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Introduction
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A Motivating Example.

@ LetP < W =W(D;;) be a parabolic of type Ai;:

[ P . [N (S
) =3—4—5 6 7T Ty TTAT,

@ Then N = Ny (P) = (P x Q) : D, where Q is a parabolic of
type Dy11, and D of size 16 is generated by 4 matrices:

@ ltturnsoutthat D = (A x B): C.

o Why?
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Overview.

@ The normalizer N := Ny/(P) of a parabolic subgroup P of a
finite Coxeter group W has the form

N=(PxQ):D, D=(AxB):C.

Parabolic Subgroups and Howlett Complements.
Orthogonal Complements and a Galois Connection.
Direct Products and Goursat Isomorphisms.
Orthogonal Closure.

Parabolic Closure.

Closure.

Concluding Remarks.
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P. Parabolic Subgroups.

@ Let (W, S) be a finite Coxeter system, acting as reflection
group on Euclidean space V = R™.

@ A parabolic subgroup of W is a subgroup of the form
Wy = (]), ] €S, orany of its W-conjugates.

o If U < Vthen Zy(U) is a parabolic subgroup of W. J

@ We may assume that W is irreducible, i.e., of type A, B,
D, or of exceptional type E,, F4, G2, Hy, Iz(m).

@ Conjugacy classes of parabolics correspond to shapes:
@ An: 25/~ — A n+1). @ B :{(AFmM|[0<m<nl
@ D: {AFm|m#n—1}, with 2 classes AL if A - n is even.
@ Exceptional types: explicit lists (of up to 41 classes).
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P. Howlett Complements.

@ Howlett’s Lemma. Let W be a reflection group on V =R"
with W < G < O(V). Then W has a complement H in G. J

@ More precisely, if ® = @+ U @~ is a root system for W
thenH={a e G| ®".a C ®'}is a complement of W.

@ In particular, a parabolic subgroup P of a finite Coxeter
group W has a complement H in its normalizer Ny, (P).

@ Usually, H is itself a reflection group on X = Fixy(P) ...

@ Howlett (1980): H=H’: H”, where H' =Q : Uis a
reflection group with parabolic U, and Q = PT (see below). J

@ For P = Wj, denote the normalizer complement H by Nj.
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P. A Groupoid with Objects | C S.

@ For ] C S, denote by wj the longest element of W;.

@ Consider the labelled directed graph with vertices ] C S,
and edges ] —» Kifs e S\ Jand K =W, L =JU/{s).

@ ]~ Kiff J and K are in the same connected component. )

e Example. ] = {1,3}in E¢ with diagram , .}, ...

6
45 560123

5 4
25613 (:l\‘/ 3(}1@24 D6

@ - a presentation of Nj as the automorphism group of J.
@ In particular, Ny is generated by involutions ~ wywy ...



Q. A Galois Connection.

@ Let T:= SW be the set of all reflections in W.
@ Define the orthogonal complement P of a parabolic P as
Pl:=(reT|rsl=1forallscPnT).

@ Proposition. PT = Zy(Fixy/(P)~*) is a parabolic subgroup. |

@ Set Q :=Pf. Then P x Q < N :=Ny/(P).

@ Theorem. The map P — P! is an antitone Galois
connection on the set of parabolic subgroups of W. J

@ Proof. P < Pitand P; <P, = P,f <Py, [
@ Thus PTfT = PT. And PTfTT = P,
@ Denote P = P'f the orthogonal closure of the parabolic P.



Q. Galois Shapes.

e (P9 = (P')* = 1 is a Galois connection on 25/ ~.
@ And P — P is a closure operator on the shapes 25/ ~.

@ Example: Closed Parabolics in Eg.

A1
A221
A Dy
\ Ay
A21 A3
Ds
A




Q. Orthogonal Pairs.

Theorem. Orthogonal pairs of shapes of closed parabolics.

@ A, Angnd An=m 1y > 2 oB'M n=m-+1+2k
no Am_1?® = nBAk Y T T )
. DmA]f k
2k+1
(A2k)+, (AZK)_, n = 4K, orﬁ n =4k + 2.
@ F- Ee As Ap Az -QQSDMLZHM A
6 Eg’/E\l’ ?z’Sn'D ; QI’DA Az’ A’ Az’ Al Al
- L8 L7 Lée Y6 U5 /A5
Es: 2 &5 Az A Ass Aa Anars Das Agy Aty Az, A
F74 B3 73
Fy: ?1, A}\’ Ay Az,/in,Bz
Hz: 22, 5l Ha: @4,,\1 A1, Az, 12(5).

@ P is the smallest closed parabolic that contains P ...
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D. Goursat Isomorphisms.

@ Let G, <Gy < G, Hy <H; < H be sections of groups G, H.
@ The graph of a section isomorphism 0: G;/G> — H;/H, is
{ghe Gy xHy | (G29) =Hh} C G x H

@ Goursat’s Lemma. A subset L of G x H is a subgroup if
and only if it is the graph of an isomorphism 6 of sections.J

@ Proof. The graph of 0: G;/G, — H;/H; is a subgroup L.
Conversely, L < G x His the

graph of such a 0, where G / N
Gi={glghell,H =..are /\I/\
projections with kernels \ / \ / .
H,=LNH, G, =...,and

\ /
0: Gog — Hyh for gh € L.
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D. Parabolic Normalizers as Subdirect Products.

X := Fixy(P). Then V= X @& X+ and N < GL(X) x GL(X%1).
Kernels: P = NN GL(X*) and Q = NN GL(X).

@ Projections: Q : D and P : D are (isomorphic to) the
Howlett complements of P and Q in N. (Note that Q < N.)

@ Proposition. N =(Px Q):D ]

@ Proof. D is the Howlett complement of P x Q in N. O

@ Example. In E;, a parabolic P of type A17 has Q of type
A and D isomorphic to a Coxeter group of type A,.
It turns out that P : D acts as a reflection group of type B3
on X+, and Q : D as a reflection group of type A7 on X.
P P:D|D|Q:D Q
= Am  B: [Ay] Ay Ay oo
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D. Special Case: Involution Centralizers [Serre 2021].

@ If u e W with u? = 1 then Cy/(u) normalizes a parabolic.
@ Richardson 1982: Nyw/(Wj) = Cw(u) &= "u=-1cW;".

@ Example. Involution Centralizers Ny/(P) = Cyy/(u) in E;.

P P:D D Q:D Q
1 1 1 By Ey  eeless
« AT A1 1 Dg Dg @ etees
- An B, Ay By Dy oeeee
Aly Bz Ay F4 Dy oo
Ay Bz Az Biyr o Appp oo

@ Nice. But: Is D always a reflection group? On X? On X+?
@ And is PQ always a maximal rank reflection subgroup?
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A. Orthogonal Closure.

@ Set Y :=Fixy(Q). Then V =Y @ Y+, where Y+ < X.

@ Thus X =(XNY)@Ytand D < GL(XNY) x GL(Y™1).

@ Goursat: D = (A x B).C, where A = Zp (Y1) < GL(XNY)
and B = Zp(XNY) < GL(Y1).

@ Proposition. A is the Howlett complement of P in P 0 N. )

@ Hence A =1if P =P.

e Example. In A,, P of type AR2A} .- Alr has
N=P:AXxQWthA =6, x---x G, and Q = Gy,.
Moreover, A acts as a reflection group on XN Y.

@ In general, A acts faithfully on X (permuting the simple
roots of P) and on X N'Y, not always as a reflection group.



B. Parabolic Closure.
@ For U < W let U := Zy(Fixy(U)) be its parabolic closure.

@ Proposition. B = Zp(XNY) < GL(Y") is the Howlett
complement of PQ in N N PQ. J

@ Hence B =1 if the reflection subgroup PQ is parabolic.

= (P x Q) : (A x B), where A has type By, ---By,,

° Example In B, P with label (1122 ... m!"] F m < n has
B = &y, and Q has type B;,Al2. Note that B: Q = By, By,.

@ In general, B acts faithfully on X (permuting the simple
roots of P), and on Y+ (permuting the simple roots of Q).

@ Usually, B is a reflection group on X+, Y-, so that P : B,
Q : B are reflection groups with parabolic subgroup B ...
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C. Closure.
@ C # 1 occurs only in type E7, Eg, Dy, n > 5.

@ If C #1then C = (c) < N, where c comes from a graph
automorphism wjyw in a situation like | = {3, 4,5, 6} (of
type Ax, keven)and [ = {1,2,...,6} (of type Dy.2):

T —
5 — 3—4—5—6—7

provided that ¢ ¢ P.

@ The involution ¢ acts as a reflection on both X Y and Y+,
but not on X = (X N'Y) @ Y+ (and in general not on X*) ...

@ Example. A; in Ds. J

@ The smallest example with all of A, B, C # 1 is Ajz17 in Dis.



N. Example A1 in Dy, Revisited.

P of type Azz17 in Dya:

i=3—da—s5—6—7=8=o=0=a"0
Q = P! has type Dai1; P has type Dgi1; has type Dg;s.
D = (A x B) : C is generated by matrices a;, az,b c:
A= (a1, (12>, both aj, a ~ Wgwr of type A1 in As11 in ﬁ
B = (b), where b ~ wxw of type A7 in Azp in PQ.
C = (c), where ¢ ~ wxw of type Az17 in Dagp not in P.

@000
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N. More About Involution Centralizers.

@ Suppose N = Ny/(P) = Cy/(u) foru € W with u? = 1.
@ Then X = Fixy(P) = ker(u— 1) and X+ =ker(u +1).
@ Serre [2021] observes, case by case, that

Cw/(u) is generated by involutions of degree < 2.

@ Corollary. Cy/(u) acts as a reflection group on X and X*. J

@ Proof. Cy(u) =N = (P x Q) : D, where D is generated by
involutions of degree 2. Thus

@ D=A x B,
@ P: (A x B) is a reflection group on X+,
@ and Q : B is a reflection group on X. O]
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N. Example Eg.

[ P Q DDI[PQ]A B C X+ Xny =
7| A3 3 2 16 Aq oee o
*3 | A 7 2 16 Aq o e
6| Az1 a4 1 | (PQ) - . .
9| Az 4 2 | (W) A 2(ee oe) Lo
4| A2 o 2 | (W) Aq KA 2(0e ee)
5 | A1 2 6 12 Az ooe oo .
0] Az o2 1 16 cee o .
11 Ay 2 1 (PQ) e .
5] As 2 1T | (W) —eoee .
2| At 15 1| (W) . oo
g | A2n @ 2 | (PQ) | Ay 2(ee v o) .
x12 | Da @ 6 | (PQ) | Az ooee oo
13 A1 @ 2 | (PQ)| Ay 2(ee oo o) .
1wl An @ 1 | (PQ) oo o
16| Ds @ 1 | (PQ) ..
17 | Es g 1 W) eelee
*1 @ 17 1| W) el
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N. More on Orthogonally Closed Parabolics.

oIfP:ﬁthenN:NW(P):NW(Q):(PXQ):B. )

@ Proof. PQ =W; or 12 in Eg; A1 in D2k+1,

@ Infact, if wy = —1 then P=P — PQ=W. Moreover.
If wo = —1 then Ny (P) = Cy(u), u2 = 1, implies P = P.

@ Intype By, the converse also holds: normalizers of
orthogonally closed parabolics are involution centralizers.

@ Theorem. Apart from some known exceptions,
N=(P:AxQ):B
where
A is the Howlett complement of P in P, and
B is the Howlett complement of PQ (in W).
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