Drawing a Graph in a Hypercube

David R. Wood^∗ Departament de Matemàtica Aplicada II Universitat Politècnica de Catalunya Barcelona, Spain

david.wood@upc.edu

Submitted: Nov 16, 2004; Accepted: Aug 11, 2006; Published: Aug 22, 2006 Mathematics Subject Classification: 05C62 (graph representations), 05C78 (graph labelling), 11B83 (number theory: special sequences)

Abstract

A d-dimensional hypercube drawing of a graph represents the vertices by distinct points in {0, 1}^d, such that the line-segments representing the edges do not cross. We study lower and upper bounds on the minimum number of dimensions in hypercube drawing of a given graph. This parameter turns out to be related to Sidon sets and antimagic injections.

1 Introduction

Two-dimensional graph drawing [5, 15], and to a lesser extent, three-dimensional graph drawing [6, 17, 27] have been widely studied in recent years. Much less is known about graph drawing in higher dimensions. For research in this direction, see references [3, 8, 9, 26, 27]. This paper studies drawings of graphs in which the vertices are positioned at the points of a hypercube.

We consider undirected, finite, and simple graphs G with vertex set V (G) and edge set E(G). Consider an injection λ : V (G) → {0, 1}^d. For each edge vw ∈ E(G), let λ(vw) be the open line-segment with endpoints λ(v) and λ(w). Two distinct edges vw, xy ∈ E(G) cross if λ(vw) ∩ λ(xy) ≠ ∅. We say λ is a d-dimensional hypercube drawing of G if no two edges of G cross. A d-dimensional hypercube drawing is said to have volume 2^d. That

∗Supported by a Marie Curie Fellowship of the European Community under contract 023865, and by projects MCYT-FEDER BFM2003-00368 and Gen. Cat 2001SGR00224. Research initiated in the Department of Applied Mathematics and the Institute for Theoretical Computer Science at Charles University, Prague, Czech Republic. Supported by project LN00A056 of the Ministry of Education of the Czech Republic, and by the European Union Research Training Network COMBSTRU.

is, the volume is the total number of points in the hypercube, and is a measure of the efficiency of the drawing. Let vol(G) be the minimum volume of a hypercube drawing of a graph G. This paper studies lower and upper bounds on vol(G).

The remainder of the paper is organised as follows. In Section 2 we review material on Sidon sets and so-called antimagic injections of graphs. In Section 3 we explore the relationship between hypercube drawings and antimagic injections. This enables lower and upper bounds on vol(K_n) to be proved. In Section 4, we present a simple algorithm for computing an antimagic injection that gives upper bounds on the volume of hypercube drawings in terms of the degeneracy of the graph. In Section 5 we prove a relationship between antimagic injections and queue layouts of graphs that enables an N P-completeness result to be concluded. In Section 6 we relate antimagic injections of graphs to the bandwidth and pathwidth parameters. Finally, in Section 7 we give an asymptotic bound on the volume of hypercube drawings. The proof is based on the Lovász Local Lemma.

2 Sidon Sets and Antimagic Injections

A set S ⊆ Z^+ is called Sidon if a+b = c+d implies {a, b} = {c, d} for all a, b, c, d ∈ S. See the recent survey by O’Bryant [21] for results and numerous references on Sidon sets. A graph in which self-loops are allowed (but no parallel edges) is called a pseudograph. For a pseudograph G, an injection f : V (G) → Z^+ is antimagic if f(v) + f(w) ≠ f(x) + f(y) for all distinct edges vw, xy ∈ E(G); see [1, 12, 28]. Let [k] := {1, 2, . . . , k}. Let mag(G) be the minimum k such that the pseudograph G has an antimagic injection f : V (G) → [k].

Let K^+_n be the complete pseudograph; that is, every pair of vertices are adjacent and there is one loop at every vertex. Clearly an antimagic injection of K^+_n is nothing more than a Sidon set of cardinality n. It follows from results by Singer [23] and Erdős and Turán [11] (see Bollobás and Pikhurko [1]) that

mag(K_n) = (1 + o(1))n^2 and mag(K^+_n ) = (1 + o(1))n^2 . (1)

Note the following simple lower bound.

Lemma 1. Every pseudograph G satisfies mag(G) ≥ max{|V (G)|,^1_2 (|E(G)| + 3)}.

Proof. That mag(G) ≥ |V (G)| follows from the definition. Let λ : V (G) → [k] be an antimagic injection of G. For every edge vw ∈ E(G), λ(v) + λ(w) is a distinct integer in {3, 4, . . . , 2k − 1}. Thus |E(G)| ≤ 2k − 3 and k ≥^1_2 (|E(G)| + 3).

3 Hypercube Drawings

Consider the maximum number of edges in a hypercube drawing. The following observation is a special case of a result by Bose et al. [2] regarding the volume of grid drawings, where the bounding box is unrestricted.

Lemma 2 ([2]). The maximum number of edges in a d-dimensional hypercube drawing is 3^d − 2^d.

Trivially, vol(G) ≥ |V (G)|. For dense graphs, we have the following improved lower bound.

Lemma 3. Every n-vertex m-edge graph G satisfies

vol(G) ≥ (n + m)^{1/ log2 3} = (n + m)^{0.631...} .

Proof. Suppose that G has a d-dimensional hypercube drawing. By Lemma 2 and since n ≤ 2^d, we have n + m ≤ 3^d. That is, d ≥ log_2(n + m)/ log_2 3, and the volume 2^d ≥ (n + m)^{1/ log2 3}.

Now we characterise when two edges cross.

Lemma 4. Consider an injection λ : V (G) → {0, 1}^d for some graph G. Two distinct edges vw, xy ∈ E(G) cross if and only if λ(v) + λ(w) = λ(x) + λ(y).

Proof. Suppose that λ(v) + λ(w) = λ(x) + λ(y). Then^1_2 (λ(v) + λ(w)) =^1_2 (λ(x) + λ(y)). That is, the midpoint of λ(vw) equals the midpoint of λ(xy). Hence vw and xy cross. (Note that this idea is used to prove the upper bound in Lemma 2, since the number of midpoints is at most 3^d − 2^d.) Conversely, suppose that vw and xy cross. Since all vertex coordinates are 0 or 1, the point of intersection between λ(vw) and λ(xy) is the midpoint of both edges. That is,^1_2 (λ(v)+λ(w)) =^1_2 (λ(x)+λ(y)), and λ(v)+λ(w) = λ(x)+λ(y).

Loosely speaking, Lemma 4 implies that a hypercube drawing of G can be thought of as an antimagic injection of G into a set of binary vectors (where vector addition is not modulo 2). Moreover, from an antimagic injection we can obtain a hypercube drawing, and vice versa.

Lemma 5. Every graph G satisfies vol(G) ≤ 2^{⌈log2 mag(G)⌉} < 2 mag(G).

Proof. Let k := mag(G), and let f : V (G) → [k] be an antimagic injection of G. For each vertex v ∈ V (G), let λ(v) be the ⌈log_2 k⌉-bit binary representation of f(v). Suppose that edges vw and xy cross. By Lemma 4, λ(v) + λ(w) = λ(x) + λ(y). For each i ∈ [⌈log_2 k⌉], the sum of the i-th coordinates of v and w equals the sum of the i-th coordinates of x and y. Thus f(v) + f(w) = f(x) + f(y), which is the desired contradiction. Therefore no two edges cross, and λ is a ⌈log_2 k⌉-dimensional hypercube drawing of G.

Lemma 6. Every graph G satisfies mag(G) ≤ vol(G)^{log2 3} = vol(G)^{1.585...}.

Proof. Let λ : V (G) → {0, 1}^d be a hypercube drawing of G, where d = log_2 vol(G). For each vertex v ∈ V (G), define an integer f(v) so that λ(v) is the base-3 representation of f(v). Now λ(v) + λ(w) ∈ {0, 1, 2}^d. Thus λ(v) + λ(w) = λ(x) + λ(y) if and only if f(v) + f(w) = f(x) + f(y). Since edges do not cross in λ and by Lemma 4, f is an antimagic injection of G into [3^d] = [3^{log2 vol(G)}] = [vol(G)^{log2 3}].

Consider the minimum volume of a hypercube drawing of the complete graph K_n.

Lemma 7. Let V = {⃗v_1, ⃗v_2, . . . , ⃗v_n} be a set of binary d-dimensional vectors. Then V is the vertex set of a hypercube drawing of K_n if and only if ⃗v_i + ⃗v_j ≠ ⃗v_k + ⃗v_ℓ for all distinct pairs {i, j} and {k, ℓ}. Proof. Suppose that V is the vertex set of a hypercube drawing of K_n. Since no two edges cross, by Lemma 4, ⃗v_i + ⃗v_j ≠ ⃗v_k + ⃗v_ℓ for all distinct pairs {i, j} and {k, ℓ} with i ≠ j and k ≠ ℓ. If i = j and k = ℓ, then ⃗v_i + ⃗v_j ≠ ⃗v_k + ⃗v_ℓ because distinct vertices are mapped to distinct points. If i = j and k ≠ ℓ, then ⃗v_i + ⃗v_j ≠ ⃗v_k + ⃗v_ℓ, as otherwise the midpoint of the edge v_kv_ℓ would coincide with the vertex v_i, which is clearly impossible. Hence ⃗v_i + ⃗v_j ≠ ⃗v_k + ⃗v_ℓ for all distinct pairs {i, j} and {k, ℓ}. The converse result follows immediately from Lemma 4.

Sets of binary vectors satisfying Lemma 7 were first studied by Lindström [18, 19], and more recently by Cohen et al. [4]. Their results can be interpreted as follows, where the lower bound is by Cohen et al. [4], and the upper bound follows from (1) and Lemma 5.

Theorem 1. Every complete graph K_n satisfies vol(K_n) < (2 + o(1))n^2, and vol(K_n) > n^{1.7384...} for large enough n.

4 Degeneracy

Wood [28] proved that every n-vertex m-edge graph G with maximum degree Δ satisfies mag(G) < (Δ(m − Δ) + n). Thus Lemma 5 implies that

vol(G) < 2(Δ(m − Δ) + n) . (2)

This result by Wood [28] is proved using a greedy algorithm. We can obtain a more precise result as follows. The degeneracy of a graph G is the maximum, taken over all induced subgraphs H of G, of the minimum degree of H.

Lemma 8. Every n-vertex m-edge graph G with degeneracy d satisfies mag(G) ≤ n+dm, and thus vol(G) < 2n + 2dm.

Proof. We proceed by induction on n^′ with the hypothesis that “every induced subgraph H of G on n^′ vertices has mag(H) ≤ n^′ + dm.” If n^′ = 1 the result is trivial. Let H be an induced subgraph of G on n^′ ≥ 2 vertices. Then H has a vertex v of degree at most d in H. By induction, H \ v has an antimagic injection λ : V (H \ v) → [n^′ − 1 + dm]. Now | |{λ(x) : x ∈ V (H \ v)} ∪ {λ(x) + λ(y) − λ(w) : xy ∈ E(H \ v), vw ∈ E(H)} | | ≤ |V (H \ v)| + deg_H (v) · |E(H \ v)| ≤ n^′ − 1 + dm . Thus there exists an i ∈ [n^′ + dm] such that λ(x) ≠ i for all x ∈ V (H \ v), and λ(x) + λ(y) − λ(w) ≠ i for all edges xy ∈ E(H \ v) and vw ∈ E(H). Let λ(v) := i. Thus λ(v) ≠ λ(x) for all x ∈ V (H), and λ(v) + λ(w) ≠ λ(x) + λ(y) for all edges xy ∈ E(H) and vw ∈ E(G). Thus λ is an antimagic injection of H into [n^′ + dm], and mag(H) ≤ n^′ + dm. By induction, mag(G) ≤ n + dm.

Planar graphs G are 5-degenerate, and thus satisfy mag(G) < 16n and vol(G) < 32n by Lemmas 5 and 8. More generally, Kostochka [16] and Thomason [24, 25] independently proved that a graph G with no K_k minor is O(k √ log k)-degenerate, and thus satisfy mag(G) ∈ O(k^2(log k)n) and vol(G) ∈ O(k^2(log k)n) by Lemmas 5 and 8. As we now show, a large clique minor does not necessarily force up mag(G) or vol(G). Let K^′_n be the graph obtained from K_n by subdividing every edge once. Say K^′_n has n^′ := n + (_n 2 ) vertices. Clearly K^′_n is 2-degenerate. If follows from Lemma 8 that mag(K^′_n) ≤ 5n^′ +o(n^′) and vol(K^′_n) ≤ 10n^′ + o(n^′), yet K^′_n contains a ( √ 2n^′ + o(n^′))-clique minor.

5 Queue Layouts and Complexity

Let G be a graph. A bijection σ : V (G) → [|V (G)|] is called a vertex ordering of G. Consider edges vw, xy ∈ E(G) with no common endpoint. Without loss of generality σ(v) < σ(w), σ(x) < σ(y) and σ(v) < σ(x). We say vw and xy are nested in σ if σ(v) < σ(x) < σ(y) < σ(w). A queue in σ is a set of edges Q ⊆ E(G) such that no two edges in Q are nested in σ. A k-queue layout of G consists of a vertex ordering σ of G, and a partition of E(G) into k queues in σ. Heath et al. [13, 14] introduced queue layouts; see [7] for references and a summary of known results.

Lemma 9. If a graph G has a 1-queue layout, then mag(G) = |V (G)|.

Proof. Let σ : V (G) → [|V (G)|] be the vertex ordering in a 1-queue layout of G. If for distinct edges vw, xy ∈ E(G), we have σ(v) + σ(w) = σ(x) + σ(y), then vw and xy are nested. Since no two edges are nested in a 1-queue layout, σ is an antimagic injection of G, and mag(G) ≤ |V (G)|.

Heath and Rosenberg [14] proved that it is N P-complete to determine whether a given graph has a 1-queue layout. Thus, Lemma 9 implies:

Corollary 1. Testing whether mag(G) = |V (G)| is N P-complete.

It is has been widely conjectured that it is N P-complete to recognise graphs that admit certain types of magic and antimagic injections. Corollary 1 is the first result in this direction that we are aware of.

Open Problem 1. Every k-queue graph G on n vertices is 4k-degenerate [7, 22]. By Lemma 8, mag(G) ∈ O(k^2n) and vol(G) ∈ O(k^2n). Can these bounds be improved to O(kn)?

6 Bandwidth and Pathwidth

Let P^k_n be the k-th power of a path. Thus, P^k_n is the graph with vertex set {v_0, v_1, . . . , v_{n−1}} and edge set {v_iv_j : 1 ≤ |i − j| ≤ k}. Now P^k_n has kn −^1_2 k(k + 1) edges. By Lemma 1, mag(P^k_n ) ≥^1_2 (kn −^1_2 k(k + 1) + 3). The following upper bound is a generalisation of the construction of a Sidon set by Erdős and Turán [11].

Lemma 10. For every prime p, mag(P^p_n ) ≤ p(2n − 1).

Proof. If p = 2 then mag(P^2_n ) has a 1-queue layout, and mag(P^2_n ) = n by Lemma 9. Now assume that p > 2. Let λ(v_i) := 1 + 2pi + (i^2 mod p) for every vertex v_i, 0 ≤ i ≤ n − 1. Clearly λ is an injection into [p(2n − 1)]. Suppose on the contrary, that there are distinct edges v_iv_ℓ and v_jv_k with λ(v_i) + λ(v_ℓ) = λ(v_j ) + λ(v_k). Without loss of generality, i < j < k < ℓ ≤ i + p. Then

2pi + (i^2 mod p) + 2pℓ + (ℓ^2 mod p) = 2pj + (j^2 mod p) + 2pk + (k^2 mod p) .

That is,

2p(i + ℓ − j − k) = (j^2 mod p) + (k^2 mod p) − (i^2 mod p) − (ℓ^2 mod p) .

Now |(j^2 mod p)+(k^2 mod p)−(i^2 mod p)−(ℓ^2 mod p)| ≤ 2(p−1). Thus i+ℓ−j −k = 0, and (i^2 mod p) + (ℓ^2 mod p) = (j^2 mod p) + (k^2 mod p) .

Thus i^2 + ℓ^2 ≡ j^2 + k^2 (mod p) . (3)

Let a := j −i and b := k −i. Then 0 < a < b < p. Since i+ℓ = j +k, we have ℓ = i+a+b. Rewriting (3), i^2 + (i + a + b)^2 ≡ (i + a)^2 + (i + b)^2 (mod p) .

Hence 2ab ≡ 0 (mod p). Since p is prime and p > 2, a ≡ 0 (mod p) or b ≡ 0 (mod p), which is a contradiction since 0 < a < b < p. Hence λ(v_i) + λ(v_ℓ) ≠ λ(v_j) + λ(v_k), and λ is antimagic.

The bandwidth of an n-vertex graph G is the minimum k such that G is a subgraph of P^k_n . By Bertrand’s postulate there is a prime p ≤ 2k. Thus Lemmas 5 and 10 imply:

Corollary 2. Every n-vertex graph G with bandwidth k has mag(G) ≤ 2k(2n − 1) and vol(G) < 4k(2n − 1).

We have the following technical lemma.

Lemma 11. Let G be a graph. Let f_V : V (G) → [t] × [r] be an injection. Define a function f_E : E(G) → (_{[t]} 2 ) × [2r] as follows. For every edge vw ∈ E(G) with f_V (v) = (a, i) and f_V (w) = (b, j), let f_E (vw) := ({a, b}, i + j). If f_E is also an injection, then mag(G) ≤ (2 + o(1))t^2r.

Proof. Singer [23] proved that there is a Sidon set {s_1, s_2, . . . , s_t} ∈ [(1 + o(1))t^2]. For every vertex v ∈ V (G) with f(v) = (a, i), let λ(v) := 2r(s_a − 1) + i. Since f is an injection, λ is an injection into [(2 + o(1))t^2r]. We claim that λ is antimagic. Suppose on the contrary that there are distinct edges vw, xy ∈ E(G) with λ(v) + λ(w) = λ(x) + λ(y). Say f(v) = (a, i), f(w) = (b, j), f(x) = (c, k), and f(y) = (d, ℓ). Then

2r(s_a − 1) + i + 2r(s_b − 1) + j = 2r(s_c − 1) + k + 2r(s_d − 1) + ℓ . (4)

That is, 2r(s_a + s_b − s_c − s_d) = k + ℓ − i − j. Now |k + ℓ − i − j| < 2r. Thus s_a + s_b = s_c + s_d. Since {s_1, s_2, . . . , s_t} is Sidon, {a, b} = {c, d}. By (4), i + j = k + ℓ. Hence, f_E(vw) = f_E(xy), which is a contradiction since f_E is an injection by assumption. Thus λ(v) + λ(w) ≠ λ(x) + λ(y), and λ is antimagic. Hence mag(G) ≤ (2 + o(1))t^2r.

Let S be a set of closed intervals in R. Associated with S, is the interval graph with vertex set S such that two vertices are adjacent if and only if the corresponding intervals have a non-empty intersection. The pathwidth of a graph G is the minimum k such that G is a spanning subgraph of an interval graph with no clique on k + 2 vertices.

Theorem 2. Every n-vertex graph G with pathwidth k satisfies mag(G) ≤ (8 + o(1))kn and vol(G) ≤ (16 + o(1))kn. For all k and n ≥ k + 1, there exist n-vertex graphs G with pathwidth k and mag(G) ≥^1_2 kn − O(k^2).

Proof. Dujmović et al. [6] proved that there is an injection f satisfying Lemma 11 with t = 2k + 2 and r = ⌈n/k⌉. In fact, they proved the stronger result that for all edges vw, xy ∈ E(G) with f(v) = (a, i), f(w) = (b, j), f(x) = (a, k), f(y) = (b, ℓ), if i < k then j ≤ ℓ (which implies that i + j < k + ℓ). By Lemma 11, mag(G) ≤ (2 + o(1))(2k + 2)^2r = (8 + o(1))kn. By Lemma 5, vol(G) ≤ (16 + o(1))kn. For the lower bound, let G = P^k_n for example. Then G has pathwidth k and kn −^1_2 k(k + 1) edges. By Lemma 1, mag(G) ≥^1_2 kn − O(k^2).

Open Problem 2. Lemma 8 implies that graphs G of treewidth k satisfy mag(G) ∈ O(k^2n) and vol(G) ∈ O(k^2n). Can these bounds be improved to O(kn)? Note that Wood [28] proved that every tree G satisfies mag(G) = |V (G)|, which implies that vol(G) < 2|V (G)| by Lemma 5.

7 An Asymptotic Upper Bound

Our upper bounds on vol(G) have thus far been obtained as corollaries of upper bounds on mag(G). The next theorem, which improves upon (2), only applies to hypercube drawings. In fact, the method used only gives a O(n + Δm) bound on mag(G).

Theorem 3. Every n-vertex m-edge graph G with maximum degree Δ satisfies

vol(G) ≤ O(n + (Δm)^{1/ log2 8/3}) = O(n + (Δm)^{0.707...}) .

Theorem 3 is proved using the Local Lemma by Erdős and Lovász [10] (see [20]).

Lemma 12 ([10]). Let E = {A_1, A_2, . . . , A_n} be a set of ‘bad’ events in some probability space, such that each event A_i is mutually independent of E \({A_i}∪D_i) for some D_i ⊆ E. Suppose that there is a set {x_i ∈ [0, 1) : 1 ≤ i ≤ n}, such that for all i,

P(A_i) ≤ x_i · ∏ A_j ∈D_i (1 − x_j ) . (5)

Then P (_n ⋀ i=1 A_i ) ≥ n∏ i=1 (1 − x_i) > 0 .

That is, with positive probability, no event in E occurs.

Proof of Theorem 3. Let d be a positive integer, to be specified later. For each vertex v ∈ V (G), let λ(v) be a point in {0, 1}^d chosen randomly and independently. (One can think of this process as d fair coin tosses for each vertex.) We now set up an application of Lemma 12. For all pairs of distinct vertices v, w ∈ V (G), let A_{v,w} be the event that λ(v) = λ(w). For all disjoint edges vw, xy ∈ E(G), let B_{vw,xy} be the event that vw and xy cross.

We will apply Lemma 12 to prove that with positive probability, no event occurs. Hence there exists λ such that no event occurs. No A-event means that λ is an injection. No B-event means that no edges cross. Thus λ is a d-dimensional hypercube drawing.

Observe that P(A_{v,w}) = (^1_2 )^d. It is easily seen that P(B_{vw,xy}) ≤ (^1_2 )^d. Below we prove that P(B_{vw,xy}) = (^3_8 )^d. The idea here is that it is unlikely that some edges are involved in a crossing. For example, the actual edges of the hypercube cannot be in a crossing.

Let M := {(x_1, x_2, . . . , x_d) : x_i ∈ {0, 1, 2}, i ∈ [d]}. Consider an edge vw ∈ E(G). Clearly λ(v) + λ(w) ∈ M. The i-coordinate of λ(v) + λ(w) equals 1 if and only if the i-coordinates of λ(v) and λ(w) are distinct, which occurs with probability^1_2 . The icoordinate of λ(v) + λ(w) equals 0 if and only if the i-coordinates of λ(v) and λ(w) both equal 0, which occurs with probability^1_4 . The i-coordinate of λ(v) + λ(w) equals 2 if and only if the i-coordinates of λ(v) and λ(w) both equal 1, which occurs with probability^1_4 .

Let M_k be the subset of M consisting of those points with exactly k coordinates equal to 1. Thus, for every edge vw ∈ E(G) and point p ∈ M_k,

P(λ(v) + λ(w) = p) = (^1_2 )^k(^1_4 )^{d−k} = 2^{k−2d} .

Hence for all disjoint edges vw, xy ∈ E(G) and points p ∈ M_k,

P(λ(v) + λ(w) = λ(x) + λ(y) = p) = 2^{2k−4d} .

Now |M_k| = (_d k ) 2^{d−k}. Thus,

P(λ(v) + λ(w) = λ(x) + λ(y) ∈ M_k) = ( d k ) 2^{d−k} · 2^{2k−4d} = ( d k ) 2^{k−3d} .

Thus by Lemma 4,

P(B_{vw,xy}) = P(λ(v) + λ(w) = λ(x) + λ(y)) = d∑ k=0 ( d k ) 2^{k−3d} = ( 3 8 )_d . The base of the natural logarithm e satisfies the following well-known inequality for all y > 0: 1 e < ( 1 −^1_{y+1} )_y . (6)

Now define d := ⌈ max { log_2 e(4n + 1), log_{8/3} e^2(4Δm + 1) }⌉ . (7) For each A-event, let x_A := 1/(4n + 1). For each B-event, let x_B := 1/(4Δm + 1).

Thus 0 < x_A < 1 and 0 < x_B < 1, as required.

Each vertex is involved in at most n A-events, and at most Δm B-events. Each Aevent involves two vertices, and is thus dependent on at most 2n other A-events, and at most 2Δm B-events. Each B-event involves four vertices, and is thus dependent on at most 4n A-events, and on at most 4Δm other B-events. We first verify (5) for each event A_{v,w}. By (6),

x_A (1 − x_A)^{2n} (1 − x_B )^{2Δm} = 1 4n + 1 ( 1 − 1 4n + 1 )_{2n} ( 1 − 1 4Δm + 1 )_{2Δm}

≥ 1 e(4n + 1) . By the definition of d in (7),^1_{e(4n+1)} ≥^1_{2d} , and thus

x_A (1 − x_A)^{2n} (1 − x_B )^{2Δm} ≥ ( 1 2 )_d = P(A_{v,w}) . Now we verify (5) for each event B_{vw,xy}. By (6),

x_B (1 − x_A)^{4n} (1 − x_B )^{4Δm} = 1 4Δm + 1 ( 1 − 1 4n + 1 )_{4n} ( 1 − 1 4Δm + 1 )_{4Δm}

≥ 1 e^2(4Δm + 1) . Note that (7) implies that

(_8 3 )_d ≥ e^2(4Δm + 1). Thus,

x_B (1 − x_A)^{4n} (1 − x_B )^{4Δm} ≥ ( 3 8 )_d = P(B_{vw,xy}) . By Lemma 12, there is a d-dimensional hypercube drawing of G. The volume 2^d is O(n + (Δm)^{1/ log2 8/3}). This completes the proof of Theorem 3.

References

[1] Béla Bollobás and Oleg Pikhurko. Integers sets with prescribed pairwise differences being distinct. European J. Combin., 26(5):607–616, 2005.

[2] Prosenjit Bose, Jurek Czyzowicz, Pat Morin, and David R. Wood. The maximum number of edges in a three-dimensional grid-drawing. J. Graph Algorithms Appl., 8(1):21–26, 2004.

[3] Andreas Buja, Nathaniel Dean, Michael L. Littman, and Deborah Swayne. Higher dimensional representations of graphs. Tech. Rep. 95-47, DIMACS, 1995.

[4] Gérard Cohen, Simon Litsyn, and Gilles Zémor. Binary B_2-sequences: a new upper bound. J. Combin. Theory Ser. A, 94(1):152–155, 2001.

[5] Guiseppe Di Battista, Peter Eades, Roberto Tamassia, and Ioannis G.

Tollis. Graph Drawing: Algorithms for the Visualization of Graphs. Prentice-Hall, 1999.

[6] Vida Dujmović, Pat Morin, and David R. Wood. Layout of graphs with bounded tree-width. SIAM J. Comput., 34(3):553–579, 2005.

[7] Vida Dujmović and David R. Wood. On linear layouts of graphs. Discrete Math. Theor. Comput. Sci., 6(2):339–358, 2004.

[8] David Eppstein. The lattice dimension of a graph. European J. Combin., 26(5):585– 592, 2005.

[9] Paul Erdős, Frank Harary, and William T. Tutte. On the dimension of a graph. Mathematika, 12:118–122, 1965.

[10] Paul Erdős and László Lovász. Problems and results on 3-chromatic hypergraphs and some related questions. In Infinite and Finite Sets, vol. 10 of Colloq. Math. Soc. János Bolyai, pp. 609–627. North-Holland, 1975.

[11] Paul Erdős and Pál Turán. On a problem of Sidon in additive number theory, and on some related problems. J. London Math. Soc., 16:212–215, 1941.

[12] Joseph A. Gallian. A dynamic survey of graph labeling. Electron. J. Combin., #DS6, 2005.

[13] Lenwood S. Heath, F. Thomson Leighton, and Arnold L. Rosenberg.

Comparing queues and stacks as mechanisms for laying out graphs. SIAM J. Discrete Math., 5(3):398–412, 1992.

[14] Lenwood S. Heath and Arnold L. Rosenberg. Laying out graphs using queues. SIAM J. Comput., 21(5):927–958, 1992.

[15] Michael Kaufmann and Dorothea Wagner, eds. Drawing Graphs: Methods and Models, vol. 2025 of Lecture Notes in Comput. Sci. Springer, 2001.

[16] Alexandr V. Kostochka. The minimum Hadwiger number for graphs with a given mean degree of vertices. Metody Diskret. Analiz., 38:37–58, 1982.

[17] Britta Landgraf. 3D graph drawing. In [15], pp. 172–193.

[18] Bernt Lindström. Determination of two vectors from the sum. J. Combinatorial Theory, 6:402–407, 1969.

[19] Bernt Lindström. On B_2-sequences of vectors. J. Number Theory, 4:261–265, 1972.

[20] Michael Molloy and Bruce Reed. Graph colouring and the probabilistic method, vol. 23 of Algorithms and Combinatorics. Springer, 2002.

[21] Kevin O’Bryant. A complete annotated bibliography of work related to Sidon sequences. Electron. J. Combin., DS11, 2004.

[22] Sriram V. Pemmaraju. Exploring the Powers of Stacks and Queues via Graph Layouts. Ph.D. thesis, Virginia Polytechnic Institute and State University, U.S.A., 1992.

[23] James Singer. A theorem in finite projective geometry and some applications to number theory. Trans. Amer. Math. Soc., 43(3):377–385, 1938.

[24] Andrew Thomason. An extremal function for contractions of graphs. Math. Proc.

Cambridge Philos. Soc., 95(2):261–265, 1984.

[25] Andrew Thomason. The extremal function for complete minors. J. Combin.

Theory Ser. B, 81(2):318–338, 2001.

[26] David R. Wood. Multi-dimensional orthogonal graph drawing with small boxes.

In Jan Kratochvil, ed., Proc. 7th International Symp. on Graph Drawing (GD ’99), vol. 1731 of Lecture Notes in Comput. Sci., pp. 311–322. Springer, 1999.

[27] David R. Wood. Three-Dimensional Orthogonal Graph Drawing. Ph.D. thesis, School of Computer Science and Software Engineering, Monash University, Melbourne, Australia, 2000.

[28] David R. Wood. On vertex-magic and edge-magic total injections of graphs. Australas. J. Combin., 26:49–63, 2002.