of the introduction, we define layered separators, and describe our
results on the classes of graphs that admit them. Following that, we describe the impli-
cations that these results have on the above-mentioned applications.

1.1. Layered separations

A layering of a graph G is a partition (Vp, V1,...,V;) of V(G) such that for every
edge vw € E(G), if v € V; and w € Vj, then |i — j| < 1. Each set V; is called a
layer. For example, for a vertex r of a connected graph G, if V; is the set of vertices
at distance ¢ from r, then (Vp,V1,...) is a layering of G, called the bfs layering of G
starting from r. A bfs tree of G rooted at r is a spanning tree of G such that for every
vertex v of G, the distance between v and r in G equals the distance between v and r
in T'. Thus, if v € V; then the vr-path in 1" contains exactly one vertex from layer V; for
j€A{0,...,4}.

A separation of a graph G is a pair (G1, G2) of subgraphs of G such that G = G UGs.
In particular, there is no edge between V(G1) \ V(G2) and V(G2) \ V(G1). The order of
a separation (G1,G2) is |[V(G1 N G3)|.

A graph G admits layered separations of width ¢ with respect to a layering
(Vo,WV1,..., V) of G if for every set S C V(G), there is a separation (G1,G32) of G
such that:

o forie{0,1,...,t}, layer V; contains at most ¢ vertices in V(G; N G>), and
« both V(G1) \ V(G2) and V(G2) \ V(G1) contain at most 2|S| vertices in S.

Here the set V(G1 N Gy) is called a layered separator of width £ of G[S]. Note that these
separators do not necessarily have small order, in particular V(G1 N G2) can have Q(n)
vertices. For brevity, we say a graph G admits layered separations of width ¢ if G admits
layered separations of width ¢ with respect to some layering of G.

Layered separations are implicit in the seminal work of Lipton and Tarjan [53] on
separators in planar graphs, and in many subsequent papers (such as [1,41]). This defi-
nition was first made explicit by Dujmovié¢ et al. [24], who showed that a result of Lipton
and Tarjan [53] implies that every planar graph admits layered separations of width 2.
This result was used by Lipton and Tarjan as a subroutine in their O(y/n) separator
result. We generalise this result for planar graphs to graphs embedded on arbitrary sur-
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faces.” In particular, we prove that graphs of Euler genus ¢ admit layered separations
of width O(g) (Theorem 13 in Section 3). A key to this proof is the notion of a layered
tree decomposition, which is of independent interest, and is introduced in Section 2.

We further generalise this result by exploiting Robertson and Seymour’s graph minor
structure theorem. Roughly speaking, a graph G is almost-embeddable in a surface ¥ if
by deleting a bounded number of ‘apex’ vertices, the remaining graph can be embedded
in ¥, except for a bounded number of ‘vortices’, where crossings are allowed in a well-
structured way; see Section 5 where all these terms are defined. Robertson and Seymour
proved that every graph from a proper minor-closed class can be obtained from clique-
sums of graphs that are almost-embeddable in a surface of bounded Euler genus. Here,
apex vertices can be adjacent to any vertex in the graph. However, such freedom is not
possible for graphs that admit layered separations of bounded width. For example, the
planar v/n X v/n grid plus one dominant vertex (adjacent to every other vertex) does not
admit layered separations of width o(y/n); see Section 5. We define the notion of strongly
almost-embeddable graphs, in which apex vertices are only allowed to be adjacent to vor-
tices and other apex vertices. With this restriction, we prove that graphs obtained from
clique-sums of strongly almost-embeddable graphs admit layered separations of bounded
width (Theorem 23 in Section 5). A recent structure theorem of Dvofdk and Thomas [36]
says that H-minor-free graphs have this structure, for each apex® graph H. We conclude
that a minor-closed class G admits layered separations of bounded width if and only if G
excludes some fixed apex graph. Then, in all the applications that we consider, we deal
with (unrestricted) apex vertices separately, leading to O(logn) or log®®) n bounds for
every proper minor-closed class. These extensions depend on two tools of independent
interest (rich tree decompositions and shadow-complete layerings) that are presented in
Section 6.

1.2. Queue-number and 3-dimensional grid drawings

Let G be a graph. In a linear ordering < of V(G), two edges vw and zy are nested
ifv <2z <y < w. A k-queue layout of a graph G consists of a linear ordering <
of V(@) and a partition E1, ..., E; of E(G), such that no two edges in each set E; are
nested with respect to <. The queue-number of a graph G is the minimum integer k& such
that G has a k-queue layout, and is denoted by qn(G). Queue layouts were introduced
by Heath et al. [49,50] and have since been widely studied, with applications in parallel
process scheduling, fault-tolerant processing, matrix computations, and sorting networks;
see [30,61] for surveys.

5 The Euler genus of a surface ¥ is 2 — x, where x is the Euler characteristic of ¥. Thus the orientable
surface with h handles has Euler genus 2h, and the non-orientable surface with ¢ cross-caps has Euler
genus c. The Euler genus of a graph G is the minimum Euler genus of a surface in which G embeds. See
[56] for background on graphs embedded in surfaces.

6 A graph H is apex if H — v is planar for some vertex v.
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A number of classes of graphs are known to have bounded queue-number. For example,
every tree has a 1-queue layout [50], every outerplanar graph has a 2-queue layout [49],
every series-parallel graph has a 3-queue layout [63], every graph with bandwidth b has
a [%W—queue layout [50], every graph with pathwidth p has a p-queue layout [27], and
more generally every graph with bounded treewidth has bounded queue-number [27].
All these classes have bounded treewidth. Only a few highly structured graph classes
of unbounded treewidth, such as grids and cartesian products [76], are known to have
bounded queue-number. In particular, it is open whether planar graphs have bounded
queue-number, as conjectured by Heath et al. [49.50].

The dual concept of a queue layout is a stack layout, introduced by Ollmann [59] and
commonly called a book embedding. It is defined similarly, except that no two edges in
the same set of the edge-partition are allowed to cross with respect to the vertex ordering
(in contrast to queue layouts, which exclude nested edges in the same set). Stack-number
(also known as book thickness or page-number) is bounded for planar graphs [80], for
graphs of bounded Euler genus [55], and for every proper minor-closed class [7]. A recent
construction of bounded degree monotone expanders by Bourgain and Yehudayoff [9,10]
has bounded stack-number and bounded queue-number; see [26,29,34].

Until recently, the best known upper bound for the queue-number of planar graphs was
O(y/n). This upper bound follows easily from the fact that planar graphs have pathwidth
at most O(y/n). In a breakthrough result, this bound was reduced to O(log®n) by Di
Battista, Frati, and Pach [18], which was further improved by Dujmovié¢ [22] to O(logn)
using a simple proof based on layered separators. In particular, Dujmovié¢ [22] proved
that every n-vertex graph that admits layered separations of width ¢ has O({logn)
queue-number. Since every planar graph admits layered separations of width 2, planar
graphs have O(logn) queue-number [22]. Moreover, we immediately obtain logarithmic
bounds on the queue-number for the graph classes described in Section 1.1. In particular,
we prove that graphs with Euler genus g have O(glogn) queue-number (Theorem 32),
and graphs that exclude a fixed apex graph as a minor have O(logn) queue-number
(Theorem 33). Furthermore, we extend this result to all proper minor-closed classes
with an upper bound of logo(l) n (Theorem 36). The previously best known bound for
all these classes, except for planar graphs, was O(y/n).

One motivation for studying queue layouts is their connection with 3-dimensional
graph drawing. A 3-dimensional grid drawing of a graph G represents the vertices of
G by distinct grid points in Z? and represents each edge of G by the open segment
between its endpoints so that no two edges intersect. The volume of a 3-dimensional
grid drawing is the number of grid points in the smallest axis-aligned grid-box that
encloses the drawing. For example, Cohen et al. [13] proved that the complete graph K,
has a 3-dimensional grid drawing with volume O(n?®) and this bound is optimal. Pach
et al. [60] proved that every graph with bounded chromatic number has a 3-dimensional
grid drawing with volume O(n?), and this bound is optimal for K, /2,n/2- More generally,
Bose et al. [8] proved that every 3-dimensional grid drawing of an n-vertex m-edge graph
has volume at least §(n + m). Dujmovi¢ and Wood [31] proved that every graph with
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bounded maximum degree has a 3-dimensional grid drawing with volume O(n?’/ 2), and
the same bound holds for graphs from a proper minor-closed class. In fact, every graph
with bounded degeneracy has a 3-dimensional grid drawing with O(n3/2) volume [33].
Dujmovié et al. [27] proved that every graph with bounded treewidth has a 3-dimensional
grid drawing with volume O(n). Whether planar graphs have 3-dimensional grid drawings
with O(n) volume is a major open problem, due to Felsner et al. [40]. The best known
bound on the volume of 3-dimensional grid drawings of planar graphs is O(nlogn)
by Dujmovi¢ [22]. We prove a O(nlogn) volume bound for graphs of bounded Euler
genus (Theorem 38), and more generally, for apex-minor-free graphs (Theorem 39). Most
generally, we prove an nlogo(l) n volume bound for every proper minor-closed class
(Theorem 40).

All our results about queue layouts are proved in Section 7, and all our results about
3-dimensional grid drawings are proved in Section 8.

1.3. Nonrepetitive graph colourings

A vertex colouring of a graph is nonrepetitive if there is no path for which the first
half of the path is assigned the same sequence of colours as the second half. More pre-
cisely, a k-colouring of a graph G is a function v that assigns one of k colours to each
vertex of G. A path (v1,vq,...,vs) of even order in G is repetitively coloured by v if
Y(v;) = Y(vegq) for i € {1,...,t}. A colouring ¢ of G is nonrepetitive if no path of G is
repetitively coloured by 1. Observe that a nonrepetitive colouring is proper, in the sense
that adjacent vertices are coloured differently. The nonrepetitive chromatic number w(QG)
is the minimum integer k such that G admits a nonrepetitive k-colouring.

The seminal result in this area is by Thue [72], who proved in 1906 that every path
is nonrepetitively 3-colourable. Nonrepetitive colourings have recently been widely stud-
ied; see the surveys [12,44,45]. A number of graph classes are known to have bounded
nonrepetitive chromatic number. In particular, trees are nonrepetitively 4-colourable [11,
52|, outerplanar graphs are nonrepetitively 12-colourable [5,52], and more generally, ev-
ery graph with treewidth k is nonrepetitively 4*-colourable [52]. Graphs with maximum
degree A are nonrepetitively O(A?)-colourable [2,25,44,48].

Perhaps the most important open problem in the field of nonrepetitive colour-
ings is whether planar graphs have bounded nonrepetitive chromatic number [2]. The
best known lower bound is 11, due to Ochem [24]. Dujmovi¢ et al. [24] showed that
layered separations can be used to construct nonrepetitive colourings. In particular,
every n-vertex graph that admits layered separations of width ¢ is nonrepetitively
O(Llogn)-colourable [24]. Applying the result for planar graphs mentioned above,
Dujmovié et al. [24] concluded that every n-vertex planar graph is nonrepetitively
O(logn)-colourable. We generalise this result to conclude that every graph with Eu-
ler genus g is nonrepetitively O(g + logn)-colourable (Theorem 44). The previous best
bound for graphs of bounded genus was O(y/n), which is obtained by an easy application
of the standard O(y/n) separator result for graphs of bounded genus. We further gen-
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eralise this result to conclude a O(logn) bound for graphs excluding a fixed topological
minor (Theorem 49).
All our results about nonrepetitive graph colouring are proved in Section 9.

2. Treewidth and layered treewidth

Graphs decompositions, especially tree decompositions, are a key to our results. For
graphs G and H, an H-decomposition of G is a collection (B, C V(G) : € V(H)) of
sets of vertices in G (called bags) indexed by the vertices of H, such that:

(1) for every edge vw of G, some bag B, contains both v and w, and
(2) for every vertex v of G, the set {x € V(H) : v € B,} induces a non-empty connected
subgraph of H.

The width of a decomposition is the size of the largest bag minus 1. If H is a tree, then an
H-decomposition is called a tree decomposition. The treewidth of a graph G is the min-
imum width of any tree decomposition of G. Tree decompositions were first introduced
by Halin [46] and independently by Robertson and Seymour [66]. H-decompositions, for
general graphs H, were introduced by Diestel and Kiihn [20]; also see [79].

Separations and treewidth are closely connected, as shown by the following two results.

Lemma 1 (/66], (2.5) & (2.6)). If S is a set of vertices in a graph G, then for every
tree decomposition of G there is a bag B such that each connected component of G — B
contains at most 1|S| vertices in S, which implies that G has a separation (G1, G2) with
V(G1 N G2) = B and both V(G1) \ V(G2) and V(G2) \ V(G1) contain at most 2|S|
vertices in S.

Lemma 2 (Reed [62], Fact 2.7). Assume that for every set S of vertices in a graph G,
there is a separation (G1,G2) of G such that |V (G1 N G2)| < k and both V(G1) \ V(G2)
and V(G2)\V(G1) contain at most 2|S| vertices in S. Then G has treewidth less than 4k.

We now define the layered width of a decomposition, which is the key original definition
of this paper. The layered width of an H-decomposition (B, : x € V(H)) of a graph G
is the minimum integer ¢ such that, for some layering (Vg, Vi, ..., V;) of G, each bag B,
contains at most ¢ vertices in each layer V;. The layered treewidth of a graph G is the
minimum layered width of a tree decomposition of G. Layerings with one layer show that
layered treewidth is at most treewidth plus 1.

The following result, which is implied by Lemma 1, shows that bounded layered
treewidth leads to layered separations of bounded width; see Theorem 25 for a converse
result.

Lemma 3. Every graph with layered treewidth ¢ admits layered separations of width at
most L.
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The diameter of a connected graph G is the maximum distance of two vertices in G.
Layered tree decompositions lead to tree decompositions of bounded width for graphs of
bounded diameter.

Lemma 4. If a connected graph G has diameter d, treewidth k and layered treewidth £,
then k < €(d+1).

Proof. Every layering of G has at most d+1 layers. Thus each bag in a tree decomposition
of layered width ¢ contains at most £(d + 1) vertices. The claim follows. O

Similarly, a graph of bounded diameter that admits layered separations of bounded
width has bounded treewidth.

Lemma 5. If a connected graph G has diameter d, treewidth k and admits layered sepa-
rations of width £, then k < 40(d + 1).

Proof. Since G admits layered separations of width ¢, there is a layering of G such that
for every set S C V(G), there is a separation (G1, G2) of G such that each layer contains
at most ¢ vertices in V(G1 N G2), and both V(G1) \ V(G2) and V(G2) \ V(G1) contain
at most %\S | vertices in S. Since G has diameter d, the number of layers is at most d+ 1.
Thus |[V(G1 NGse)| < (d+ 1)¢. The claim follows from Lemma 2. O

Lemmas 4 and 5 can essentially be rewritten in the language of ‘local treewidth’,
which was first introduced by Eppstein [38] under the guise of the ‘treewidth-diameter’
property. A graph class G has bounded local treewidth if there is a function f such that
for every graph G in G, for every vertex v of G and for every integer r > 0, the subgraph
of G induced by the vertices at distance at most r from v has treewidth at most f(r);
see [14,16,38,42]. If f(r) is a linear function, then G has linear local treewidth.

Lemma 6. If every graph in some class G has layered treewidth at most £, then G has
linear local treewidth with f(r) =£€(2r +1) — 1.

Proof. Given a vertex v in a graph G € G, and given an integer r > 0, let G’ be
the subgraph of G induced by the set of vertices at distance at most r from v. By
assumption, G has a tree decomposition of layered width ¢ with respect to some layering
Vo, Vi,...., V). f v € V; then V(G') C V;—, U--- U V;y,. Thus G’ contains at most
(2r + 1)¢ vertices in each bag. Hence G’ has treewidth at most (2r 4+ 1)¢ — 1, and G has
linear local treewidth. O

Lemma 7. If every graph in some class G admits layered separations of width at most £,
then G has linear local treewidth with f(r) < 44(2r +1).

Proof. Given a vertex v in a graph G € G, and given an integer r > 0, let G’ be
the subgraph of G induced by the set of vertices at distance at most r from v. By
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assumption, there is a layering (Vp, Vi,...,V;) of G such that for every set S C V(G),
there is a separation (G1,G2) of G such that each layer contains at most ¢ vertices in
V(G1NGs), and both V(Gy) \ V(Gs2) and V(Gs) \ V(G1) contain at most Z|S| vertices
in S.fveV; then V(G') CV;_,U---UV;4,. Thus [V(G1 NG NG| < (2r +1)¢. By
Lemma 2, G’ has treewidth less than 4(2r + 1)¢. The claim follows. O

We conclude this section with a few observations about layered treewidth. First we
show that graphs with bounded layered treewidth have linearly many edges.

Lemma 8. Every n-vertex graph G with layered treewidth k has at most (3k — 1)n edges.

Proof. We proceed by induction on n. The base case is trivial. Let S be a leaf bag in a
tree decomposition of G with layered width k. Let T" be the neighbouring bag. If S C T
then delete S and repeat. Otherwise there is a vertex v in S\ T. Say v is in layer V;.
Then every neighbour of v is in SN (V;—1 UV;UV;41)\ {v}, which has size at most 3k — 1.
Thus G has minimum degree at most 3k — 1. Since every subgraph of G has layered
treewidth at most k, by induction, G has at most (3k — 1)n edges. O

The following example shows that this bound is roughly tight. For integers p > k > 2,
let G be the graph with vertex set {(x,y) : z,y € {1,...,p}}, where distinct vertices (z, y)
and (2/,y’) are adjacent if [y —¢y'| < land |z —2'| <k—1.Fory e {1,...,p}, let V,, :=
{(z,y) :x €{1,...,p}}. Then (V1,Va,...,V,) isalayering of G. For z € {1,...,p—k+1},
let By :=={(z,y) : 2’ € {x,....,.c+k—1},y € {1,...,p}}. Then By,Bs,...,Bp_g41 is
a tree decomposition of G with layered width k. Apart from vertices near the boundary,
every vertex of G has degree 6k — 4. It follows that |E(G)| = (3k — 2)n — O(kv/n).

Note that layered treewidth is not a minor-closed parameter. For example, if G is the
3-dimensional n x n x 2 grid graph, then G has layered treewidth at most 3 (since the
n X 2 grid has a tree decomposition with bags of size 3), but G contains a K,, minor [78],
and K, has layered treewidth [F]. On the other hand, we now show that for graphs
with bounded layered treewidth, the minors of bounded depth have bounded layered
treewidth.

Lemma 9. If G is a graph with layered treewidth k, and H, ..., H, are pairwise disjoint
connected subgraphs of G, each with radius at most some positive integer d, and G' is the
graph obtained from G by contracting each H; into a single vertex, then G’ has layered
treewidth at most (4d + 1)k.

Proof. By definition, G has a layering (Vp,...,V;) and a tree decomposition 7, such
that each bag of T has at most k vertices in each layer V;. We may assume that V(G) =
U; V(H;) (by introducing subgraphs with one vertex). Each subgraph H; contains a
vertex v; such that every vertex in H; is at distance at most d from v; (in H;). We
can and do think of V(G’) = {v1,vs,...,v,}, where v;v; € E(G’) if and only if some
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vertex in H; is adjacent to some vertex in H;. In this case, distg(vi,vj) < 2d+ 1. Let
t':=[t/(2d +1)]. For £ € {0,1,...,t'}, let

Vi = V(G") N (Veat1) YU Vear+1 U - - U Viery2a+1)-1),

where V; := () for j > ¢. Then (Vj,...,V})) is a partition of V(G’). If v;v; € E(G’) and
v; € Vg, and v; € V, then |b — a| < distg(vi,v5) < 2d + 1. It follows that if v; € V., and
vj € V},, then |a’ — b'| < 1. Hence (V{,...,V})) is a layering of G'.

Let T’ be the tree decomposition of G’ obtained from T by replacing each bag B of T
by a new bag B’ consisting of each vertex v; of G’ for which H; contains a vertex in B.
Consider a vertex v; in V;/ N B’ for some layer V/ and bag B’ of 7. Thus H; contains
a vertex w in B. Since v; € V/ and H; has radius at most d, in the original layering,
w is in Viagi1)—a U Veds1)—d+1 U - -+ U Vi) 2d+1)+d—1- There are at most (4d + 1)k
such vertices w in B. Thus |V/ N B’| < (4d + 1)k, and G’ has layered treewidth at most
(4d+1Dk. O

Lemmas 8 and 9 together show that graphs with bounded layered treewidth have
bounded expansion; see [57].

The following result, due to Sergey Norin [personal communication, 2014], shows that
graphs with bounded layered treewidth have O(y/n) treewidth.

Lemma 10. Every n-vertex graph G with layered treewidth k has treewidth at most

2vkn — 1.

Proof. Let (V1,Va,...,V;) be the layering in a tree decomposition of G with layered
width k. Let p := [\/n/k]. For j € {1,...,p}, let W; := V; UVp1; U Vapy; U---. Thus
(W1, Wa, ..., Wp) is a partition of V(G), and [W;| < £ < Vkn for some j € {1,...,p}.
Each connected component of G — Wj is contained within p — 1 consecutive layers, and
therefore has treewidth at most k(p — 1) — 1 < Vkn — 1. Hence G — W; has a tree
decomposition of width at most vkn — 1. Adding W; to every bag of this decomposition
gives a tree decomposition of G with width at most vkn — 1 + |[W;| < 2Wkn—1. O

3. Graphs on surfaces

This section constructs layered tree decompositions of graphs with bounded Euler
genus. The following definitions and simple lemma will be useful. A triangulation of a
surface is a loopless multigraph embedded in the surface, such that each face is bounded
by three distinct edges. We emphasise that parallel edges not bounding a single face are
allowed. For a subgraph G’ of G, let F'(G’) be the set of faces of G incident with at least
one vertex of G'. Let G* be the dual of G. That is, V(G*) = F(G) and fg € E(G*)
whenever some edge of G is incident with both f and g (for all distinct faces f,g € F(Q)).
Thus the edges of G are in 1-1 correspondence with the edges of G*. Let T be a subtree
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Fig. 1. Construction of H in Lemma 11.

of G. An edge vw € E(G) is a chord of T if v,w € V(T) and vw ¢ E(T). An edge
vw € E(G) is a half-chord of T if [{v,w}NV(T)| = 1. An edge of G* dual to a chord of G
is called a dual-chord. An edge of G* dual to a half-chord of G is called a dual-half-chord.

Lemma 11. Let T be a non-empty subtree of a triangulation G of a surface. Let H be the
subgraph of G* with vertex set F(T) and edge set the dual-chords and dual-half-chords
of T. Then H is connected. Moreover, H—e is connected for each dual-half-chord e of T.

Proof. If T' has exactly one vertex v, then T has no chords, and the half-chords of T" are
precisely the edges incident to v, in which case H is a cycle on at least two vertices, and
the result is trivial. Now assume that |V(T)| > 2 and thus |E(T)| > 1.

Consider the following walk W in T, illustrated in Fig. 1. Choose an arbitrary edge
af in T, and initialise W := («, 8). Apply the following rule to choose the next vertex
in W. Suppose that W = (a,f,...,z,y). Let yz be the edge of T anticlockwise from
yz in the cyclic permutation of edges incident to y defined by the embedding of T'. (It
is possible that = z.) Then append z to W. Stop when the edge «of is traversed in
this order for the second time. Thus each edge of T is traversed by W exactly two times
(once in each direction), and W is a closed (cyclic) walk.

Let W’ be the walk in H obtained from W as follows. Consider three consecutive
vertices z,y,z in W. Let f1, fo,..., fx be the sequence of faces anticlockwise from yx
to yz determined by the cyclic permutation of edges incident with y. Construct W’
from W by replacing y by f1, fa,..., fk—1 (and doing this simultaneously at each vertex
in W). Each such face f; is incident with y, and is thus a vertex of H. Moreover, for
1 € {1,...,k — 1}, the edge f;fi+1 of G* is dual to a chord or half-chord of T, and
thus f;fiy1 is an edge of H. Hence W’ is a walk in H (since f is the first face in the
sequence of faces corresponding to z). Every face of G incident with at least one vertex
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in T appears in W’. Thus W' is a spanning walk in H. Therefore H is connected, as
claimed.

Let H' be the subgraph of H formed by the dual-half-chords of T. We now show
that H’ is 2-regular. Consider a dual-half-chord fg of T. Let vw be the corresponding
half-chord of G, where v € V(T') and w ¢ V(T'). Say u is the third vertex incident to f.
If w € V(T) then wv is not a half-chord of T" and ww is a half-chord of T', implying that
the only edges incident to f in H' are the duals of vw and uw. On the other hand, if
u ¢ V(T) then uv is a half-chord of T and ww is not a half-chord of T', implying that
the only edges incident to f in H' are the duals of vw and uv. Hence f has degree 2 in
H', and H’ is 2-regular. Therefore, if e is a dual-half-chord of T, then e is in a cycle, and
H — e is connected. O

The following theorem is the main result of this section. If v is a vertex in a tree T'
rooted at a vertex r, then the subtree of T' rooted at v is the subtree of T induced by the
set of vertices z in T such that v is on the zr-path in T

Theorem 12. Fvery graph G with Euler genus g has layered treewidth at most 2g + 3.

Proof. Say G has n vertices. We may assume that n > 3 and that G is a triangulation
of a surface with Euler genus g. Let F(G) be the set of faces of G. By Euler’s formula,
|F(G)| = 2n+2g—4 and |E(G)| = 3n+3g—6. Let r be a vertex of G. Let (Vp, Vi,...,V})
be the bfs layering of G starting from r. Let T' be a bfs tree of G rooted at r. For each
vertex v of G, let P, be the vertex set of the vr-path in 7. Thus if v € V;, then P,
contains exactly one vertex in Vj for j € {0,...,4}.

Let D be the subgraph of G* with vertex set F/(G), where two vertices are adjacent if
the corresponding faces share an edge not in 7. Thus |V(D)| = |F(G)| = 2n+2g —4 and
|[E(D)|=|E(G)|—|E(T)|=Bn+3g—6)—(n—1) =2n+ 39— 5. Since V(T) = V(G),
each edge of G is either an edge of T or is a chord of T. Thus D is the graph H defined
in Lemma 11. By Lemma 11, D is connected.

Let T* be a spanning tree of D. Thus |E(T*)| = |V(D)| —1 = 2n + 2¢g — 5. Let
X*:= E(D)\ E(T*) and let X be the set of edges of G dual to the edges in X*. Thus
|X| =1|X*| = (2n+ 39 —5) — (2n + 29 — 5) = g. For each face f = zyz of G, let

Cr=|J{PaUP,:abe X}UP,UP,UP, .

Since |X| = ¢ and each P, contains at most one vertex in each layer, Cy contains at
most 2¢g + 3 vertices in each layer.

We claim that (Cy : f € F(G)) is a T*-decomposition of G. For each edge vw of G,
if f is a face incident to vw then v and w are in Cy. This proves condition (1) in the
definition of T*-decomposition.

We now prove condition (2). It suffices to show that for each vertex v of G, if F” is the
set of faces f of G such that v is in C/, then the induced subgraph T*[F’] is connected
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and non-empty. Each face incident to v is in F’, thus F’ is non-empty. Let 7" be the
subtree of T rooted at v. If some edge ab in X is a half-chord or chord of T, then v is in
P, U Py, implying that v is in every bag, and T*[F'] = T* is connected. Now assume that
no half-chord or chord of T" is in X. Thus a face f of G is in F” if and only if f is incident
with a vertex in 7’; that is, F/ = F(T"). If v = r, then T = T and F’ = F(G), implying
T*[F'] = T*, which is connected. Now assume that v # r. Let p be the parent of v in T
Let H be the graph defined in Lemma 11 with respect to T'. So H has vertex set F’ and
edge set the dual-chords and dual-half-chords of 7”. Each chord or half-chord of T” is an
edge of G — (E(T)U X), except for pv, which is a half-chord of T" (since p ¢ V(T")). Let
e be the edge of H dual to pv. By Lemma 11, T*[F'] = H — e is connected, as desired.

Therefore (Cy : f € F(G)) is a T*-decomposition of G with layered width at most
2¢g+3. O

Several notes on Theorem 12 are in order.

e A spanning tree in an embedded graph with an ‘interdigitating’ spanning tree in the
dual was introduced for planar graphs by von Staudt [74] in 1847, and is sometimes
called a tree-cotree decomposition [39]. This idea was generalised for orientable sur-
faces by Biggs [6] and for non-orientable surfaces by Richter and Shank [64]; also see
[71].

e Lemma 3 and Theorem 12 imply the following result for layered separators.

Theorem 13. Every graph with Euler genus g admits layered separations of width
2g + 3.

Lemma 10 and Theorem 12 imply the following bound on treewidth:

Theorem 14. Every n-vertex graph with FEuler genus g has treewidth at most
2y/(29 +3)n — 1.

Lemma 1 then implies that n-vertex graphs of Euler genus g have separators of order
O(y/gn), as proved in [1,21,39,41]. Gilbert et al. [41] gave examples of such graphs
with no o(,/gn) separator, and thus with treewidth Q(,/gn) by Lemma 1. Hence
each of the upper bounds in Theorem 12-14 are within a constant factor of optimal.
Note that the proof of Theorem 12 uses ideas from many previous proofs about
separators in embedded graphs [1,39,41]. For example, Aleksandrov and Djidjev [1]
call the graph D in the proof of Theorem 12 a separation graph.

o If we apply Theorem 12 to a graph with radius d, where r is a central vertex, then
each bag consists of 2g + 3 paths ending at r, each of length at most d. Thus each
bag contains at most (2g + 3)d 4+ 1 vertices. We obtain the following result, first
proved in the planar case by Robertson and Seymour [65] and implicitly by Baker
[4], and in general by Eppstein [38] with a O(gd) bound. Eppstein’s proof also uses
the tree-cotree decomposition; see [37,39] for related work.
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Theorem 15. Fvery graph with Euler genus g and radius d has treewidth at most
(29 + 3)d. In particular, every planar graph with radius d has treewidth at most 3d.

e The proof of Theorem 12 gives the following stronger result that will be useful later,
where Q@ = |J{P,UP,:abe X}.

Theorem 16. Let r be a vertex in a graph G with Euler genus g. Then there is a tree
decomposition T of G with layered width at most 29+ 3 with respect to some layering
in which the first layer is {r}. Moreover, there is a set Q C V(G) with at most 2g
vertices in each layer, such that T restricted to G — @ has layered width at most 3
with respect to the same layering.

4. Clique-sums

We now extend the above results to more general graph classes via the clique-sum
operation. For compatibility with this operation, we introduce the following concept that
is slightly stronger than having bounded layered treewidth. A clique is a set of pairwise
adjacent vertices in a graph. Say a graph G is ¢-good if for every clique K of size at most
£ in G there is a tree decomposition of G of layered width at most ¢ with respect to some
layering of G in which K is the first layer.

Theorem 17. Every graph G with Euler genus g is (29 + 3)-good.

Proof. Given a clique K of size at most 2g+3 in G, let G’ be the graph obtained from G
by contracting K into a single vertex r. Then G’ has Euler genus at most g. Theorem 16
gives a tree decomposition of G’ of layered width at most 2g + 3 with respect to some
layering of G’ in which {r} is the first layer. Replace the first layer by K, and replace
each instance of r in the tree decomposition of G’ by K. We obtain a tree decomposition
of G of layered width at most 2g + 3 with respect to some layering of G in which K is
the first layer (since |K| < 2g + 3). Thus G is (29 + 3)-good. O

Let Ch = {v1,...,v;} be a k-clique in a graph G;. Let Cy = {wy, ..., wx} be a k-clique
in a graph Gs. Let G be the graph obtained from the disjoint union of G; and G2 by
identifying v; and w; for ¢ € {1,...,k}, and possibly deleting some edges in Cy (= Cb).
Then G is a k-clique-sum of Gy and Gs. If k < £ then G is a (< £)-clique-sum of Gy
and GQ.

Lemma 18. For ¢ > k, if G is a (< k)-clique-sum of £-good graphs G1 and G, then G is
£-good.

Proof. Let K be a clique of size at most ¢ in G. Without loss of generality, K is in Gj.
Since G is £-good, there is a tree decomposition 77 of G of layered width at most £ with
respect to some layering of G in which K is the first layer. Let X := V(G; N G2). Thus
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X is a clique in G; and in G5. Hence X is contained in at most two consecutive layers of
the above layering of G1. Let X’ be the subset of X in the first of these two layers. Note
that if KNX # 0 then X' = KNX. Since | X’| < k < £ and since Gy is £-good, there is a
tree decomposition 75 of G5 with layered width at most £ with respect to some layering
of G9 in which X’ is the first layer. Thus the second layer of Go contains X \ X’. Now,
the layerings of G; and G2 can be overlaid, with the layer containing X’ in common,
and the layer containing X \ X’ in common. By the definition of X, it is still the case
that the first layer is K. Let T" be the tree decomposition of G obtained from the disjoint
union of 77 and 75 by adding an edge between a bag in 77 containing X and a bag in T5
containing X. (Each clique is contained in some bag of a tree decomposition.) For each
bag B of T the intersection of B with a single layer consists of the same set of vertices
as the intersection of B and the corresponding layer in the layering of G or G5. Hence
T has layered width at most . O

We now describe some graph classes for which Lemma 18 is immediately applicable.
Wagner [75] proved that every Ks-minor-free graph can be constructed from (< 3)-clique-
sums of planar graphs and Vg, where Vg is the graph obtained from an 8-cycle by adding
four edges between the opposite pairs of vertices. A bfs layering shows that Vg is 3-good.
By Theorem 17, every planar graph is 3-good. Thus, by Lemma 18, every Ks-minor-
free graph is 3-good, has layered treewidth at most 3, and admits layered separations of
width 3 by Lemma 3. Wagner [75] and Hall [47] also proved that every K3 s-minor-free
graph can be constructed from (< 2)-clique-sums of planar graphs and K. Since Kjx
is 4-good and every planar graph is 3-good, every K3 s-minor-free graph is 4-good, has
layered treewidth at most 4, and admits layered separations of width 4. For a number of
particular graphs H, Truemper [73] characterised the H-minor-free graphs in terms of
(< 3)-clique-sums of planar graphs and various small graphs. The above methods apply
here also; we omit these details. More generally, a graph H is single-crossing if it has a
drawing in the plane with at most one crossing. For example, K5 and K3 3 are single-
crossing. Robertson and Seymour [68] proved that for every single-crossing graph H,
every H-minor-free graph can be constructed from (< 3)-clique-sums of planar graphs
and graphs of treewidth at most ¢, for some constant ¢ = ¢(H) > 3. It follows from the
above results that every H-minor-free graph is /-good, has layered treewidth at most £,
and admits layered separations of width /.

5. The graph minor structure theorem

This section introduces the graph minor structure theorem of Robertson and Seymour.
This theorem shows that every graph in a proper minor-closed class can be constructed
using four ingredients: graphs on surfaces, vortices, apex vertices, and clique-sums. We
show that, with a restriction on the apex vertices, every graph that can be constructed
using these ingredients has bounded layered treewidth, and thus admits layered separa-
tions of bounded width.
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Let Gy be a graph embedded in a surface ¥. Let F be a facial cycle of Gy (thought of
as a subgraph of Gg). An F-vortex is an F-decomposition (B, C V(H) : x € V(F)) of
a graph H such that V(Go N H) = V(F) and « € B, for each x € V(F'). For g,p,a >0
and k > 1, a graph G is (g,p, k, a)-almost-embeddable if for some set A C V(G) with
|A] < a, there are graphs G, G1, ..., Gy for some s € {0,...,p} such that:

e G-A=GyUG1U---UG,,

e (G1,...,G are pairwise vertex-disjoint;

e (G is embedded in a surface of Euler genus at most g,

e there are s pairwise vertex-disjoint facial cycles Fi,..., Fs of Gg, and

o for i € {1,...,s}, there is an Fj;-vortex (B, C V(G;) : x € V(F;)) of G; of width at
most k.

The vertices in A are called apex vertices. They can be adjacent to any vertex in G.

A graph is k-almost-embeddable if it is (k, k, k, k)-almost-embeddable. The following
graph minor structure theorem by Robertson and Seymour is at the heart of graph minor
theory. In a tree decomposition (B, C V(G) : x € V(T')) of a graph G, the torso of a bag
B, is the subgraph obtained from G[B,] by adding all edges vw where v,w € B, N B,
for some edge xy € E(T).

Theorem 19 (Robertson and Seymour [69]). For every fixed graph H there is a constant
k = k(H) such that every H-minor-free graph is obtained by clique-sums of k-almost-
embeddable graphs. Alternatively, every H-minor-free graph has a tree decomposition in
which each torso is k-almost-embeddable.

This section explores which graphs described by the graph minor structure theorem
admit layered separations of bounded width. As stated earlier, it is not the case that
all such graphs admit layered separations of bounded width. For example, let G be the
graph obtained from the /n x y/n grid by adding one dominant vertex. Thus G has
diameter 2, contains no Kg-minor, and has treewidth at least /n. By Lemma 5, if G
admits layered separations of width ¢, then £ € Q(y/n).

We will show that the following restriction to the definition of almost-embeddable
will lead to graph classes that admit layered separations of bounded width. A graph G
is strongly (g, p, k, a)-almost-embeddable if it is (g, p, k, a)-almost-embeddable and there
is no edge between an apex vertex and a vertex in Go — (G U --- U Gy). That is, each
apex vertex is only adjacent to other apex vertices or vertices in the vortices. A graph
is strongly k-almost-embeddable if it is strongly (k, k, k, k)-almost-embeddable.

Theorem 20. Every strongly (g, p, k, a)-almost-embeddable graph G is (a + (k+ 1)(2g +
2p + 3))-good.

Proof. We use the notation from the definition of strongly (g, p, k, a)-almost-embeddable.
We may assume that G is connected, |V (Go)| = 3, and except for Fi,. .., Fs, each face
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of Gy is a triangle, where Gy might contain parallel edges not bounding a single face.
If s = 0 then G has no vortices and thus has no apex vertices (since apex vertices only
attach to vortices), in which case G is (g, 0, 0, 0)-almost-embeddable and thus has Euler
genus ¢, and the result follows from Theorem 17.

Let K be a clique in G of size at most a + (k4 1)(2g + 2p + 3).

Construct a layering (Vp, V1,..., Vi) of G as follows. Let Vj := K and let

Vii= (Ng(K)UAUV(GLU--UG))\ K .

For¢=2,3,..., let V; be the set of vertices of G that are not in Vo U---UV;_; and are
adjacent to some vertex in V;_1. Thus (Vo, Vi,...,V;) is a layering of G for some t.

Let K" := (KNV(Gy))\V(F1U- - -UF}) be the part of K embedded in the surface and
avoiding the vortices. If K’ # () then let r be one vertex in K’, otherwise r is undefined.

Let Gf, be the triangulation obtained from Gy as follows. For i € {1,...,s}, add a
new vertex r; inside face F; (corresponding to vortex G;) and add an edge between r;
and each vertex of F;. Let n := |V(Gp)|.

We now construct a spanning forest 7' of G{,. Declare r (if defined) and rq,...,r, to
be the roots of T. For i € {1, ..., s}, make each vertex in V(F;) adjacent to r; in T. By
definition, these edges are in G{,. Now, make each vertex in K’ \ {r} adjacent to r in 7.
Since K’ is a clique, these edges are in Gj. Note that every vertex in K N V(G}) is now
in T. Every vertex v in V(G{) NV} that is not already in T is adjacent to K NV (GY});
make each such vertex v adjacent to a neighbour in K NV(Gj) in T. Every vertex in
V(G{) NVy is now in T (either as a root or as a child or grandchild of a root). Now,
for i = 2,3,..., for each vertex v in V(Gy) N'V;, choose a neighbour w of v in V;_q,
and add the edge vw to T. Now, T is a spanning forest of G{) with s or s + 1 connected
components, and thus with n —s or n — s — 1 edges.

Let D be the graph with vertex set F(G{,) where two vertices of D are adjacent if the
corresponding faces share an edge in G, — E(T). Since G has 3n + 3g — 6 edges and
2n + 2g — 4 faces, |V(D)| = 2n + 2¢g — 4 and |E(D)| = |E(Go)| — |E(T)| < 3n + 3g —
6)—(n—s—1)=2n+3g+s—5.

We now prove that D is connected. Observe that D is the spanning subgraph of the
dual of G, obtained by deleting edges dual to edges of T. The dual of G}, is connected.
Say e is an edge in some component T3 of T. Let f and g be the faces of G}, incident to e.
Let H be the connected subgraph defined in Lemma 11 with respect to T7. Observe that
f and g are vertices of H, and H is a subgraph of D. Since H is connected, any path in
the dual of G, that uses e can be rerouted via an fg-path in H. Hence D is connected.

Let T* be a spanning tree of D. Let X* := E(D) \ E(T*) and let X be the set of
edges in G, dual to the edges in X. In fact, X C FE(Gy) since E(G}) \ E(Go) C E(T).
Note that | X| = |X*| < (2n+3g+s—-5)—(2n+29g—4—-1)=g+s.

For each vertex x € V(Gy), let P, be the path in T between = and the root of
the connected component of T' containing z. By construction, P, includes at most one
vertex in G in each layer V; with ¢ > 1. If P, is in the component of T rooted at r,
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then let Pf := V(P,)\ K. Otherwise, P, is in the component of T rooted at r; for
some i € {1,...,s}. Then P, contains exactly one vertex v € V(F; N P,). Let P} :=
(V(P) \ {ri}) U B,, where B, is the bag indexed by v in the vortex G;. Thus P, is
a set of vertices in G with at most k + 1 vertices in each layer V; with ¢ > 1 (since
|By| < k+1). Define Pt := 0 for i € {1,2,...,s}. Define

S = U{P;UP;:xyeX}.

Note that S contains at most 2(k+1)(g+ s) vertices in each layer V; (since | X| < g+ s).
For each face f = uvw of Gy, let

Cy:=PfuPfuUPfUAUKUS.

Thus C; contains at most a + (k + 1)(2¢g + 2s + 3) vertices in each layer V; (since
K| <a+ (k+1)(2g +2s + 3)).

We now prove that (Cy : f € F(GYy)) is a T*-decomposition of G. (This makes sense
since V(T*) = F(Gj).) First, we prove condition (1) in the definition of T*-decomposition
for each edge vw of G. If v € AUK, then v is in every bag and w is in some bag (proved
below), implying v and w are in a common bag. Now assume that v ¢ AU K and
w ¢ AU K by symmetry. If vw € E(Gy), then v,w € Cy for each of the two faces f of

{ incident to vw. Otherwise vw € E(G;) for some i € {1,...,s}. Then v,w € B, for
some vertex x € V(F;), implying that v,w € C} for each face f of G, incident to =. This
proves condition (1) in the definition of T*-decomposition.

We now prove condition (2) in the definition of T*-decomposition for each vertex v
of G. Consider the following three cases:

(a) ve AUK US: Then v is in every bag, and condition (2) is satisfied for v.

(b) v € V(Go)\(AUKUSUV(G1U---UGj)): Let F’ be the set of faces f of G}, such
that v is in Cy. Each face incident to v is in F’, thus F” is non-empty. It now suffices to
prove that the induced subgraph T*[F’] is connected. Let T” be the subtree of T rooted
at v. If some edge xy in X is a half-chord or chord of 7", then v is in P, UP, and v € S,
which is already handled by case (a). Now assume that no half-chord or chord of 7" is
in X. Then a face f of Gy is in F’ if and only if f is incident with a vertex in 7”; that
is, F/ = F(T"). Let H be the graph defined in Lemma 11 with respect to T7”. That is, H
has vertex set F” and edge set the dual-chords and dual-half-chords of 7”. Since v is in
Gy — K, it follows that v is not a root of T'. Let p be the parent of v in T. Each chord
or half-chord of T" is an edge of G — (E(T) U X), except for pv, which is a half-chord of
T’ (since p ¢ V(T")). Let e be the edge of H dual to pv. By Lemma 11, T*[F'] = H —e
is connected, as desired.

(c)veV(G)\(AUKUS) for some i € {1,...,s}: Let F’ be the set of faces f of G,
such that v is in Cy. It suffices to prove that the induced subgraph T*[F’] is connected
and non-empty. Let Z := {z € V(F}) : v € B}, where B, is the bag of G; corresponding
to z. By the definition of a vortex, Z induces a connected non-empty subgraph of the
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cycle Fy. Say Z = (z1, 22,..., %) ordered by F; where ¢ > 1. For j € {1,...,q}, let T;
be the subtree of T" rooted at z;. Let F} be the set of faces of G incident to some vertex
in 7Tj. Since v ¢ AU K U S, by construction, T*[F'] = |J; T*[Fj]. By the argument used
in part (b) applied to z;, T*[Fj] is connected and non-empty. Since F; and F; ; have
the face r;zjzj41 in common for j € {1,...,¢ — 1}, it follows that T*[F'] = |J; T*[F]] is
connected and non-empty, as desired.

Therefore (Cy : f € F(Gy)) is a T*-decomposition of G, and it has layered width at
most a + (k+1)(2g +2s+3). O

The following fact is well known.

Lemma 21. Every clique in a (g,p, k, a)-almost-embeddable graph has order at most a +

2k + [3(7+ I+ 24g)].

Proof. Say C'isa cliquein a (g, p, k, a)-almost-embeddable graph G. Let A,Gy,G1, . ..,Gp
be defined as above. Then CNV (Gy) has Euler genus at most g, and by Euler’s formula,
|ICNV(Go)| < |5(7+ T+ 24g)]. No vertex in G; — Gy is adjacent to a vertex in G; — Gy
for distinct 4,7 > 1. Thus C N V(G; — Gy) is non-empty for at most one value of ¢ > 1.
Moreover, |C NV (G; — Go)| < 2k, since deleting one bag from G; — G (which has size
k) leaves a graph with pathwidth & — 1, which has maximum clique size k. Of course,
ICNA|<|A| =a. Intotal, |C| < a+2k+ [L(7T+/T+24g)]. O

For k> 1 and p > 0, we have a+ 2k + | 1(7+ T+ 24g)] <a+ (k+1)(29+2p+3).
Thus Lemma 3, Lemma 18, Theorem 20 and Lemma 21 together imply:

Theorem 22. Every graph obtained by clique-sums of strongly (g,p, k, a)-almost-embed-
dable graphs is a + (k + 1)(2¢9 + 2p + 3)-good, has layered trecwidth at most a + (k +
1)(29 4 2p + 3), and admits layered separations of width a + (k+ 1)(2g + 2p + 3).

Lemma 4 and Theorem 22 together imply:

Theorem 23. Let G be a graph obtained by clique-sums of strongly k-almost-embeddable
graphs. Then:

(a) G is (4k* + 8k + 3)-good,

(b) G has layered treewidth at most 4k* + 8k + 3,

(c) G admits layered separations of width 4k? + 8k + 3, and

(d) if G has diameter d then G has treewidth less than (4k* + 8k + 3)(d + 1).

Theorem 23(d) improves upon a result by Grohe [42, Proposition 10] who proved an
upper bound on the treewidth of d- f(k), where f(k) ~ k*. Moreover, this result of Grohe
[42] assumes there are no apex vertices. That is, it is for clique-sums of (k, k, k, 0)-almost-
embeddable graphs.
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Recall that a graph H is apez if H — v is planar for some vertex v of H. Dvotak and
Thomas [36] proved a structure theorem for general H-minor-free graphs, which in the
case of apex graphs H, says that H-minor-free graphs are obtained from clique-sums of
strongly k-almost-embeddable graphs, for some k = k(H); see [17] for related claims.
Thus Theorem 23 implies:

Theorem 24. For each fized apex graph H there is a constant £ = ((H) such that every
H-minor-free graph has layered treewidth at most ¢ and admits layered separations of
width £.

We now characterise the minor-closed classes with bounded layered treewidth.

Theorem 25. The following are equivalent for a proper minor-closed class of graphs G:

1
2

every graph in G has bounded layered treewidth,
every graph in G admits layered separations of bounded width,

5) G excludes a fized apex graph as a minor,

)
)
3) G has linear local treewidth,
)
)
) there exists k € N such that every graph in G is obtained from clique-sums of strongly

(
(
(
(4) G has bounded local treewidth,
(
(

6
k-almost-embeddable graphs.

Proof. Lemma 3 shows that (1) implies (2). Lemma 7 shows that (2) implies (3), which
implies (4) by definition. Eppstein [38] proved that (4) and (5) are equivalent; see [15]
for an alternative proof. As mentioned above, Dvofak and Thomas [36] proved that (5)
implies (6). Theorem 23(b) proves that (6) implies (1). O

Note that Demaine and Hajiaghayi [16] previously proved that (3) and (4) are equiv-
alent. Also note that the minor-closed assumption in Theorem 25 is essential: Dujmovié
et al. [23] proved that the n x n xn grid has bounded local treewidth but has unbounded,
indeed Q(n), layered treewidth.

6. Rich decompositions and shadow-complete layerings

As observed in Section 5, it is not the case that graphs in every proper minor-closed
class admit layered separations of bounded width. However, in this section we introduce
some tools (namely, rich tree decompositions and shadow-complete layerings) that enable
our methods based on layered tree decompositions to be extended to conclude results
about graphs excluding a fixed minor or fixed topological minor. See Theorems 36 and 49
for two applications of the results in this section.

A tree decomposition (B, C V(G) : x € V(T)) of a graph G is k-rich if B, N By is a
clique in G on at most k vertices, for each edge zy € E(T). Rich tree decomposition are
implicit in the graph minor structure theorem, as demonstrated by the following lemma.
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Lemma 26. For every fized graph H there are constants k > 1 and ¢ > 1 depending
only on H, such that every H-minor-free graph Gq is a spanning subgraph of a graph G
that has a k-rich tree decomposition such that each bag induces an £-almost-embeddable
subgraph of G.

Proof. By Theorem 19, there is a constant ¢ = ¢(H) such that Gy has a tree decompo-
sition 7 := (B, C V(G) : x € V(T)) in which each torso is {-almost-embeddable. Let G
be the graph obtained from G by adding a clique on B, N By, for each edge zy € E(T).
Let T be the tree decomposition of G obtained from 7. Each bag of T is the torso of
the corresponding bag of T, and thus induces an ¢-almost-embeddable subgraph of G.
By Lemma 21, there is a constant k depending only on ¢ such that every clique in an
l-almost embeddable graph has size at most k. Thus 7’ is a k-rich tree decomposition
of G. O

Consider a layering (Vp, V1, ..., V;) of a graph G. Let H be a connected component of
G[V;UV;11U- - -UV;], for some i € {1,...,t}. The shadow of H is the set of vertices in V;_4
adjacent to H. The layering is shadow-complete if every shadow is a clique. This concept
was introduced by Kiindgen and Pelsmajer [52] and implicitly by Dujmovié et al. [27].
It is a key to the proof that graphs of bounded treewidth have bounded nonrepetitive
chromatic number [52] and bounded track-number [27].

The following lemma generalises a result by Kiindgen and Pelsmajer [52], who proved
it when each bag of the tree decomposition is a clique (that is, for chordal graphs).
We allow bags to induce more general graphs, and in subsequent sections we apply this
lemma with each bag inducing an ¢-almost-embeddable graph (Theorems 36 and 49).

For a subgraph H of a graph G, a tree decomposition (C, C V(H) :y € V(F)) of H
is contained in a tree decomposition (By C V(G) : « € V(T)) of G if for each bag C,
there is a bag B, such that C, C B,.

Lemma 27. Let G be a graph with a k-rich tree decomposition T for some k > 1. Then G
has a shadow-complete layering (Vo, Vi, ..., Vi) such that every shadow has size at most k,
and for each i € {0,...,t}, the subgraph G[Vi] has a (k — 1)-rich tree decomposition
contained in T .

Proof. We may assume that G is connected with at least one edge. Say T = (B, C
V(G) : ¢ € V(T)) is a k-rich tree decomposition of G. If B, C B, for some edge
xzy € E(T), then contracting zy into y (and keeping bag B,) gives a new k-rich tree
decomposition of G. Moreover, if a tree decomposition of a subgraph of GG is contained
in the new tree decomposition of GG, then it is contained in the original. Thus we may
assume that B, ¢ B, and B, ¢ B, for each edge zy € V(T).

Let G’ be the graph obtained from G by adding an edge between every pair of vertices
in a common bag (if the edge does not already exist). Let r be a vertex of G. Let o be
a node of T such that r € B,. Root T at . Now every non-root node of 7" has a parent
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node. Since G is connected, G’ is connected. For i > 0, let V; be the set of vertices of G
at distance ¢ from r in G'. Thus, for some ¢, (Vp,Vi,...,V;) is a layering of G’ and also
of G (since G C G").

Since each bag B, is a clique in G’, V; is the set of vertices of G in bags that contain r
(not including r itself). More generally, V; is the set of vertices v of G in bags that
intersect V;_q such that v is not in Vo U --- U V;_1.

Define BY, := B, \ {r} and B! := {r}. For a non-root node z € V(T) with parent
node y, define B, := B, \ By and B! := B, N B,. Since B, ¢ B,, it follows that B, # 0.
One should think that B is the set of vertices that first appear in B, when traversing
down the tree decomposition from the root, while B! is the set of vertices in B, that
appear above x in the tree decomposition.

Consider a node x of T. Since B, is a clique in G’, B, is contained in at most two
consecutive layers. Consider (not necessarily distinct) vertices u, v in the set By, which
is not empty. Then the distance between v and r in G’ equals the distance between v
and r in G'. Thus B!

%, is contained in one layer, say V). Let w be the neighbour of v

in some shortest path between v and 7 in G’. Then w is in B} N Vj;)_1. In conclusion,
each bag B, is contained in precisely two consecutive layers, Vj(;)—1 U Vi), such that
0 # B, C Vi) and B, N Vygy—1 € Bl # 0. Also, observe that if y is an ancestor of x
in 7', then £(y) < ¢(x). Call this property (x).

We now prove that G[V;] has the desired (k — 1)-rich tree decomposition. Since G[Vj]
has one vertex and no edges, this is trivial for ¢ = 0. Now assume that i € {1,...,t}.

Let T; be the subgraph of T" induced by the nodes x such that ¢(z) < i. By property
(%), T; is a (connected) subtree of T. We claim that 7; := (B, NV; : € V(T;)) is a
T;-decomposition of G[V;]. First we prove that each vertex v € V; is in some bag of T;.
Let x be the node of T closest to « such that v € B,. Then v € B, and ¢(x) = i. Hence
v is in the bag B, NV; of 7;, as desired.

Now we prove that for each edge vw € E(G[V;]), both v and w are in a common bag
of T;. Let x be the node of T closest to « such that v € B,. Let y be the node of T
closest to a such that w € B,. Thus v € B; and z € V(T;), and w € B, and y € V(T}).
Since vw € E(G), there is a bag B, containing both v and w, and z is a descendant of
both z and y in T (by the definition of z and y). Without loss of generality, « is on the
ya-path in T'. Moreover, v is also in B, (since v and w are in a common bag of 7). Thus
v and w are in the bag By, N'V; of T;, as desired.

Finally, we prove that for each vertex v € V;, the set of bags in 7; that contain v
correspond to a (connected) subtree of T;. By assumption, this property holds in 7.
Let X be the subtree of T" whose corresponding bags in T contain v. Let x be the root
of X. Then v € B, and {(x) = i. By property (%), £(z) > i for each node z in X.
Moreover, again by property (x), deleting from X the nodes z such that £(z) > i+ 1
gives a connected subtree of X, which is precisely the subtree of T; whose bags in 7;
contain v.

Hence 7; is a T;-decomposition of G[V;]. By definition, 7; is contained in 7.
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We now prove that 7; is (k — 1)-rich. Consider an edge zy € E(T;). Without loss of
generality, y is the parent of « in T;. Our goal is to prove that B,N B, NV; = BNV, is
a clique on at most k — 1 vertices. Certainly, it is a clique on at most k vertices, since T
is k-rich. Now, £(x) < i (since x € V(T3)). If £(x) < i then B, NV, = ), and we are done.
Now assume that #(x) = i. Thus B, C V; and B., # (. Let v be a vertex in B.,. Let w
be the neighbour of v on a shortest path in G’ between v and r. Thus w is in BJ NV;_;.
Thus |BY NV;| < k — 1, as desired. Hence T; is (k — 1)-rich.

We now prove that (Vp, Vi,...,V;) is shadow-complete. Let H be a connected com-
ponent of G[V; UV, U--- UV for some ¢ € {1,...,t}. Let X be the subgraph of T
whose corresponding bags in 7 intersect V(H). Since H is connected, X is indeed a
connected subtree of T'. Let = be the root of X. Consider a vertex w in the shadow of H.
That is, w € V;_1 and w is adjacent to some vertex v in V(H) N V. Let y be the node
closest to = in X such that v € B,. Then v € B; and w € B|/. Thus {(y) = i. Note that
By € Vyz)—1U Vi(z) and some vertex in B, is in V(H) and is thus in V;UV;; 1 U---UV,.
Thus ¢(x) > . Since x is an ancestor of y in T, ¢(x) < £(y) = i by property (%), im-
plying £(z) = i. Thus w € B. Since B! is a clique, the shadow of H is a clique. Hence
(Vo, Vi,..., V;) is shadow-complete. Moreover, since |B| < k, the shadow of H has size
at most k. O

7. Track and queue layouts

The results of this section are expressed in terms of track layouts of graphs, which is
a type of graph layout closely related to queue layouts and 3-dimensional grid drawings.
A vertex |I|-colouring of a graph G is a partition {V; : ¢ € I'} of V(G) such that for every
edge vw € E(G), if v € V; and w € V; then i # j. The elements of the set I are colours,
and each set V; is a colour class. Suppose that =<; is a total order on each colour class V;.
Then each pair (V;, =;) is a track, and {(V;, %) : ¢ € I} is an |I|-track assignment of G.

An X-crossing in a track assignment consists of two edges vw and zy such that v <; x
and y <; w, for distinct colours ¢ and j. A t-track assignment of G that has no X-crossings
is called a t-track layout of G. The minimum ¢ such that a graph G has t-track layout is
called the track-number of G, denoted by tn(G). Dujmovié et al. [27] proved that

qn(G) < tn(G) — 1 . (1)

Conversely, Dujmovié et al. [28] proved that tn(G) < f(qu(G)) for some function f. In
this sense, queue-number and track-number are tied.

As described in Section 1.2, Dujmovié [22] recently showed that layered separators can
be used to construct queue layouts. In fact, the construction produces a track layout,
which with (1) gives the desired bound for queue layouts.

Lemma 28 (/22]). If a graph G admits layered separations of width ¢ then

an(G) < tn(G) < 3(([logg/on] +1) .
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Recall the following result discussed in Section 1.1.
Lemma 29 (/2/,53]). Every planar graph admits layered separations of width 2.
Lemmas 28 and 29 imply the following result of Dujmovié¢ [22].
Theorem 30 (/22/). Every n-vertex planar graph G satisfies
qn(G) < tn(G) < 6[logg/on] +6 .

Now consider queue and track layouts of graphs with Euler genus g. Theorem 13 and
Lemma 28 imply that qn(G) < tn(G) € O(glogn). This bound can be improved to
O(g +logn) as follows. A straightforward extension of the proof of Lemma 28 gives the
following result; see Appendix A for a proof.

Lemma 31. Let T be a tree decomposition of a graph G such that there is a set Q C V(Q)
with at most £1 vertices in each layer of some layering of G, and T restricted to G — Q
has layered width at most {5 with respect to the same layering. Then

an(G) < tn(G) < 361 + 302(1 +logz o m) -

Theorem 16 and Lemma 31 with ¢; = 2¢ and ¢, = 3 imply the following generalisation
of the above results.

Theorem 32. For every n-vertex graph G with Euler genus g,
an(G) < tn(G) < 69+ 9(1 + logg o n) -
Theorem 24 and Lemma 28 imply the following further generalisation.
Theorem 33. For each fixed apex graph H, for every n-vertex H-minor-free graph G,
qu(G) < tn(G) < O(logn) .

We now extend this result to arbitrary proper minor-closed classes. Dujmovié et al.
[27] implicitly proved that if a graph G has a shadow-complete layering such that each
layer induces a subgraph with track-number at most ¢ and each shadow has size at
most s, then G has track-number at most 3¢*T!; see Appendix B. Iterating this result
gives the next lemma.

Lemma 34 (implicit in [27]). For some number c, let Gy be a class of graphs with track-
number at most c. For k > 1, let G be a class of graphs that have a shadow-complete
layering such that each shadow has size at most k, and each layer induces a graph in
Gr—_1. Then every graph in Gi, has track-number at most 3k —1e(k+1)!
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Lemma 35. Let G be a graph that has a k-rich tree decomposition T such that the subgraph
induced by each bag has a c-track layout. Then G has a 3FTD'=1cB+D trock layout.

Proof. For j € {0,...,k}, let G; be the set of induced subgraphs of G that have a
j-rich tree decomposition contained in 7. Note that G itself is in Gi. Consider a graph
G’ € Gg. Then G’ is the union of disjoint subgraphs of G, each of which is contained in
a bag of T and thus has a c-track layout. Thus G’ has a c-track layout. Consider some
G’ € G; for some j € {1,...,k}. Thus G’ is an induced subgraph of G with a j-rich
tree decomposition contained in 7. By Lemma 27, G’ has a shadow-complete layering
(Vb, ..., V4) such that for each layer V;, the induced subgraph G'[V;] has a (j — 1)-rich
tree decomposition 7; contained in 7. Thus G'[V;] is in G;_;. By Lemma 34, the graph
G has a 3kFD=1e(E+D!track layout. O

Theorem 36. For every fived graph H, every H-minor-free n-vertexr graph has track-
number and queue-number at most logo(l) n.

Proof. Let Gy be an H-minor-free graph on n vertices. By Lemma 26, there are con-
stants £ > 1 and ¢ > 1 depending only on H, such that Gy is a spanning subgraph
of a graph G that has a k-rich tree decomposition 7 such that each bag induces an
{-almost-embeddable subgraph of G. To layout one such ¢-almost-embeddable subgraph,
put each of the at most ¢ apex vertices on its own track, and layout the remain-
ing graph with 3(4¢% + 8¢ + 3)([logs/, n] + 1) tracks by Theorem 23 and Lemma 28.
(Here we do not use the clique-sums or apices in Theorem 23.) By Lemma 35 with
¢ = 0+ 3(40* + 8 4 3)([logy » n] + 1), our graph G and thus Gy has track-number at
most 3D (¢ 3(402 480 4 3)([logz ;o n] + 1)) F+D!, which is in 1og®M n since k and
¢ are constants (depending only on H). The claimed bound on queue-number follows
from (1). O

8. 3-dimensional graph drawing

This section presents our results for 3-dimensional graph drawings, which are based
on the following connection between track layouts and 3-dimensional graph drawings.

Lemma 37 (/27,31]). If a c-colourable n-vertex graph G has a t-track layout, then G has
3-dimensional grid drawings with O(t*n) volume and with O(c"tn) volume.

Every graph with Euler genus g is O(,/g)-colourable [51]. Thus Theorem 32 and
Lemma 37 imply:

Theorem 38. Every n-vertex graph with Euler genus g has a 3-dimensional grid drawing
with volume O(g7/*(g + logn)n).
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For fixed H, every H-minor-free graph is O(1)-colourable [54]. Thus Theorem 33 and
Lemma 37 imply:

Theorem 39. For each fixed apex graph H, every n-vertex H-minor-free graph has a
3-dimensional grid drawing with volume O(nlogn).

Lemma 37 and Theorem 36 extend this theorem to arbitrary proper minor-closed
classes:

Theorem 40. For each fized graph H, every H-minor-free n-vertex graph has a 3-dimen-
stonal grid drawing with volume nlogo(l) n.

The best previous upper bound on the volume of 3-dimensional grid drawings of
graphs with bounded Euler genus or H-minor-free graphs was O(n?/?) [31].

9. Nonrepetitive colourings

This section proves our results for nonrepetitive colourings. Recall the following two
results by Dujmovié et al. [24] discussed in Section 1.3. (Theorem 42 is implied by Lem-
mas 29 and 41.)

Lemma 41 (/2/]). If an n-vertex graph G admits layered separations of width ¢ then
m(G) < 46(1 +logz o m) -

Theorem 42 (/2/]). For every n-vertex planar graph G,
m(G) < 8(1 +logz o m) .

Now consider nonrepetitive colourings of graphs G with Euler genus g. Theorem 13 and
Lemma 41 imply that 7(G) < O(glogn). This bound can be improved to O(g+logn) as
follows. A straightforward extension of the proof of Lemma 41 gives the following result;
see Appendix A for a proof.

Lemma 43. Let T be a tree decomposition of a graph G such that there is a set Q C V(QG)
with at most 1 vertices in each layer of some layering of G, and T restricted to G — Q
has layered width at most {5 with respect to the same layering. Then

m(G) < 401 + 4lo(1 + logz o m)

Theorem 16 and Lemma 43 with £; = 2g and ¢ = 3 imply the following generalisation
of the above results.
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Theorem 44. For every n-vertex graph with Euler genus g,
m(G) < 89 +12(1 +logg /o m) .

To generalise Theorem 44, we employ a result by Kiindgen and Pelsmajer [52]. They
proved that if a graph G has a shadow-complete layering such that the graph induced
by each layer is nonrepetitively c-colourable, then G is nonrepetitively 4c-colourable [52,
Theorem 6]. Iterating this result gives the next lemma.

Lemma 45 (/52]). For some number c, let Gy be a class of graphs with nonrepetitive
chromatic number at most c. For k > 1, let Gy, be a class of graphs that have a shadow-
complete layering such that each layer induces a graph in Gy_1. Then every graph in Gy
has nonrepetitive chromatic number at most c4F.

Lemmas 27 and 45 lead to the following result:

Lemma 46. Let G be a graph that has a k-rich tree decomposition T such that the subgraph
induced by each bag is nonrepetitively c-colourable. Then G is ¢4 -colourable.

Proof. For j € {0,...,k}, let G; be the set of induced subgraphs of G that have a j-rich
tree decomposition contained in 7. Note that G itself is in Gy. Consider a graph G’ € Gy.
Then G’ is the union of disjoint subgraphs of G, each of which is contained in a bag of
T and is thus nonrepetitively c-colourable. Thus G’ is nonrepetitively c-colourable. Now
consider some G’ € G; for some j € {1,...,k}. Thus G’ is an induced subgraph of G with
a j-rich tree decomposition contained in 7. By Lemma 27, G’ has a shadow-complete
layering (Vp,...,V;) such that for each layer V;, the induced subgraph G’[V;] has a
(j — 1)-rich tree decomposition 7; contained in 7. Thus G'[V;] is in G;_1. By Lemma 45,
the graph G is nonrepetitively 4*c-colourable. O

Lemma 46 can be used to prove that every n-vertex graph excluding a fixed minor
is nonrepetitively O(logn)-colourable. The proof is analogous to that of Theorem 36 for
track layouts. However, in the setting of nonrepetitive colourings, we obtain a stronger
result for graphs excluding a fixed topological minor. The following two results are the
key tools. The first is a structure theorem for excluded topological minors due to Grohe
and Marx [43].

Theorem 47 ([43]). For every graph H there is a constant k such that every graph
excluding H as a topological minor has a tree decomposition such that each torso is
k-almost-embeddable or has at most k vertices with degree greater than k.

Alon et al. [2] proved that graphs with maximum degree A are nonrepetitively
O(A?)-colourable. The best known bound is due to Dujmovié et al. [25].
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Theorem 48 (/25]). Every graph with mazimum degree A > 2 is nonrepetitively 7w(A)-col-
ourable, where

1 1 2 2 5/3
m(A) < KHAM}_HNM)A] <A+ 4N,

Theorem 49. For every fized graph H, every H-topological-minor-free n-vertex graph is
nonrepetitively O(logn)-colourable.

Proof. Let Gy be an H-topological-minor-free graph on n vertices. It follows from The-
orem 47 that there are constants £ > 1 and ¢ > 1 depending only on H, such that Gg
is a spanning subgraph of a graph G that has a k-rich tree decomposition T such that
the subgraph induced by each bag is f-almost-embeddable or has at most ¢ vertices with
degree greater than ¢. (The proof is analogous to that of Lemma 26, using the fact that
a graph with at most ¢ vertices of degree greater than ¢ contains no K, o subgraph.)
Define ¢ := £ + 4(40* + 80 + 3)(1 + log ;s ). Let G’ be the subgraph induced by some
bag of T. Then G’ is f-almost-embeddable or has at most £ vertices of degree greater
than £. If G’ is f-almost-embeddable, then give each of the at most £ apex vertices its
own colour and colour the remainder with ¢ — ¢ colours by Theorem 23 and Lemma 41.
(Here we do not use the clique-sums or apices in Theorem 23.) Otherwise, G’ has at most
¢ vertices of degree greater than ¢, in which case give each of the at most ¢ vertices with
degree greater than £ its own colour and colour the remainder with ¢2 4 4¢5/3 colours
by Theorem 48. Note that 2 + 4¢°/3 4+ ¢ < ¢. Thus G’ is nonrepetitively c-colourable.
By Lemma 27, the graph G is nonrepetitively 4Fc-colourable, as is Gy, since Gy is a
subgraph of G. O

Note that if H has maximum degree at least 4, then a logo(l) n bound for graphs
excluding H as a topological minor is not possible for track-number or queue-number.
In this case, every graph with maximum degree 3 does not contain H as a topologi-
cal minor. But Wood [77] proved that for A > 3 and sufficiently large n there exists
n-vertex graphs with maximum degree A and with track-number and queue-number
at least cv/An'/2=1/A for some constant ¢. In particular there are cubic graphs with

track-number and queue-number at least en'/6.

10. Reflections

1. We now show that the statement of Theorem 24 implies the Grid Minor Theorem of
Robertson and Seymour [67], which says that for every planar graph H there is an integer
¢ such that every H-minor-free G graph has treewidth at most c. Let HT be the apex
graph obtained from H by adding a dominant vertex v. Let GT be the graph obtained
from G by adding a dominant vertex x. Suppose that G* contains an Ht-minor. We
may assume that z is the image of some vertex w of HT in the H*-minor, implying G
contains HT — w as a minor. Note that HT — w contains a subgraph isomorphic to H
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(since v is dominant in HT). Thus G contains H as a minor, which is a contradiction.
Hence Gt is Ht-minor-free. By Theorem 24, GT has layered treewidth at most some
¢ = ((H). Since G has radius 1, at most three layers are used. Thus G and G have
treewidth less than 3¢, and the Grid Minor Theorem holds. In this light, Theorem 24
can be viewed as a qualitative strengthening of the Grid Minor Theorem. On the other
hand, since the proof of Theorem 24 depends on the Graph Minor Structure Theorem,
which in turn depends on the Grid Minor Theorem, it is desirable to find a proof of
Theorem 24 that does not depend on the Graph Minor Structure Theorem and gives
reasonable bounds on the layered treewidth.

2. Local treewidth has been successfully applied in the fields of approximation al-
gorithms and bidimensionality [4,14,16,42]. Given that layered tree decompositions can
be thought of as a global structure for graphs of bounded local treewidth, it would be
interesting to see if layered treewidth has algorithmic applications. See [35] for results in
this direction.

3. While this paper has focused on the layered treewidth of minor-closed graph classes,
various non-minor-closed graph classes also have bounded layered treewidth. For exam-
ple, in a follow-up paper, Dujmovié¢ et al. [23] proved that graphs that can be drawn on
a surface with Euler genus g with at most k crossings per edge have layered treewidth
at most (4g 4 6)(k + 1). Similar results are obtained for map graphs.

4. The similarity between queue/track layouts and nonrepetitive colourings is re-
markable given how different the definitions seem at first glance. Both parameters have
bounded expansion [58] and admit very similar properties with respect to subdivisions
[32,58]. Many proof techniques work for both queue/track layouts and nonrepetitive
colourings, in particular layered separations and shadow-complete layerings. One excep-
tion is that graphs of bounded maximum degree have bounded nonrepetitive chromatic
number [2,25,44,48], whereas graphs of bounded maximum degree have unbounded track-
and queue-number [77]. It would be interesting to prove a more direct relationship. Do
graphs of bounded track/queue-number have bounded nonrepetitive chromatic number?
More specifically, do 1-queue graphs have bounded nonrepetitive chromatic number?
And do 3-track graphs have bounded nonrepetitive chromatic number?

5. Finally, we mention the work of Shahrokhi [70] who introduced a definition equiv-
alent to layered treewidth. (We became aware of reference [70] when it was posted on
the arXiv in 2015.) Shahrokhi [70] was motivated by questions completely different from
those in the present paper. In our language, he proved that for every graph G with lay-
ered treewidth k, there is a graph G; with clique cut width at most 2k — 1 and a chordal
graph G such that G = G; N G2. Shahrokhi [70] then proved that every planar graph
G has layered treewidth at most 4, implying that there is a graph G with clique cut
width at most 7 and a chordal graph G5 such that G = G; NGs. Theorem 12 with g =0
improves these bounds from 4 to 3 and thus from 7 to 5. All our other results about
layered treewidth can be applied in this domain as well.
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Appendix A. Recursive separators

Here we prove Lemmas 31 and 43. The method, which is based on recursive application
of layered separations, is a straightforward generalisation of the method of Dujmovié et al.
[24] for nonrepetitive colouring and of Dujmovié [22] for track layouts. Both lemmas have
the same starting assumptions: Let Vi, Va, ..., V), be a layering of a graph G. Let 7 be
a tree decomposition of G such that there is a set @ C V(@) with at most £; vertices in
each layer V;, and T restricted to G — @ has layered width at most ¢ with respect to
Vi,Va,...,Vp.

For each vertex v € @, let depth(v) := 0. For i € {1,...,p}, injectively label the
vertices in V; N @ by 1,2,...,¢;. Let label(v) be the label assigned to each vertex
v € V; N Q. By assumption, G — ) has layered treewidth at most ¢ and thus admits
layered separations of width £5 by Lemma 3. Now run the following recursive algorithm
CoMpPUTE(V(G) \ Q, 1).

COMPUTE (input S and d, where S C V(G)\ Q and d € ZT)

1. If S = 0 then exit.

2. Let (G1,G2) be a separation of G — @ such that each layer V; contains at most
Ly vertices in V(Gp NGy) NS, and both V(G1) \ V(G2) and V(Gs) \ V(G1)
contain at most Z|S| vertices in S.

3. Let depth(v) := d for each vertex v € V(G1 N G2) N S.

4. For i € {1,...,p}, injectively label the vertices in V; N V(G; N G3) N S by
1,2,...,45. Let label(v) be the label assigned to each vertex v € V; N V(G1 N
Go)NS.

5. CoMmpPUTE((V(G1) \ V(G2)) N S,d+1).

6. COMPUTE((V(G2) \ V(G1))N S,d+1).

The recursive application of COMPUTE determines a rooted binary tree T, where each
node of T' corresponds to one call to COMPUTE. Associate each vertex whose depth and
label is computed in a particular call to COMPUTE with the corresponding node of 7.
(Observe that the depth and label of each vertex is determined exactly once.) Note that
the maximum depth is at most 1 + logg o n.
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Proof of Lemma 31. Our goal is to prove that tn(G) < 301 + 3(2(1 + logz/on).
The tracks are indexed by triples of integers as follows. Colour each vertex v by
(col(v), depth(v),label(v)), where col(v) := imod 3 if v € V;, and depth and label
are computed above. This defines a track assignment for G. We now order each
track. Consider two vertices v € V; and w € V; on the same track; that is,
(col(v), depth(v),label(v)) = (col(w),depth(w),label(w)). If ¢ < j then place v < w
in the track. If j < ¢ then place w < v in the track. Now assume that ¢ = j. If v and w
are associated with the same node of T, then ¢ = j implies label(v) # label(w), which is
a contradiction. Now assume v and w are associated with distinct nodes of T" with least
common ancestor «. Say S was the input set corresponding to «, and (G1,G2) was the
corresponding separation of G — Q. Without loss of generality, v € (V(G1)\ V(G2))N S
and w € (V(G2) \ V(G1))NS. Place v < w in the track. It is easily seen that each track
is totally ordered by =.

Suppose on the contrary that (col(v), depth(v),label(v)) = (col(w), depth(w), label(w))
for some edge vw of G. Say v € V; and w € V;. Thus ¢ = j (mod 3) and [i — j| < 1,
implying ¢ = j. Since depth(v) = depth(w) and vw € E(G), it must be that v and
w are associated with the same node of T, implying label(v) # label(w), which is a
contradiction. Thus the track assignment is a proper colouring.

We now show there is no X-crossing. Suppose that edges vw and zy form
an X-crossing, where (col(v),depth(v),label(v)) = (col(z),depth(z),label(x)) and
(col(w), depth(w), label(w)) = (col(y), depth(y),label(y)) and v < = and y < w. Say
vEV,and w € V, and z € V, and y € V. Since vw and xy are edges, |[a —b] < 1
and |c — d| < 1. Since col(v) = col(z) and col(w) = col(y) we have a = ¢ (mod 3)
and b = d (mod 3). Since v < z and y < w we have ¢ < c and d < b. If a < ¢ then
a+3<c<d+1<b+1< a+ 2, which is a contradiction. Similarly, if d < b then
d+3<b<a+1<c+1<d+2, which is a contradiction. Now assume that a = ¢
and d = b. Without loss of generality, depth(v) = depth(x) < depth(w) = depth(y).
Since label(v) = label(x) and v # z, it follows that v and z are associated with distinct
nodes of T. Let a be the least common ancestor of these nodes of T. Say S was the
input set corresponding to «, and (G1,G2) was the corresponding separation of G — Q.
Since v < « we have v € (V(G1) \ V(G2))N S and = € (V(G2) \ V(G1)) N S. Since
depth(v) < depth(w) and vw is an edge, w € (V(G1) \ V(G2)) N S. Similarly, since
depth(z) < depth(y) and xy is an edge, y € (V(G2) \ V(G1)) N S. Therefore the algo-
rithm places w < y on their track, which is a contradiction. Hence no two edges form an
X-crossing. The number of tracks is at most 3¢1 + 32(1 +logz o n). O

Proof of Lemma 43. Our goal is to prove that 7(G) < 461 + 4£2(1 + logg 5 n). Kiindgen
and Pelsmajer [52] proved that for every layering of a graph G, there is a (not necessarily

proper) 4-colouring of G such that for every repetitively coloured path (vy,va,...,va;),
the subpaths (vi,ve,...,v:) and (v441,Vet2,...,v2) have the same layer pattern (that
is, for ¢ € {1,...,t}, vertices v; and vs4,; are in the same layer). Let col be a such a

4-colouring. Now colour each vertex v by (col(v),depth(v),label(v)), where depth and



142 V. Dujmovié et al. / Journal of Combinatorial Theory, Series B 127 (2017) 111-147

label are computed above. Suppose on the contrary that (vi,ve, ..., vs) is a repetitively
coloured path in G. Then (v1,va,...,v) and (vit1, Veyo, ..., v2:) have the same layer
pattern. In addition, depth(v;) = depth(v;1;) and label(v;) = label(vsy;) for all i € [1,¢].
Let v; and vey; be vertices in this path with minimum depth. Since v; and vyy; are
in the same layer and have the same label, these two vertices were not labelled at the
same step of the algorithm. Let x and y be the two nodes of T respectively associated
with v; and v;4;. Let z be the least common ancestor of = and y in T. Say node z
corresponds to call COMPUTE(B,d). Thus v; and vy, are in B (since if a vertex v
is in B in the call to COMPUTE associated with some node g of T, then v is in B
in the call to COMPUTE associated with each ancestor of ¢ in T). Let (G1,G2) be the
separation in COMPUTE(B, d). Since depth(v;) = depth(vs4;) > d, neither v; nor vy, are
in V(G1NG5). Since z is the least common ancestor of 2 and y, without loss of generality,
v; € V(G1) \ V(G2) and vey; € V(G2) \ V(G1). Thus some vertex v; in the subpath
(Vig1,Vit2, .-, Vepi—1) s in V(G1 N Ga). If v; € B then depth(v;) = d. If v; ¢ B then
depth(v;) < d. In both cases, depth(v;) < depth(v;) = depth(v;y;), which contradicts
the choice of v; and v;4;. Hence there is no repetitively coloured path in G. There are
447 colours at depth 0 and 4/ colours at every other depth. Since the maximum depth
is at most 1+ logg /5 n, the number of colours is at most 461 + 4¢2(1 +logz o n). O

Note that in both Lemmas 31 and 43 we may replace logs,, n by log,n by using
separators (and the first part of Lemma 1) instead of separations (as in the second part
of Lemma 1).

Appendix B. Track layout construction

Here we sketch a proof of a result used in Section 7 that is implicit in the work of
Dujmovié et al. [27].

Lemma 50 (implicit in [27]). If a graph G has a shadow-complete layering Vi,...,V;
such that each layer induces a subgraph with track-number at most ¢ and each shadow
has size at most s, then G has track-number at most 3c*+1.

Proof sketch. Let T be the graph obtained from G by contracting each connected com-
ponent of each subgraph G[V;] into a single node. For each node z of T, let H, be the
corresponding connected component. Let V' be the vertices of T' arising from V;. Thus
Vi,...,V/ is a layering of T. For each node y € V/ where i € {1,...,t}, let C, be the
set of neighbours of Hy in V;_;. We may assume that C, # ). Since the given layering
is shadow-complete, C,, is a clique, called the parent clique of y. Now C, is contained in
a single connected component H, of G[V;_1], for some node x € V/_,. Call x the parent
node and H, the parent component of y. This shows that each node in V; has exactly
one neighbour in V;_;, which implies that T is a forest. As illustrated in Fig. 2, T has a
3-track layout Ty, Ty, Th.
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Fig. 2. A 3-track layout of T'.

By assumption, for each node x of T, there is a c-track layout of H,. For a clique C
of H, of size at most s, define the signature of C to be the set of (at most s) tracks that
contain C'. Since there is no X-crossing, the set of cliques of H, with the same signature
can be linearly ordered as C; < --- < C), so that if v and w are vertices in the same
track and in distinct cliques C; and C; with ¢ < j, then v < w in that track. Call this a
clique ordering.

Replace each track T} of T' by c sub-tracks, and replace each node = € 1} by the
c-track layout of H,. This defines a 3¢ track assignment for G. Clearly an edge in some
H, crosses no other edge. Two edges between a parent component H, and the same child
component H, do not form an X-crossing, since the endpoints in H, of such edges form
a clique (the parent clique of y), and therefore are in distinct tracks. The only possible
X-crossing is between edges ab and cd, where a and ¢ are in some parent component H,,,
and b and d are in distinct child components H, and H,, respectively.

To solve this problem, when determining the 3-track layout of T', the child nodes of
each node z are ordered in their track so that y < z whenever the parent cliques Cy and
C have the same signature, and Cy < C, in the clique ordering. Then group the child
nodes of x according to the signatures of their parent cliques, and for each signature o, use
a distinct set of ¢ tracks for the child components whose parent cliques have signature o.
Now the ordering of the child components with the same signature agrees with the clique
ordering of their parent cliques, and therefore agrees with the ordering of any neighbours
in the parent component. It follows that there is no X-crossing. The number of tracks
is at most 3¢ times the number of signatures, which is at most Y ;_, (f) < ¢®. In total
there are at most 3c - ¢® tracks. O

This proof makes no effort to reduce the number of tracks. Various tricks due to
Dujmovié¢ et al. [27] and Di Giacomo et al. [19] make a modest improvement.

References

[1] Lyudmil G. Aleksandrov, Hristo N. Djidjev, Linear algorithms for partitioning embedded graphs
of bounded genus, SIAM J. Discrete Math. 9 (1) (1996) 129-150, http://dx.doi.org/10.1137/
S0895480194272183. MR: 1375420.

[2] Noga Alon, Jarostaw Grytczuk, Mariusz Haluszczak, Oliver Riordan, Nonrepetitive colorings
of graphs, Random Structures Algorithms 21 (3-4) (2002) 336-346, http://dx.doi.org/10.1002/
rsa.10057. MR: 1945373.


http://dx.doi.org/10.1137/S0895480194272183
http://dx.doi.org/10.1002/rsa.10057
http://dx.doi.org/10.1137/S0895480194272183
http://dx.doi.org/10.1002/rsa.10057

144 V. Dujmovié et al. / Journal of Combinatorial Theory, Series B 127 (2017) 111-147

[3] Noga Alon, Paul D. Seymour, Robin Thomas, A separator theorem for nonplanar graphs, J. Amer.
Math. Soc. 3 (4) (1990) 801-808, http://dx.doi.org/10.2307/1990903. MR: 1065053, Zbl: 0747.05051.

[4] Brenda S. Baker, Approximation algorithms for NP-complete problems on planar graphs, J. ACM
41 (1) (1994) 153-180, http://dx.doi.org/10.1145/174644.174650. MR: 1369197.

[5] Jdnos Bardt, Péter P. Varji, On square-free vertex colorings of graphs, Studia Sci. Math. Hungar.
44 (3) (2007) 411-422, http://dx.doi.org/10.1556 /SScMath.2007.1029. MR: 2361685.

(6] Norman Biggs, Spanning trees of dual graphs, J. Combin. Theory Ser. B 11 (1971) 127-131, http://
dx.doi.org/10.1016,/0095-8956(71)90022-0. MR: 0284369.

[7] Robin Blankenship, Book Embeddings of Graphs, Ph.D. thesis, Department of Mathematics,
Louisiana State University, USA, 2003, http://etd.Isu.edu/docs/available/etd-0709103-163907/
unrestricted /Blankenship_dis.pdf.

[8] Prosenjit Bose, Jurek Czyzowicz, Pat Morin, David R. Wood, The maximum number of edges in a
three-dimensional grid-drawing, J. Graph Algorithms Appl. 8 (1) (2004) 21-26, http://dx.doi.org/
10.7155/jgaa.00079.

[9] Jean Bourgain, Expanders and dimensional expansion, C. R. Math. Acad. Sci. Paris 347 (7-8) (2009)
357-362, http://dx.doi.org/10.1016/j.crma.2009.02.009. MR: 2537230.

[10] Jean Bourgain, Amir Yehudayoff, Expansion in SLz(R) and monotone expansion, Geom. Funct.
Anal. 23 (1) (2013) 1-41, http://dx.doi.org/10.1007/s00039-012-0200-9. MR: 3037896.

[11] Bostjan BresSar, Jaroslaw Grytczuk, Sandi Klavzar, Stanistaw Niwczyk, Iztok Peterin, Non-
repetitive colorings of trees, Discrete Math. 307 (2) (2007) 163-172, http://dx.doi.org/10.1016/
j.disc.2006.06.017. MR: 2285186.

[12] Panagiotis Cheilaris, Ernst Specker, Stathis Zachos, Neochromatica, Comment. Math. Univ. Carolin.
51 (3) (2010) 469480, http://www.dml.cz/dmlcz/140723. MR: 2741880.

[13] Robert F. Cohen, Peter Eades, Tao Lin, Frank Ruskey, Three-dimensional graph drawing, Algorith-
mica 17 (2) (1996) 199-208, http://dx.doi.org/10.1007/BF02522826.

[14] Erik D. Demaine, Fedor V. Fomin, MohammadTaghi Hajiaghayi, Dimitrios M. Thilikos, Bidi-
mensional parameters and local treewidth, SIAM J. Discrete Math. 18 (3) (2004/2005) 501-511,
http://dx.doi.org/10.1137/S0895480103433410. MR: 2134412.

[15] Erik D. Demaine, MohammadTaghi Hajiaghayi, Diameter and treewidth in minor-closed graph fam-
ilies, revisited, Algorithmica 40 (3) (2004) 211-215, http://dx.doi.org/10.1007/500453-004-1106-1.
MR: 2080518.

[16] Erik D. Demaine, MohammadTaghi Hajiaghayi, Equivalence of local treewidth and linear local
treewidth and its algorithmic applications, in: Proc. 15th Annual ACM-SIAM Symposium on
Discrete Algorithms, SODA ’04, SIAM, 2004, pp. 840-849, http://dl.acm.org/citation.cfm?id=
982792.982919.

[17] Erik D. Demaine, MohammadTaghi Hajiaghayi, Ken-ichi Kawarabayashi, Approximation algo-
rithms via structural results for apex-minor-free graphs, in: 36th International Colloquium on
Automata, Languages and Programming, ICALP ’09, 2009, pp. 316-327.

[18] Giuseppe Di Battista, Fabrizio Frati, Jdnos Pach, On the queue number of planar graphs, STAM J.
Comput. 42 (6) (2013) 22432285, http://dx.doi.org/10.1137/130908051. MR: 3141759.

[19] Emilio Di Giacomo, Giuseppe Liotta, Henk Meijer, Stephen K. Wismath, Volume requirements
of 3D upward drawings, Discrete Math. 309 (7) (2009) 1824-1837, http://dx.doi.org/10.1016/
j.disc.2007.12.061. MR: 2509356.

[20] Reinhard Diestel, Daniela Kithn, Graph minor hierarchies, Discrete Appl. Math. 145 (2) (2005)
167-182, http://dx.doi.org/10.1016/j.dam.2004.01.010.

[21] Hristo N. Djidjev, On the constants of separator theorems, C. R. Acad. Bulgare Sci. 40 (10) (1987)
31-34. MR: 940049.

[22] Vida Dujmovié, Graph layouts via layered separators, J. Combin. Theory Ser. B 110 (2015) 79-89,
http://dx.doi.org/10.1016/j.jctb.2014.07.005. MR: 3279388.

[23] Vida Dujmovié, David Eppstein, David R. Wood, Structure of graphs with locally restricted cross-
ings, STAM J. Discrete Math. 31 (2) (2017) 805-824, http://dx.doi.org/10.1137/16M1062879.

[24] Vida Dujmovié¢, Fabrizio Frati, Gwenaél Joret, David R. Wood, Nonrepetitive colourings of
planar graphs with O(logn) colours, Electron. J. Combin. 20 (1) (2013) #P51, http://www.
combinatorics.org/ojs/index.php/eljc/article/view/v20ilp51.

[25] Vida Dujmovié¢, Gwenaél Joret, Jakub Kozik, David R. Wood, Nonrepetitive colouring via entropy
compression, Combinatorica 36 (6) (2016) 661686, http://dx.doi.org/10.1007/s00493-015-3070-6.

[26] Vida Dujmovié, Pat Morin, Adam Sheffer, Crossings in grid drawings, Electron. J. Combin.
21 (1) (2014) #P1.41, http://www.combinatorics.org/ojs/index.php/eljc/article/view/v21ilp4l.
MR: 3177536.


http://dx.doi.org/10.2307/1990903
http://dx.doi.org/10.1145/174644.174650
http://dx.doi.org/10.1556/SScMath.2007.1029
http://dx.doi.org/10.1016/0095-8956(71)90022-0
http://etd.lsu.edu/docs/available/etd-0709103-163907/unrestricted/Blankenship_dis.pdf
http://etd.lsu.edu/docs/available/etd-0709103-163907/unrestricted/Blankenship_dis.pdf
http://dx.doi.org/10.7155/jgaa.00079
http://dx.doi.org/10.1016/j.crma.2009.02.009
http://dx.doi.org/10.1007/s00039-012-0200-9
http://dx.doi.org/10.1016/j.disc.2006.06.017
http://www.dml.cz/dmlcz/140723
http://dx.doi.org/10.1007/BF02522826
http://dx.doi.org/10.1137/S0895480103433410
http://dx.doi.org/10.1007/s00453-004-1106-1
http://dl.acm.org/citation.cfm?id=982792.982919
http://dl.acm.org/citation.cfm?id=982792.982919
http://refhub.elsevier.com/S0095-8956(17)30047-3/bib44484Bs1
http://refhub.elsevier.com/S0095-8956(17)30047-3/bib44484Bs1
http://refhub.elsevier.com/S0095-8956(17)30047-3/bib44484Bs1
http://dx.doi.org/10.1137/130908051
http://dx.doi.org/10.1016/j.disc.2007.12.061
http://dx.doi.org/10.1016/j.dam.2004.01.010
http://refhub.elsevier.com/S0095-8956(17)30047-3/bib446A69646A65763837s1
http://refhub.elsevier.com/S0095-8956(17)30047-3/bib446A69646A65763837s1
http://dx.doi.org/10.1016/j.jctb.2014.07.005
http://dx.doi.org/10.1137/16M1062879
http://www.combinatorics.org/ojs/index.php/eljc/article/view/v20i1p51
http://www.combinatorics.org/ojs/index.php/eljc/article/view/v20i1p51
http://dx.doi.org/10.1007/s00493-015-3070-6
http://www.combinatorics.org/ojs/index.php/eljc/article/view/v21i1p41
http://dx.doi.org/10.1016/0095-8956(71)90022-0
http://dx.doi.org/10.7155/jgaa.00079
http://dx.doi.org/10.1016/j.disc.2006.06.017
http://dx.doi.org/10.1016/j.disc.2007.12.061

V. Dujmovié et al. / Journal of Combinatorial Theory, Series B 127 (2017) 111-147 145

[27] Vida Dujmovié¢, Pat Morin, David R. Wood, Layout of graphs with bounded tree-width, SIAM J.
Comput. 34 (3) (2005) 553-579, http://dx.doi.org/10.1137/50097539702416141. MR: 2137079, Zbl:
1069.05055.

[28] Vida Dujmovi¢, Attila Pér, David R. Wood, Track layouts of graphs, Discrete Math. Theor. Comput.
Sci. 6 (2) (2004) 497-522, http://dmtcs.episciences.org/315. MR: 2180055.

[29] Vida Dujmovié¢, Anastasios Sidiropoulos, David R. Wood, Layouts of expander graphs, Chic. J.
Theoret. Comput. Sci. 2016 (1) (2016), http://dx.doi.org/10.4086/cjtcs.2016.001.

[30] Vida Dujmovié¢, David R. Wood, On linear layouts of graphs, Discrete Math. Theor. Comput. Sci.
6 (2) (2004) 339-358, http://dmtcs.episciences.org/317. MR: 2081479.

[31] Vida Dujmovié, David R. Wood, Three-dimensional grid drawings with sub-quadratic volume, in:
Jénos Pach (Ed.), Towards a Theory of Geometric Graphs, in: Contemp. Math., vol. 342, Amer.
Math. Soc., 2004, pp. 55-66. MR: 2065252.

[32] Vida Dujmovié¢, David R. Wood, Stacks, queues and tracks: layouts of graph subdivisions, Discrete
Math. Theor. Comput. Sci. 7 (2005) 155-202, http://dmtcs.episciences.org/346. MR: 2164064.

[33] Vida Dujmovié¢, David R. Wood, Upward three-dimensional grid drawings of graphs, Order 23 (1)
(2006) 1-20, http://dx.doi.org/10.1007/s11083-006-9028-y. MR: 2258457.

[34] Zeev Dvir, Avi Wigderson, Monotone expanders: constructions and applications, Theory Comput.
6 (12) (2010) 291-308, http://dx.doi.org/10.4086/toc.2010.v006a012. MR: 2770077.

[35] Zdenék Dvorak, Thin graph classes and polynomial-time approximation schemes, arXiv:1704.00125,
2017.

[36] Zdenék Dvordk, Robin Thomas, List-coloring apex-minor-free graphs, arXiv:1401.1399, 2014.

[37] David Eppstein, Subgraph isomorphism in planar graphs and related problems, J. Graph Algorithms
Appl. 3 (3) (1999) 1-27, http://dx.doi.org/10.7155/jgaa.00014. MR: 1750082.

[38] David Eppstein, Diameter and treewidth in minor-closed graph families, Algorithmica 27 (3-4)
(2000) 275-291, http://dx.doi.org/10.1007/s004530010020. MR: 1759751.

[39] David Eppstein, Dynamic generators of topologically embedded graphs, in: Proc. 14th Annual ACM-
STAM Symposium on Discrete Algorithms, SODA ’03, SIAM, 2003, pp. 599-608, http://dl.acm.org/
citation.cfm?id=644108.644208.

[40] Stefan Felsner, Giussepe Liotta, Stephen K. Wismath, Straight-line drawings on restricted integer
grids in two and three dimensions, in: Petra Mutzel, Michael Jiinger, Sebastian Leipert (Eds.), Proc.
9th International Symp. on Graph Drawing, GD ’01, in: Lecture Notes in Comput. Sci., vol. 2265,
Springer, 2002, pp. 328-342.

[41] John R. Gilbert, Joan P. Hutchinson, Robert E. Tarjan, A separator theorem for graphs of bounded
genus, J. Algorithms 5 (3) (1984) 391-407, http://dx.doi.org/10.1016/0196-6774(84)90019-1.

[42] Martin Grohe, Local tree-width, excluded minors, and approximation algorithms, Combinatorica
23 (4) (2003) 613-632, http://dx.doi.org/10.1007/s00493-003-0037-9. MR: 2046826.

[43] Martin Grohe, Daniel Marx, Structure theorem and isomorphism test for graphs with excluded topo-
logical subgraphs, SIAM J. Comput. 44 (1) (2015) 114-159, http://dx.doi.org/10.1137/120892234.
MR: 3313569.

[44] Jarostaw Grytczuk, Nonrepetitive colorings of graphs—a survey, Int. J. Math. Math. Sci. (2007)
74639, http://dx.doi.org/10.1155/2007/74639. MR: 2272338.

[45] Jarostaw Grytczuk, Thue type problems for graphs, points, and numbers, Discrete Math. 308 (19)
(2008) 4419-4429, http://dx.doi.org/10.1016/j.disc.2007.08.039. MR: 2433769.

[46] Rudolf Halin, S-functions for graphs, J. Geom. 8 (1-2) (1976) 171-186, http://dx.doi.org/10.1007/
BF01917434. MR: 0444522.

[47] Dick Wick Hall, A note on primitive skew curves, Bull. Amer. Math. Soc. 49 (12) (1943) 935-936,
http://projecteuclid.org/euclid.bams/1183505541.

[48] Jochen Haranta, Stanislav Jendrol’, Nonrepetitive vertex colorings of graphs, Discrete Math. 312 (2)
(2012) 374-380, http://dx.doi.org/10.1016/j.disc.2011.09.027. MR: 2852595.

[49] Lenwood S. Heath, F. Thomson Leighton, Arnold L. Rosenberg, Comparing queues and stacks as
mechanisms for laying out graphs, STAM J. Discrete Math. 5 (3) (1992) 398-412, http://dx.doi.org/
10.1137/0405031. MR: 1172748.

[50] Lenwood S. Heath, Arnold L. Rosenberg, Laying out graphs using queues, SIAM J. Comput. 21 (5)
(1992) 927-958, http://dx.doi.org/10.1137/0221055. MR: 1181408.

[51] Percy J. Heawood, Map colour theorem, Quart. J. Pure Appl. Math. 24 (1890) 332-338, http://
dx.doi.org/10.1112/plms/s2-51.3.161.


http://dx.doi.org/10.1137/S0097539702416141
http://dmtcs.episciences.org/315
http://dx.doi.org/10.4086/cjtcs.2016.001
http://dmtcs.episciences.org/317
http://refhub.elsevier.com/S0095-8956(17)30047-3/bib44756A576F6F2D537562517561642D414D53s1
http://refhub.elsevier.com/S0095-8956(17)30047-3/bib44756A576F6F2D537562517561642D414D53s1
http://refhub.elsevier.com/S0095-8956(17)30047-3/bib44756A576F6F2D537562517561642D414D53s1
http://dmtcs.episciences.org/346
http://dx.doi.org/10.1007/s11083-006-9028-y
http://dx.doi.org/10.4086/toc.2010.v006a012
http://refhub.elsevier.com/S0095-8956(17)30047-3/bib44766F72616B5468696Es1
http://refhub.elsevier.com/S0095-8956(17)30047-3/bib44766F72616B5468696Es1
http://refhub.elsevier.com/S0095-8956(17)30047-3/bib44766F54686Fs1
http://dx.doi.org/10.7155/jgaa.00014
http://dx.doi.org/10.1007/s004530010020
http://dl.acm.org/citation.cfm?id=644108.644208
http://dl.acm.org/citation.cfm?id=644108.644208
http://refhub.elsevier.com/S0095-8956(17)30047-3/bib464C572D474430312D726566s1
http://refhub.elsevier.com/S0095-8956(17)30047-3/bib464C572D474430312D726566s1
http://refhub.elsevier.com/S0095-8956(17)30047-3/bib464C572D474430312D726566s1
http://refhub.elsevier.com/S0095-8956(17)30047-3/bib464C572D474430312D726566s1
http://dx.doi.org/10.1016/0196-6774(84)90019-1
http://dx.doi.org/10.1007/s00493-003-0037-9
http://dx.doi.org/10.1137/120892234
http://dx.doi.org/10.1155/2007/74639
http://dx.doi.org/10.1016/j.disc.2007.08.039
http://dx.doi.org/10.1007/BF01917434
http://projecteuclid.org/euclid.bams/1183505541
http://dx.doi.org/10.1016/j.disc.2011.09.027
http://dx.doi.org/10.1137/0405031
http://dx.doi.org/10.1137/0221055
http://dx.doi.org/10.1112/plms/s2-51.3.161
http://dx.doi.org/10.1007/BF01917434
http://dx.doi.org/10.1137/0405031
http://dx.doi.org/10.1112/plms/s2-51.3.161

146 V. Dujmovié et al. / Journal of Combinatorial Theory, Series B 127 (2017) 111-147

[52] Andre Kiindgen, Michael J. Pelsmajer, Nonrepetitive colorings of graphs of bounded tree-width, Dis-
crete Math. 308 (19) (2008) 4473-4478, http://dx.doi.org/10.1016/j.disc.2007.08.043. MR: 2433774.

[53] Richard J. Lipton, Robert E. Tarjan, A separator theorem for planar graphs, STAM J. Appl. Math.
36 (2) (1979) 177-189, http://dx.doi.org/10.1137/0136016. MR: 0524495.

[54] Wolfang Mader, Homomorphieeigenschaften und mittlere Kantendichte von Graphen, Math. Ann.
174 (1967) 265—268, http://dx.doi.org/10.1007/BF01364272. MR: 0220616.

[55] Seth M. Malitz, Genus g graphs have pagenumber O(,/g), J. Algorithms 17 (1) (1994) 85-109,
http://dx.doi.org/10.1006 /jagm.1994.1028. MR: 1279270.

[66] Bojan Mohar, Carsten Thomassen, Graphs on Surfaces, Johns Hopkins University Press, 2001. MR:
1844449, Zbl: 0979.05002.

[67] Jaroslav Nesetfil, Patrice Ossona de Mendez, Sparsity, Algorithms Combin., vol. 28, Springer, 2012.
MR: 2920058.

[58] Jaroslav Nesettil, Patrice Ossona de Mendez, David R. Wood, Characterisations and examples
of graph classes with bounded expansion, European J. Combin. 33 (3) (2011) 350-373, http://
dx.doi.org/10.1016/j.€jc.2011.09.008. MR: 2864421.

[59] L. Taylor Ollmann, On the book thicknesses of various graphs, in: Frederick Hoffman, Roy B. Levow,
Robert S.D. Thomas (Eds.), Proc. 4th Southeastern Conference on Combinatorics, Graph Theory
and Computing, in: Congr. Numer., vol. VIII, Utilitas Math., 1973, p. 459.

[60] Janos Pach, Torsten Thiele, Géza Téth, Three-dimensional grid drawings of graphs, in: Bernard
Chazelle, Jacob E. Goodman, Richard Pollack (Eds.), Advances in Discrete and Computational
Geometry, in: Contemp. Math., vol. 223, Amer. Math. Soc., 1999, pp. 251-255. MR: 1661387.

[61] Sriram V. Pemmaraju, Exploring the Powers of Stacks and Queues via Graph Layouts, Ph.D. thesis,
Virginia Polytechnic Institute and State University, USA, 1992.

[62] Bruce A. Reed, Tree width and tangles: a new connectivity measure and some applications, in:
Surveys in Combinatorics, in: London Math. Soc. Lecture Note Ser., vol. 241, Cambridge Univ.
Press, 1997, pp. 87-162.

[63] S. Rengarajan, C.E. Veni Madhavan, Stack and queue number of 2-trees, in: Ding-Zhu Du, Ming Li
(Eds.), Proc. 1st Annual International Conf. on Computing and Combinatorics, COCOON 95, in:
Lecture Notes in Comput. Sci., vol. 959, Springer, 1995, pp. 203—-212.

[64] Bruce Richter, Herbert Shank, The cycle space of an embedded graph, J. Graph Theory 8 (3) (1984)
365-369, http://dx.doi.org/10.1002/jgt.3190080304. MR: 754916.

[65] Neil Robertson, Paul D. Seymour, Graph minors. III. Planar tree-width, J. Combin. Theory Ser. B
36 (1) (1984) 49-64, http://dx.doi.org/10.1016/0095-8956(84)90013-3. MR: 742386.

[66] Neil Robertson, Paul D. Seymour, Graph minors. II. Algorithmic aspects of tree-width, J. Algo-
rithms 7 (3) (1986) 309-322, http://dx.doi.org/10.1016/0196-6774(86)90023-4.

[67] Neil Robertson, Paul D. Seymour, Graph minors. V. Excluding a planar graph, J. Combin. Theory
Ser. B 41 (1) (1986) 92-114, http://dx.doi.org/10.1016,/0095-8956(86)90030-4.

[68] Neil Robertson, Paul D. Seymour, Excluding a graph with one crossing, in: Graph Structure Theory,
Proc. of AMS-IMS-SIAM Joint Summer Research Conference on Graph Minors, in: Contemp. Math.,
vol. 147, Amer. Math. Soc., 1993, pp. 669-675. MR: 1224738.

[69] Neil Robertson, Paul D. Seymour, Graph minors. XVI. Excluding a non-planar graph, J. Combin.
Theory Ser. B 89 (1) (2003) 43-76, http://dx.doi.org/10.1016/S0095-8956(03)00042-X.

[70] Farhad Shahrokhi, New representation results for planar graphs, in: 29th European Workshop on
Computational Geometry, EuroCG 2013, 2013, pp. 177-180, arXiv:1502.06175.

[71] Martin Skoviera, Spanning subgraphs of embedded graphs, Czechoslovak Math. J. 42(117) (2) (1992)
235-239. MR: 1179495.

[72] Axel Thue, Uber unendliche Zeichenreihen, Norske Vid. Selsk. Skr. I. Mat. Nat. Kl. Christiania 7
(1906) 1-22.

[73] Klaus Truemper, Matroid Decomposition, Academic Press, Boston, 1992. MR: 1170126.

[74] Karl Georg Christian von Staudt, Geometrie der Lage, Verlag von Bauer and Rapse 25, Julius Merz,
Nirnberg, 1847.

[75] Klaus Wagner, Uber eine Eigenschaft der ebene Komplexe, Math. Ann. 114 (1937) 570-590, http://
dx.doi.org/10.1007/BF01594196. MR: 1513158, Zbl: 0017.19005.

[76] David R. Wood, Queue layouts of graph products and powers, Discrete Math. Theor. Comput. Sci.
7 (1) (2005) 255268, http://dmtcs.episciences.org/352. MR: 2183176.

[77] David R. Wood, Bounded-degree graphs have arbitrarily large queue-number, Discrete Math. Theor.
Comput. Sci. 10 (1) (2008) 27-34, http://dmtcs.episciences.org/434. MR: 2369152.


http://dx.doi.org/10.1016/j.disc.2007.08.043
http://dx.doi.org/10.1137/0136016
http://dx.doi.org/10.1007/BF01364272
http://dx.doi.org/10.1006/jagm.1994.1028
http://refhub.elsevier.com/S0095-8956(17)30047-3/bib4D6F68617254686F6Ds1
http://refhub.elsevier.com/S0095-8956(17)30047-3/bib4D6F68617254686F6Ds1
http://refhub.elsevier.com/S0095-8956(17)30047-3/bib5370617273697479s1
http://refhub.elsevier.com/S0095-8956(17)30047-3/bib5370617273697479s1
http://dx.doi.org/10.1016/j.ejc.2011.09.008
http://refhub.elsevier.com/S0095-8956(17)30047-3/bib4F6C6C6D616E6E3733s1
http://refhub.elsevier.com/S0095-8956(17)30047-3/bib4F6C6C6D616E6E3733s1
http://refhub.elsevier.com/S0095-8956(17)30047-3/bib4F6C6C6D616E6E3733s1
http://refhub.elsevier.com/S0095-8956(17)30047-3/bib5054543939s1
http://refhub.elsevier.com/S0095-8956(17)30047-3/bib5054543939s1
http://refhub.elsevier.com/S0095-8956(17)30047-3/bib5054543939s1
http://refhub.elsevier.com/S0095-8956(17)30047-3/bib50656D6D6172616A752D506844s1
http://refhub.elsevier.com/S0095-8956(17)30047-3/bib50656D6D6172616A752D506844s1
http://refhub.elsevier.com/S0095-8956(17)30047-3/bib526565643937s1
http://refhub.elsevier.com/S0095-8956(17)30047-3/bib526565643937s1
http://refhub.elsevier.com/S0095-8956(17)30047-3/bib526565643937s1
http://refhub.elsevier.com/S0095-8956(17)30047-3/bib524D2D434F434F4F4E3935s1
http://refhub.elsevier.com/S0095-8956(17)30047-3/bib524D2D434F434F4F4E3935s1
http://refhub.elsevier.com/S0095-8956(17)30047-3/bib524D2D434F434F4F4E3935s1
http://dx.doi.org/10.1002/jgt.3190080304
http://dx.doi.org/10.1016/0095-8956(84)90013-3
http://dx.doi.org/10.1016/0196-6774(86)90023-4
http://dx.doi.org/10.1016/0095-8956(86)90030-4
http://refhub.elsevier.com/S0095-8956(17)30047-3/bib52532D4753543933s1
http://refhub.elsevier.com/S0095-8956(17)30047-3/bib52532D4753543933s1
http://refhub.elsevier.com/S0095-8956(17)30047-3/bib52532D4753543933s1
http://dx.doi.org/10.1016/S0095-8956(03)00042-X
http://refhub.elsevier.com/S0095-8956(17)30047-3/bib53686168726F6B68693133s1
http://refhub.elsevier.com/S0095-8956(17)30047-3/bib53686168726F6B68693133s1
http://refhub.elsevier.com/S0095-8956(17)30047-3/bib536B6F76696572613932s1
http://refhub.elsevier.com/S0095-8956(17)30047-3/bib536B6F76696572613932s1
http://refhub.elsevier.com/S0095-8956(17)30047-3/bib546875653036s1
http://refhub.elsevier.com/S0095-8956(17)30047-3/bib546875653036s1
http://refhub.elsevier.com/S0095-8956(17)30047-3/bib547275656D706572s1
http://refhub.elsevier.com/S0095-8956(17)30047-3/bib766F6E537461756474s1
http://refhub.elsevier.com/S0095-8956(17)30047-3/bib766F6E537461756474s1
http://dx.doi.org/10.1007/BF01594196
http://dmtcs.episciences.org/352
http://dmtcs.episciences.org/434
http://dx.doi.org/10.1016/j.ejc.2011.09.008
http://dx.doi.org/10.1007/BF01594196

V. Dujmovié et al. / Journal of Combinatorial Theory, Series B 127 (2017) 111-147 147

[78] David R. Wood, Clique minors in cartesian products of graphs, New York J. Math. 17 (2011)
627-682, http://nyjm.albany.edu/j/2011/17-28.html.

[79] David R. Wood, Jan Arne Telle, Planar decompositions and the crossing number of graphs with an
excluded minor, New York J. Math. 13 (2007) 117-146, http://nyjm.albany.edu/j/2007/13-8.html.

[80] Mihalis Yannakakis, Embedding planar graphs in four pages, J. Comput. System Sci. 38 (1) (1989)
36-67, http://dx.doi.org/10.1016/0022-0000(89)90032-9. MR: 0990049.


http://nyjm.albany.edu/j/2011/17-28.html
http://nyjm.albany.edu/j/2007/13-8.html
http://dx.doi.org/10.1016/0022-0000(89)90032-9

	Layered separators in minor-closed graph classes with applications
	1 Introduction
	1.1 Layered separations
	1.2 Queue-number and 3-dimensional grid drawings
	1.3 Nonrepetitive graph colourings

	2 Treewidth and layered treewidth
	3 Graphs on surfaces
	4 Clique-sums
	5 The graph minor structure theorem
	6 Rich decompositions and shadow-complete layerings
	7 Track and queue layouts
	8 3-dimensional graph drawing
	9 Nonrepetitive colourings
	10 Reﬂections
	Acknowledgments
	Appendix A Recursive separators
	Appendix B Track layout construction
	References


