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U ⊂ U(V ), compact connected Lie group, acts on

X ⊂ P(V ), projective Uc -variety, with momentum

µ : X → iu∗ , µξ[v ] =
〈ξv , v〉
〈v , v〉

.

Kempf-Ness set M =MU(X ) := µ−1(0),

semistable locus X ss
U = {x ∈ X : Ucx ∩M 6= 0}.

M/U ∼= X ss
U //U

c ∼= Proj(C[X ]U).

Nullcone N = NU(X ) = X \ X ss
U = Z (C[X ]U+).⋂

ξ∈iu
Mξ =M ⊂ X ⊃ N =

⋃
ξ∈iu
Nξ

where Mξ = µ−1
ξ (0) and Nξ := {x ∈ X : µξ( lim

t→−∞
etξx) > 0}.

M = ∅ ⇐⇒ C[X ]U = C ⇐⇒ N = X .
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ι : G ⊆ Uc real reductive, g = k⊕ q, k = g ∩ u, q = g ∩ iu.

Gradient map, K -equivariant,

µq = ι∗ ◦ µU : X → iu∗ → q∗ .

Mq = µ−1
q (0), X ss

G = {x ∈ X : Gx ∩Mq 6= ∅}.
Nq = X \ X ss

G =
⋃
ξ∈q
Nξ.
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Example: X = P(V ), g = Rξ ⊂ iu(V ).

V =
⊕
m∈R

V ξ,m , V ξ,m = {v ∈ V : ξv = mv}.

P(V )ξ =
⋃

m∈R
P(V ξ,m).

Nξ = {[v ] ∈ P(V ) : lim
t→−∞

etξv = 0} = P(V ξ>0)

P(V )ξ,m = {[v ] ∈ P(V ) : lim
t→−∞

etξ[v ] ∈ P(V ξ,m)}

= P(V ξ≥m) \ P(V ξ>m).

P(V )ξ,m → P(V ξ,m) , x → lim
t→−∞

etξx .

For a G -stable X ⊂ P(V ), set X ξ,m = X ∩ P(V ξ,m) and

Xξ,m = X ∩ P(V )ξ,m =: Sξ(X
ξ,m).

Nξ =
⊔

m>0
Sξ(X

ξ,m) .
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Nq =
⋃
ξ∈q
Nξ

= G
⋃
ξ∈a
Nξ = GNa

=
⋃
ξ∈a+

GNξ , ZX = {Z ⊂ X : conn.comp.of some X ξ}

=
⋃

β∈BX
GNβ , BX = {βZ ∈ a : Z ∈ ZX , addapted}

=
⋃

(β,Z)∈BZX

GSβ(Z ) , BZX = {(βZ ,Z ) : Z ∈ ZX , βZ ∈ a+}

=
⊔

(β,Z)∈SX
GSβ(Z ss

Gβ/β
) , SX = {(βZ ,Z ) ∈ BZX : Z ss

Gβ/β
6= ∅} .

G ×Pβ
Sβ(Z )→ GSβ(Z )

dimGSβ(Z ) ≤ dimG/Pβ + dimSβ(Z ).

Z ss
Gβ/β

6= ∅ =⇒ dimGSβ(Z ) = dimG/Pβ + dimSβ(Z ).
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A pair (β,Z ) ∈ BZX is called

- fit, if dimGSβ(Z ) = dimG/Pβ + dimSβ(Z ).

- a candidate, if dimX = dimG/Pβ + dimSβ(Z ).

Rem: If Nq = X , then there is a stratifying fit candidate.

Popov’s tree TX with signature: Vertices in BZX , with

- Root: (0,X ).

- Arrows from the root to the candidates.

- Iterate.

Signature: sign(leaf ) = + and for a vertex a

sign(a) = − def⇐⇒ ∃a→ b with sign(b) = +

Theorem (Popov, Ts.)

sign(root) = + ⇐⇒ Nq 6= X .
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Computability:

dimG/Pβ are known numbers.

dimSβ(Z ) (or codimXSβ(Z )) is a challenge, in general.

Z ss
Gβ/β

is an obstacle (back to square 1).

Complex flag variety: X = Ũc/P̃λ̃ ⊂ P(Vλ̃), G = Uc .

Sβ(Z ) is a parabolic orbit: Sβ(Z ) = P̃βxw̃ with w̃ ∈ W̃ .

The conn. comp. of X β are exactly the closed G̃β-orbits.

Z ss
Gβ/β
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Complex flag variety: X = Ũc/P̃λ̃ ⊂ P(Vλ̃), G = Uc .

Sβ(Z ) is a parabolic orbit: Sβ(Z ) = P̃βxw̃ with w̃ ∈ W̃ .

The conn. comp. of X β are exactly the closed G̃β-orbits.

Z ss
Gβ/β

6= ∅ ⇐⇒ Z ss
G ′
β
6= ∅

N =
n⋃

j=1

⋃
w̃ :〈w̃ λ̃|βj 〉>0

GP̃βj xw̃ for some special β1, ..., βn

depending only on G ⊂ G̃ and not on λ̃.



Computability:

dimG/Pβ are known numbers.

dimSβ(Z ) (or codimXSβ(Z )) is a challenge, in general.

Z ss
Gβ/β

is an obstacle (back to square 1).

Complex flag variety: X = Ũc/P̃λ̃ ⊂ P(Vλ̃), G = Uc .
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Let X = Ũc/B̃, with ample cone A(X ) = Λ̃+
R , and G = Uc ⊂ Ũc .

G -ample cone AG (X ) = Cone{λ̃ ∈ Λ̃+ : ∃n ∈ N,V G
nλ̃
6= 0}

For λ̃ ∈ Λ̃++, X ⊂ P(Vλ̃), and

dimNβ = max{l(w̃) : 〈w̃ λ̃|β〉 > 0}

Put `λ̃ = codimXNã = min{l(w̃) : w̃ λ̃ /∈ Cone∆̃+} and

`Ũ = `∆̃ = min{`λ̃ : λ̃ ∈ Λ̃+ \ {0}}
= min{l(w̃) : w̃ Λ̃+ * Cone∆̃+}

Theorem (Staneva, Ts.)

#∆+ < `Ũ =⇒ MU(X , λ̃) 6= ∅ , ∀Λ̃+

=⇒ AG (X ) = A(X ) = Λ̃+
R
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Theorem (Staneva, Ts.)

The values of `∆ for simple root systems are
Type of ∆ `∆

An 1

Bn n

Cn n

Dn, n ≥ 4 n − 1, for n 6= 5
3, for n = 5

E6 5

E7 10

E8 7 ≤ `E8 ≤ 29

F4 8

G2 3

`sd∆ = min{`λ : λ ∈ Λ+
sd \ {0}}, where Λ+

sd = {λ ∈ Λ+ : −w0λ = λ}.

w0 = −1, #∆+ < `sd
Ũ

=⇒ MU(X , λ̃) 6= ∅ , ∀Λ̃+

=⇒ AG (X ) = A(X ) = Λ̃+
R
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Theorem (Staneva, Ts.)

The values of `∆ and `sd∆ for simple root systems are

Type of ∆ `∆ `sd∆
An 1 bn+2

2 c
Bn n

Cn n

Dn, n ≥ 4 n − 1, for n 6= 5 n − 1
3, for n = 5

E6 5 9

E7 10

E8 7 ≤ `E8 ≤ 29

F4 8

G2 3

Corollary

If G ∼= SL2 or E8 and G̃ has no simple factors isomorphic to G,
then

AG (G̃/B̃) ∼= A(G̃/B̃) .


