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Proper actions Definition of a proper action

Definition

An action of a topological (Hausdorff) group G on a locally
compact Hausdorff space M is called proper if
Gs = {g ∈ G | gS ∩ S 6= ∅} is compact for every compact S ⊂ M.

Equivalently an action of G on M is proper if the map

G ×M → M ×M, (g,m) 7→ (m,gm)

is a proper map (that is, a pre-image of any compact set is
compact).

Example

The action of a Lie group G on itself is proper.
The conjugation action of a non-compact Lie group on
itself is not proper.
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Proper actions Clifford-Klein forms

Let G be a (simple) Lie group, H ⊂ G a closed (reductive)
connected subgroup and Γ ⊂ G a discrete subgroup.

Definition

The space Γ\G/H is called a Clifford-Klein form if Γ acts properly
and freely on G/H. If Γ\G/H is compact then it is called a
compact Clifford-Klein form.

We also say that Γ is a Clifford-Klein form for G/H and that G/H
admits a compact Clifford-Klein form. If Γ\G/H is compact then
we say that G/H admits a tessellation. Notice that the
assumption that Γ acts freely on G/H is not very significant.

Questions:

Q1 When does a closed subgroup of G act on a homogeneous
space G/H properly?

Q2 When does the homogeneous space G/H admit a
compact Clifford-Klein form?
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Proper actions Clifford-Klein forms

(M, J)- a smooth manifold with a geometric structure J,

M̃- the universal covering of M

p : M̃ → M, õ ∈ M̃

G := Aut(M̃, J), H := {g ∈ G | gõ = õ} Γ := π1(M,o) (o := p(õ))

In this case Γ ⊂ G and

Theorem

Assume that G is a Lie group and acts transitively on M̃. Then M
is diffeomorphic to Γ\G/H.

G/H M̃ gH 7→ gõ

Γ\G/H M ΓgH 7→ go.

∼

∼
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Proper actions Clifford-Klein forms

Q1 When does a “large” discrete subgroup of G act on a
homogeneous space G/H properly?

Example

The one sheeted hyperboloid SL(2,R)/SO(1, 1) admits only finite
Clifford-Klein forms.
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Proper actions Clifford-Klein forms

More specifically we want to examine the connection between
the following three conditions

C1 := the space G/H admits a proper action of an infinite
discrete subgroup of G,

C2 := the space G/H admits a proper action of a
non-virtually abelian discrete subgroup of G,

C3 := the space G/H admits a proper action of a subgroup
L ⊂ G locally isomorphic to SL(2,R).

Remark

A discrete group is non-virtually abelian if it does not contain an
abelian subgroup of finite index.

Remark

Obviously C3⇒ C2⇒ C1.
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Criteria for proper actions

Let

G be a connected linear semisimple (reductive) real Lie
group with the Lie algebra g.

H, L be reductive subgroups of G,

θ be a Cartan involution of g and g = k + p be the Cartan
decomposition w.r.t. θ.

We may assume that θ|h and θ|l are Cartan involutions of h, l,
respectively.
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Criteria for proper actions

Choose a maximal abelian subspace a ⊂ p.

Definition

The real rank of a Lie algebra g (denoted rankRg) is the
dimension of a.

Denote by K the maximal compact subgroup of G with the Lie
algebra k. Let W := NK (a)/ZK (a) be the Weyl group of G.
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Criteria for proper actions

Denote by ah, al the maximal abelian subspaces of h and l. We
may assume that ah, al ⊂ a.

Theorem (Kobayashi)

The following conditions are equivalent
(i) H acts on G/L properly,
(ii) L acts on G/H properly,
(iii) ah ∩Wal = {0}.
Moreover, the subgroup L acts properly on G/H only if

rankR(l) + rankR(h) ≤ rankR(g).
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Criteria for proper actions

Using the Cartan decomposition one may obtain a more
general criterion. Let Σ be a system of restricted roots of g w.r.t.
a and let Σ+ be a subset of positive roots. Let a+ ⊂ a be the
closed positive Weyl chamber then

G = Kexp(a+)K ,

and every g ∈ G can be presented as a product
g = k1exp(X)k2, k1, k2 ∈ K and a unique X ∈ a+.

Definition

The map µ : G→ a+, g 7→ X is called the Cartan map.
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Criteria for proper actions

Theorem (Benoist, Kobayashi)

Let S be a closed subgroup of G. The group S acts properly on
G/H if and only if

µ(H) ∩ (µ(S) + V )

is bounded for every compact subset V ⊂ a

Corollary (The Calabi-Markus phenomenon)

If rankR(h) = rankR(g) then only finite discrete subgroups can act
properly on G/H.

G/H is C1 if and only if rankR g > rankR h.
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Criteria for proper actions

The finite group W acts on a by orthogonal transformations as a
finite group generated by reflections in the hyperplanes
determined by simple roots Σ. Let w0 ∈W be the longest
element and put

b+ := {X ∈ a+| −w0(X) = X},

b := SpanR(b+).

Theorem ([1], Theorem 1)

G/H is C2 if and only if for every w in W, w · ah does not contain
b. In this case, one can choose a discrete subgroup of G acting
properly on G/H to be free and Zariski dense in G.

Example

The homogeneous space SL(3,R)/SL(2,R) is C1 but is not C2.
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Criteria for proper actions

For many important classes of homogeneous spaces C2 and
C3 are equivalent. For example, apart from irreducible
symmetric spaces [9], this holds for some strongly regular
homogeneous spaces ([3] [Theorem 2 and Corollary 1]b). On
the other hand, there were known exactly two examples of
spaces which fulfill the condition C2 but not C3.
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Criteria for proper actions

Those two examples were obtain by finding an appropriate
subspace am ⊂ a such that Wam does not contain b and that for
any sl(2,R) ↪→ g there exists g ∈ G such that

Adg(sl(2,R)) ∩ am 6= {0}.

In this case G/Am, where the subgroup Am ⊂ G corresponds to
am, is a C2 space but not a C3 space.

Thus for a space of reductive type we have the following:

C1 ; C2 ; C3.
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Criteria for proper actions

Problem

Create computer algorithms and programs which verify C2
and C3 for general semisimple homogeneous spaces.
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Algorithmic approach: joint work with Willem A. de Graaf, Piotr Jastrzȩbski,
and Aleksy Tralle

We created algorithms verifying C2 versus C3 and
implemented them in the computational algebra system GAP4
[4].

Theorem

Assume that G/H is a homogeneous space given by

(e7(7), sl(2,R)⊕ f4(4)) or (e8(8), f4(4) ⊕ g2(2)),

(in both cases hc is maximal in gc, where hc, gc denote the
complexifications of h, g respectively). Then G/H is C2 but not
C3:

Approach: classification of nilpotent orbits and criteria of
proper actions.
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Algorithmic approach: joint work with Willem A. de Graaf, Piotr Jastrzȩbski,
and Aleksy Tralle

Consider the class GM of homogeneous spaces G/H, where G
is connected, linear and simple, and H is a maximal proper
semisimple subgroup of G such that hc is maximal in gc. For
rank G ≤ 8 the corresponding pairs (g, h) are classified in [5].

Theorem

For any (g, h) ∈ GM such that rank g ≤ 6 conditions C2 and C3
are equivalent.

Notice that the assumption of H being maximal in G is very
interesting in the context of searching for homogeneous spaces
which are C2 but not C3. On one hand, one should expect
that homogeneous spaces which are not C3 are given by
“large” semisimple subgroups of G (to be more specific, by
subgroups which have as large real rank as possible). On the
other hand we are restricted by the condition C2 (so we
cannot take rankR g = rankR h).
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Algorithmic approach: joint work with Willem A. de Graaf, Piotr Jastrzȩbski,
and Aleksy Tralle

Approach

We have used the database GM created by Willem de
Graaf and Alessio Marrani ([5]) containing real forms of
maximal semisimple subalgebras of complex simple Lie
algebras of rank up to 8.

We have filtered the database using some additional
results as

if dimbh =dimb, then G/H is not C2,

if dimb >dimah than G/H is C2,

detailed description of the case dimah = 1,

we have used an algorithm (written by Willem de Graaf)
which gives an embedding of h into g s.t. ah ⊂ a.

we have used the classification of nilpotent orbits and the
criteria of proper actions.
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Algorithmic approach: joint work with Willem A. de Graaf, Piotr Jastrzȩbski,
and Aleksy Tralle

Difficulties

We had to to compute the root system of g with respect to
the space a. However, in some (but not many) cases this
required eigenvalues that did not lie in the ground field that
CoReLG uses. So for a few cases our procedures could not
be used.

When g is a split form of type E7 or E8 the W -orbits of
elements of a corresponding to nilpotent orbits can be very
large. In this case we can handle large orbits by using an
algorithm due to Snow ([10], see also [6, §8.6]) for running
over an orbit of the Weyl group without computing all of its
elements. This algorithm has been implemented in the core
system of GAP4.
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