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Let K © G be connected reductive algebraic groups over C.

Definition

G/K is called spherical if C[G/K] is a multiplicity free G-module.
Equivalently, (G, K) is called a reductive spherical pair.

EXAMPLES.
Symmetric varieties: K = (G”)° for some ¥ € Inv(G), e.g.

SLn/SOm 5L2n/5p2na 5Ln+1/GLna Sp2n/GLm
SOZn/GLna SOn/SOn—L E6/F47 F4/B4
Non-symmetric exampes:
SLoni1/SP2n, SO2n41/GLy, S50g/ Gy, Ga/A2

We will assume that G is simple and simply connected.

The classification of the reductive spherical pairs with G simple
goes back to Kramer (1979).
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Fix X = G/K spherical. Consider the decomposition of G-modules

ClX] = @D Ex(\)
Aeny
with Ex()\) ~ V/()) irreducible of highest weight A € AT
o A} is called the weight monoid of X.

e The weight lattice of X is the lattice Ax generated by /\;r(.

The weight monoid and weight lattice of X are well understood.

Problem

Given \, i € \Y, determine the decomposition of Ex(\) - Ex(p):
for which v € N, does it hold Ex(v) < Ex()\) - Ex(u)?

Somehow, /\;“( behaves as a monoid of dominant weights for a root
datum (®x,Ax) attached to X, which generalize the restricted
root system of a symmetric variety.

We will be interested in the case where ®x is of type A.
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Mx is a free monoid, and the set of free generators Ax < Mx is
the base of a (reduced) root system ®x.

In general, Ax is not contained in the weight lattice of ®x.
However it is possible to define a map

bx — Homz(/\x,Z) o
giving rise to a based root datum
RX = (AX7AX7A)\2)

e In this way, the weight monoid A} gets identified with a
submonoid of dominant weights for R x.

e If X is a symmetric variety, then Rx is semisimple and ®x is
the reduced root system associated to the restricted root
system of X.

The root monoid of X is
Mx=Q0+p—v | Apvely, Ex(v)cEx(N)-Ex(p)n

Theorem (Knop 1994)
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Let Gx be the reductive group defined by Rx, then
Ny — Irr(Gx) A— Vx(A)

Recall the decomposition of G-modules
CIX]= @ Ex(V), Ex(A) =~ V(A)

T
AeNy

Suppose that ®x is of type A, and let \, i, v € N,. Then
Ex(v) © Ex(A) - Ex(p) <= Vx(v) © Vx(A) ® Vx(u)

For symmetric varieties, in a slightly different form, the conjecture
was considered by Graham-Hunziker (2009).

Theorem (Bravi-G.)

e The previous conjecture is true if X # F4/By, provided a
conjecture of Stanley on Jack symmetric functions is true.

e Suppose that ®x is direct sum of root systems of type A1,
and assume X # F4/B4. Then the previous conjecture is true.
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Table: Symmetric pairs with restricted root system of type A

G K | ook | mex
SL,, n>=2 SO, An—1 1
SLyxSLy n>2 | diag(SLn) | Apr | 2
SLop, n =2 Span An_1 4
Spin,, n =5 Spin,,_; Ay | n—2
Es Fq Ao 8
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Table: The other reductive spherical pairs with root system of type A

’ G K \ ek \ Sym ‘
SL,,n=3 SL,_1 A
SL,, n=3 GL,_1 Aq *
Slopg1, n =2 Spa, A, x Apq
Slopt1, n =2 GL; x Sp,, A, x Ap_q
Spy,, n =2 | GLy x Spy,_s Ay x Ay
SPan 123 | Spz X Spaj_2 A1 *
Spin, Gy A1
Sping Spin, Ap x Aq
Sping G, A1 x Ap x Ay
Fa Sping Aq *
G SLs Ay
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e Several of the previous example correspond to exotic
homogeneous actions on spheres:

SL,/SLp—1 ~ 502,/5024-1
Sping/Spin7 ~ SO16/S015
Spin7 /Gy ~ SOg/SO;
Gy/SL3 ~ SO7/S0s

e Other of the previous examples are also connected to exotic
actions on symmetric varieties:

SLani1/Sp2n =~ SLoni2/Span+2
Span/GL1 % Span—2 ~ Slop/Glop—1
508/G2 ~ 508/507 X 503/5pin7

Such isomorphisms will be fundamental to reduce the problem to

the symmetric case.
8/15



Spherical functions of a reductive spherical pair
Let X = G/K multiplicity free. Then
CX]=C[G]F ~P VN)*® V(N
Being multiplicity free amounts to the property
dimVA)K <1 vaeA®

By the decomposition C[X] = (—B)\E,\Jr Ex(A) it follows that
= {Ae At | dimV(N)K =1}
therefore dim EX()\) =dim V(A)K =1 for all A e A}.

Fix nonzero elements ¢y € Ex(A)X: then {p)}, .5+ form a basis of
X

P Ex(VX =c[Xx]* = c[6]F"K
Aeny

o Write @) - o, = >3 ,ov. Then
Ex(v) € Ex(A) - Ex(p) <= a5, # 0
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’ Jack polynomials and Stanley’s conjecture

Let t be a parameter. The Jack polynomials J)(\t)

over C(t) of the vector space
C[x1, ..., X]>" @ C(t)
indexed by the partitions \ of lenght £(\) < n.

form a basis

o J)(\l) is scalar multiple of the Schur polynomial s.

Given partitions )\,,u, v, write sy -5, = >, CKMS,, and
Voo = 2 £ (1)

Therefore (1) #0 = cf, #0

Conjecture (Stanley 1989)

The structure coefficients f{ u(t) are ratio of polynomials in N[t].
In particular:

fi,#70 <= f,(t)#0 Vt>0 <= ¢y ,#0

Stanley’s Pieri rule: The conjecture is true if £(\) = 1.
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Jack polynomials and symmetric varieties of type A

Let X = G/K symmetric, K = (G”)°. Fix in G a maximal split
torus A, namely

da)=a' VYaecA
and let T < G be a maximal torus containing A.
Then T is ¥-stable, and the weight lattice of X is

Ax = {x =000 : xeX(T)}
e The restricted root system of X is
$X={a|A:ae¢}\{O}:
a root system in X'(A)r with weight lattice XY(A/AnK)~Ax.
It comes with a multiplicity function

mg = [{a € ®:ajy = a}
e Its Weyl group is the little Weyl group
Wi = Ni(A)/Zk(A)
e By a theorem of Richardson, restriction gives an isomorphism
CIX]K =5 ClA/A A K]V ~ C[A]Y
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Suppose moreover that ® is of type Ap_1.

Then W ~ S,,, the weight monoid A% is identified with the set of
partitions of length < n, and

ClA] ~ C[x{t, .o X/ (xa-  xe — 1)
thus we have a homomorphism C[xy, ..., x,]> — C[A]".

e If my is the multiplicity of the restricted roots and A € A},
then up to scalars ) € C[X]X maps to the image of the

specialized Jack polynomial J)(\z/mX) € Clxq,...,x,]>".
Recall the decompositions
OxPu = Y35 P DO =S ()4
Therefore

aK# #0 = f/\”,M(2/mX) #0

If X is symmetric with ® x of type A, then the multiplication
conjecture follows from Stanley's conjecture. In particular, by
Stanley’s Pieri rule, the conjecture is true if ®x of type A;1.




The general case: reduction to the symmetric case

Suppose now that X = G/K is spherical with ®x of type A.

In all cases but F4/By, the problem can be reduced to the case of
some symmetric variety with reduced root system of type A, in a
compatible way with the dec. of ®x into irreducible subsystems.

e The reduction stems from the fact that (typically) the action
of G on X extends to a bigger group GoG making X a
symmetric @-variety Y.

e Possibly we will also need a subvariety Z < X, which is
symmetric for some H < G.

Let's illustrate the reduction with an example.

Definition. Let R1 = (A1, A1, AY) and Ry = (A2, Ao, AY) be
based root data and let ¢ : A; — A, be a homomorphism. Then ¢
is an isogeny of based root data if

e ¢ is injective with finite cokernel,

e ¢ restricts to a bijection between A; and Ay,

e the dual map satisfies ¢¥ (¢(0)Y) = oV, for all o € A;.
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Example: G = Sly,1, K = Spo,, X = G/K‘
Let

G = Slani2 K = Spania H = SL5,
Then we have @ZG'R, GhAK=K
giving rise to equivariant maps
Z=H/K—>G/K>G/K:=Y

C[Y] <~ C[X] - C[Z]

This induce maps . N N - N
¢ Ny — Ay ¢ Ny — NS

(A) is the unique Xe A3 such that Ex()\) < Ey(X);

o &()\) is the unique A € A} such that p(Ex()\)) = Ez(N).
Notice that both Z and Y are symmetric. Moreover
bx = Ap x Ap_1 by = A, bz =An1

hence

1)

($, ) induce an isogeny of root data Rx — Ry @ Rz
compatible with the multiplication in the sense

Ex) < B Ex) — 20
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