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Theorem 1 (Kac, 1998).

A complete list of simple linearly compact Lie superalgebras is, up to isomorphisms:

- W (m,n) = {X = ∑
m
i=1 Pi ∂

∂xi
+ ∑

n
j=1 Qj

∂

∂ξj
|Pi ,Qj ∈ Λ(n)⊗C[[x1, . . . ,xm]]};

- S(m,n) = {X ∈W (m,n) |div(X) = 0};
- H(m,n) = {X ∈W (m,n) |X .ωs = 0};
- K (m,n) = {X ∈W (m,n) |X .ωc = fωc};
- HO(m,m) = {X ∈W (m,m) |X .ωos = 0};
- SHO(m,m) = {X ∈ HO(m,m) |div(X) = 0};
- KO(m,m + 1) = {X ∈W (m,m + 1) |X .ωoc = fωoc};
- SKO(m,m + 1;β) = {X ∈ KO(m,m + 1) |divβ(X) = 0};

- SHÕ(m,m);

- SKÕ(m,m + 1;1 + 2/m);

- E(1,6)

- E(3,6)

- E(3,8)

- E(4,4)

- E(5,10)
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Main examples

g = E(5,10)

g0̄ = S5

g1̄ = Ω2
cl(5)

with bracket:

[X ,ω] = LX (ω) = d(iX ω)

[ω1,ω2] = ω1∧ω2

g = E(4,4)

g0̄ = W4;

g1̄ = (Ω1(4))−1/2

with bracket:

[X ,ω] = LX (ω)− 1
2

div(X)ω

[ω1,ω2] = dω1∧ω2 + ω1∧dω2
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Z-gradings

E(5,10) = ∏
j≥−2

gj , [gi ,gk ]⊆ gi+k

where:

g0 = span{xi
∂

∂xj
}∩S5

∼= sl5

g−1 = span{dxi ∧dxj} ∼= Λ2(C5)

g−2 = span{ ∂

∂xi
} ∼= (C5)∗

g1 = span{xidxj ∧dxk}∩Ω2
cl
∼= F(1,1,0,0)

gi = (g1)i
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What are the relevant properties of this grading?

g = ∏
j≥−d

gj

for some d ∈ N, and dim(gi) < ∞;

- it is consistent i.e. g0̄ = ∏j∈Z g2j , g1̄ = ∏j∈Z g2j+1;

- g0 is reductive (it is in fact simple in the case of E(5,10));

- g−1 is an irreducible g0-module;

- g−2 = [g−1,g−1];

- gi = (g1)i .
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E(4,4) has no such grading

Theorem 2 (C. - Kac, 2005).

E(4,4) has, up to isomorphisms, only one irreducible grading (which is
not consistent)
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Why are we interested in such a grading?

Let F = F(λ) be an irreducible finite-dimensional g0-module and
extend the action of g0 to g≥0 by letting g>0 act trivially on F . Then we
can define the (finite) Verma-module

M(λ) = U(g)⊗U(g≥0) F ∼= U(g−)⊗C F .

Question 1. What are the conditions on λ in order to have an
irreducible M(λ)?

Theorem 3 (C., Caselli, Kac, 2021).

If g = E(5,10) the Verma module M(λ) is not irreducible if and only if
λ is one of the following weights:

(m,n,0,0), (m,0,0,n)(0,0,m,n).
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Tools: singular vectors and morphisms

Definition 4.

A vector w ∈M(F) is singular if it satisfies the following properties:

a) xi
∂

∂xi+1
.w = 0∀i ;

b) g>0.w = 0;

c) w /∈ F .

Example 1.

In the Verma module M(F) with F = F(m,n,0,0) (m,n ∈ Z+), the
vector

w = dx1∧dx2⊗ v ,

where v is a highest weight vector in F , is singular.
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Example 2.

w[4E ] = d12d13d14d15 f 3
1 f n

5 + d12d14d15d23 f 2
1 f2 f n

5 + d13d14d15d23 f 2
1 f3 f n

5 −d12d13d15d24 f 2
1 f2 f n

5

+ d13d14d15d24 f 2
1 f4 f n

5 + d12d15d23d24 f1 f 2
2 f n

5 + d13d15d23d24 f1 f2 f3 f n
5 + d14d15d23d24 f1 f2 f4 f n

5

+ d12d13d14d25 f 2
1 f2 f n

5 + d13d14d15d25 f 2
1 f n+1

5 −d12d14d23d25 f1 f 2
2 f n

5 −d13d14d23d25 f1 f2 f3 f n
5

+ d12d23d24d25 f 3
2 f n

5 + d13d23d24d25 f 2
2 f3 f n

5 + d14d23d24d25 f 2
2 f4 f n

5 + d15d23d24d25 f 2
2 f n+1

5

−d12d13d15d34 f 2
1 f3 f n

5 −d12d14d15d34 f 2
1 f4 f n

5 + d12d15d23d34 f1 f2 f3 f n
5 + d13d15d23d34 f1 f 2

3 f n
5

+ d14d15d23d34 f1 f3 f4 f n
5 + d12d15d24d34 f1 f2 f4 f n

5 + d13d15d24d34 f1 f3 f4 f n
5 + d14d15d24d34 f1 f 2

4 f n
5

−d12d13d25d34 f1 f2 f3 f n
5 −d12d14d25d34 f1 f2 f4 f n

5 + d13d15d25d34 f1 f3 f n+1
5 + d14d15d25d34 f1 f4 f n+1

5

−d12d23d25d34 f 2
2 f3 f n

5 −d13d23d25d34 f2 f 2
3 f n

5 −d14d23d25d34 f2 f3 f4 f n
5 −d15d23d25d34 f2 f3 f n+1

5

−d12d24d25d34 f 2
2 f4 f n

5 −d13d24d25d34 f2 f3 f4 f n
5 −d14d24d25d34 f2 f 2

4 f n
5 −d15d24d25d34 f2 f4 f n+1

5

+ d12d13d14d35 f 2
1 f3 f n

5 −d12d14d15d35 f 2
1 f n+1

5 −d12d14d23d35 f1 f2 f3 f n
5 −d13d14d23d35 f1 f 2

3 f n
5

+ d12d13d24d35 f1 f2 f3 f n
5 −d13d14d24d35 f1 f3 f4 f n

5 + d12d15d24d35 f1 f2 f n+1
5

+ d14d15d24d35 f1 f4 f n+1
5 + d12d23d24d35 f 2

2 f3 f n
5 + d13d23d24d35 f2 f 2

3 f n
5 + d14d23d24d35 f2 f3 f4 f n

5

+ d15d23d24d35 f2 f3 f n+1
5 −d12d14d25d35 f1 f2 f n+1

5 −d13d14d25d35 f1 f3 f n+1
5 + d14d15d25d35 f1 f n+2

5

−d12d24d25d35 f 2
2 f n+1

5 −d13d24d25d35 f2 f3 f n+1
5 −d14d24d25d35 f2 f4 f n+1

5 −d15d24d25d35 f2 f n+2
5

+ d12d13d34d35 f1 f 2
3 f n

5 + d12d14d34d35 f1 f3 f4 f n
5 + d12d15d34d35 f1 f3 f n+1

5 + d12d23d34d35 f2 f 2
3 f n

5

+ d13d23d34d35 f 3
3 f n

5 + d14d23d34d35 f 2
3 f4 f n

5 + d15d23d34d35 f 2
3 f n+1

5 + d12d24d34d35 f2 f3 f4 f n
5

+ d13d24d34d35 f 2
3 f4 f n

5 + d14d24d34d35 f3 f 2
4 f n

5 + d15d24d34d35 f3 f4 f n+1
5 + d12d25d34d35 f2 f3 f n+1

5

+ d13d25d34d35 f 2
3 f n+1

5 + d14d25d34d35 f3 f4 f n+1
5 + d15d25d34d35 f3 f n+2

5 + d12d13d14d45 f 2
1 f4 f n

5

+ d12d13d15d45 f 2
1 f n+1

5 −d12d14d23d45 f1 f2 f4 f n
5 −d13d14d23d45 f1 f3 f4 f n

5 −d12d15d23d45 f1 f2 f n+1
5

−d13d15d23d45 f1 f3 f n+1
5 + d12d13d24d45 f1 f2 f4 f n

5 −d13d14d24d45 f1 f 2
4 f n

5 −d13d15d24d45 f1 f4 f n+1
5

+ d12d23d24d45 f 2
2 f4 f n

5 + d13d23d24d45 f2 f3 f4 f n
5 + d14d23d24d45 f2 f 2

4 f n
5 + d15d23d24d45 f2 f4 f n+1

5

+ d12d13d25d45 f1 f2 f n+1
5 −d13d14d25d45 f1 f4 f n+1

5 −d13d15d25d45 f1 f n+2
5 + d12d23d25d45 f 2

2 f n+1
5

+ d13d23d25d45 f2 f3 f n+1
5 + d14d23d25d45 f2 f4 f n+1

5 + d15d23d25d45 f2 f n+2
5 + d12d13d34d45 f1 f3 f4 f n

5

+ d12d14d34d45 f1 f 2
4 f n

5 + d12d15d34d45 f1 f4 f n+1
5 + d12d23d34d45 f2 f3 f4 f n

5 + d13d23d34d45 f 2
3 f4 f n

5

+ d14d23d34d45 f3 f 2
4 f n

5 + d15d23d34d45 f3 f4 f n+1
5 + d12d24d34d45 f2 f 2

4 f n
5 + d13d24d34d45 f3 f 2

4 f n
5

+ d14d24d34d45 f 3
4 f n

5 + d15d24d34d45 f 2
4 f n+1

5 + d12d25d34d45 f2 f4 f n+1
5 + d13d25d34d45 f3 f4 f n+1

5

+ d14d25d34d45 f 2
4 f n+1

5 + d15d25d34d45 f4 f n+2
5 + d12d13d35d45 f1 f3 f n+1

5 + d12d14d35d45 f1 f4 f n+1
5

+ d12d15d35d45 f1 f n+2
5 + d12d23d35d45 f2 f3 f n+1

5 + d13d23d35d45 f 2
3 f n+1

5 + d14d23d35d45 f3 f4 f n+1
5

+ d15d23d35d45 f3 f n+2
5 + d12d24d35d45 f2 f4 f n+1

5 + d13d24d35d45 f3 f4 f n+1
5 + d14d24d35d45 f 2

4 f n+1
5

+ d15d24d35d45 f4 f n+2
5 + d12d25d35d45 f2 f n+2

5 + d13d25d35d45 f3 f n+2
5 + d14d25d35d45 f4 f n+2

5 +d15d25d35d45 f n+3
5 + ∂1d12d13 f1 f2 f3 f n

5 + ∂1d12d14 f1 f2 f4 f n
5 + ∂1d12d15 f1 f2 f n+1

5

+ ∂1d12d23 f 2
2 f3 f n

5 + ∂1d13d23 f2 f 2
3 f n

5 + ∂1d14d23 f2 f3 f4 f n
5 + ∂1d15d23 f2 f3 f n+1

5

+ ∂1d12d24 f 2
2 f4 f n

5 + ∂1d13d24 f2 f3 f4 f n
5 + ∂1d14d24 f2 f 2

4 f n
5 + ∂1d15d24 f2 f4 f n+1

5

+ ∂1d12d25 f 2
2 f n+1

5 + ∂1d13d25 f2 f3 f n+1
5 + ∂1d14d25 f2 f4 f n+1

5 + ∂1d15d25 f2 f n+2
5

−∂2d12d13 f 2
1 f3 f n

5 −∂2d12d14 f 2
1 f4 f n

5 −∂2d12d15 f 2
1 f n+1

5 −∂2d12d23 f1 f2 f3 f n
5

−∂2d13d23 f1 f 2
3 f n

5 −∂2d14d23 f1 f3 f4 f n
5 −∂2d15d23 f1 f3 f n+1

5 −∂2d12d24 f1 f2 f4 f n
5

−∂2d13d24 f1 f3 f4 f n
5 −∂2d14d24 f1 f 2

4 f n
5 −∂2d15d24 f1 f4 f n+1

5 −∂2d12d25 f1 f2 f n+1
5

−∂2d13d25 f1 f3 f n+1
5 −∂2d14d25 f1 f4 f n+1

5 −∂2d15d25 f1 f n+2
5 + ∂3d12d13 f 2

1 f2 f n
5

−∂3d13d14 f 2
1 f4 f n

5 −∂3d13d15 f 2
1 f n+1

5 + ∂3d12d23 f1 f 2
2 f n

5 + ∂3d13d23 f1 f2 f3 f n
5

+ ∂3d14d23 f1 f2 f4 f n
5 + ∂3d15d23 f1 f2 f n+1

5 −∂3d12d34 f1 f2 f4 f n
5 −∂3d13d34 f1 f3 f4 f n

5

−∂3d14d34 f1 f 2
4 f n

5 −∂3d15d34 f1 f4 f n+1
5 −∂3d12d35 f1 f2 f n+1

5 −∂3d13d35 f1 f3 f n+1
5

−∂3d14d35 f1 f4 f n+1
5 −∂3d15d35 f1 f n+2

5 + ∂4d12d14 f 2
1 f2 f n

5 + ∂4d13d14 f 2
1 f3 f n

5

−∂4d14d15 f 2
1 f n+1

5 + ∂4d12d24 f1 f 2
2 f n

5 + ∂4d13d24 f1 f2 f3 f n
5 + ∂4d14d24 f1 f2 f4 f n

5

+ ∂4d15d24 f1 f2 f n+1
5 + ∂4d12d34 f1 f2 f3 f n

5 + ∂4d13d34 f1 f 2
3 f n

5 + ∂4d14d34 f1 f3 f4 f n
5

+ ∂4d15d34 f1 f3 f n+1
5 −∂4d12d45 f1 f2 f n+1

5 −∂4d13d45 f1 f3 f n+1
5 −∂4d14d45 f1 f4 f n+1

5

−∂4d15d45 f1 f n+2
5 + ∂5d12d15 f 2

1 f2 f n
5 + ∂5d13d15 f 2

1 f3 f n
5 + ∂5d14d15 f 2

1 f4 f n
5

+ ∂5d12d25 f1 f 2
2 f n

5 + ∂5d13d25 f1 f2 f3 f n
5 + ∂5d14d25 f1 f2 f4 f n

5 + ∂5d15d25 f1 f2 f n+1
5

+ ∂5d12d35 f1 f2 f3 f n
5 + ∂5d13d35 f1 f 2

3 f n
5 + ∂5d14d35 f1 f3 f4 f n

5 + ∂5d15d35 f1 f3 f n+1
5

+ ∂5d12d45 f1 f2 f4 f n
5 + ∂5d13d45 f1 f3 f4 f n

5 + ∂5d14d45 f1 f 2
4 f n

5 + ∂5d15d45 f1 f4 f n+1
5 .
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Proposition 1.

The following claims are equivalent:
1 M(µ) is degenerate (i.e. not irreducible);
2 M(µ) contains a singular vector w of weight λ;
3 there exists a morphism of g-modules

ϕ : M(λ)→M(µ).
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m

m

m

n

n n

11

7

4

4

4

4

4 4 4 4

M(m,n,0,0)

M(0,0,m,n)

M(m,0,0,n)

=
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Duality

Theorem 5 (C., Caselli, Kac, 2021).

Let g = E(5,10). Then if there exists a morphism

ϕ : M(λ)→M(µ)

then there exists a morphism

ϕ
∗ : M(µ∗)→M(λ

∗)

where F(λ∗) is the dual module of F(λ).

Remark Theorem 5 was proved in a much more general situation but
not for g = E(4,4).
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Troubles with E(4,4).

Let us describe the irreducible grading of E(4,4):

E(4,4) = g−1⊕g0⊕g1⊕ (g1)j

where:

g0 = span{xi
∂

∂xj
,xjdxi}

g−1 = span{ ∂

∂xi
,dxi}

g1 = span{xixj
∂

∂xk
,xixjdxk}

gi = (g1)i
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∂xi
,dxi}

g1 = span{xixj
∂

∂xk
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gi = (g1)i
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Let us concentrate on s := g0: this is a finite-dimensional Lie
superalgebra which has a consistent Z-grading, namely:

s0 = span{xi
∂

∂xj
}∩S4

∼= sl4

s−1 = span{xidxj − xjdxi} ∼= Λ2(C4)

s1 = span{xidxj + xjdxi} ∼= S2(C4)

BUT
[s−1,s−1] 6= 0.

We have:
s−2 = [s−1,s−1] = CC

where C = ∑i xi
∂

∂xi
.

Hence
g0 = s−2⊕ s−1⊕ s0⊕ s1

is thus a non trivial central extension of the finite-dimensional Lie
superalgebra p(4).
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Let us go back to

E(4,4) = g−1⊕g0⊕g1⊕ (g1)j

Here
g−1
∼= C4|4

and g1 is irreducible as a g0-module.
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Need a preliminary study of the irreducible s-modules

Let F(λ) be the irreducible sl4-module with highest weight λ. We
define

M(λ) = U(s)⊗U(s≥0) F(λ)∼= U(s<0)⊗C F(λ)

and

M̄(λ,c) = M(λ)/(C− c)∼= U(s−1)⊗C F(λ).

Then every finite-dimensional irreducible s-module is a quotient of
M̄(λ,c) for some c ∈ C.

Example 3.

E(4,4)1 is a quotient of M̄((3,0,0),1).
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Progress on E(4,4) (C., Caselli, Kac 2022)

- We can prove the duality theorem for E(4,4).

Main argument: embedding E(4,4) into W (4,4).

Theorem 6.

If g =⊕i≥−1 is a transitive Z-graded Lie superalgebra with
dim(g−1)0̄ = m, dim(g−1)1̄ = n, then there is an embedding

g→W (m,n)

preserving the Z-grading.
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Progress on E(4,4)

The Lie superalgebra s can be embedded into E(5,10) as follows:

C 7→ 1
2

∂

∂x5

xidxj − xjdxi 7→ dxi ∧dxj

xi
∂

∂xj
7→ xi

∂

∂xj

xidxj + xjdxi 7→ xidxj ∧dx5 + xjdxi ∧dx5

Using this embedding we can describe all degenerate s-modules.
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