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Abstract

We consider a model of cellular detonations in gases. It consists in
conservation laws with a non-local pseudo-differential operator whose
symbol is asymptotically |¢|*, where 0 < A < 2; it can be decom-
posed as the \/2 fractional power of the Laplacian plus a convolution
term. After defining the notion of entropy solution, we prove the well-
posedness in the L°° framework. In the case where 1 < A < 2 we
also prove a regularising effect. In the appendix, we show that the
assumptions made to perform the mathematical study are satisfied by
the considered physical model of detonations (for which A = 1).
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1 Introduction
This paper is concerned with the fractal conservation law
Opu(t, z) + div(f(uw))(t, x) + Glu(t,")](z) =0 in (0,00) X RV, (1.1)
supplemented with L initial data
u(0,z) = up(x) in RV, (1.2)

Here f : R — R is locally Lipschitz-continuous and G denotes the non-local
operator defined through the Fourier transform by

F(Glu(t,)]) (&) = [EPH(E)F (ult,) (£), (1.3)
with 0 < A <2 and H : RN — R.
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In the case where H = 1 the non-local operator G reduces to a positive
multiple gy of the fractional power (—A)»? of order \/2 of the Laplacian
(Lévy operator), and (1.1) is well understood. More precisely, for A = 2 it
corresponds to the classical viscous conservation law (we have § «x —A),
which is well-posed and gives rise to a unique smooth solution. The case
A < 2 has first been studied in [5], in which local-in-time well-posedness was
proved (in H?® Sobolev spaces, in particular) with some restrictions on f or
A. For 1 < X\ < 2, the global well-posedness in the L> framework and the
regularising effect of this fractal conservation law were then proved in [14].
If 0 < A <1 the global well-posedness in the L framework is obtained in
[1] thanks to an entropy formulation. Last, if 0 < A < 1 the non regularising
effect is studied in [3]: discontinuities in the initial data may persist and —
even for smooth initial data — shocks may develop. Other behaviours of
this equation are also known, such as asymptotic properties (see [6, 7], [4]).

Nevertheless, the physical context indicates that the case of a non-
constant frequency function H is quite relevant. Indeed in the context of
pattern formation in detonation waves [10], [11], equation (1.1) arises with a
pseudo-differential operator defined not by the symbol |¢|* but by a symbol
IEPH(E) with H(E) — 1 as |¢] — oo (see the physical context below for
more details). This is the case we intend to consider in this paper; more
precisely we assume that H satisfies the following property.

Assumption 1. IT:= F~ (|- |MH(-) — 1)) € LY(RY).

Remark 1.1 (Generalisations). Let us precise that a few relaxations of As-
sumption 1 can be handled by our analysis: II may “contain” Dirac masses
(so that an additional linear reaction term in the equation can be treated)
and may depend on the time variable. We refer to Section 7 for such gene-
ralisations.

Note that “F~1(|-[*(H(-)—1)) € L}(RN)” is implied by “|-|*(H(-)—1) €
H*RN) for some s > N/2” or “| - |[MH(-) — 1) € WNHTLLRN)” (see also
Appendix A for less straightforward situations where a generalisation of
Assumption 1 can hold).

Under the above assumption, equation (1.1) can be recast as

O+ div(f(u)) + gr[u] + Ixu=0 on (0,00) x RV . (1.4)
Our aim is to prove, for 0 < A < 2, the well-posedness of (1.4) in the L™
framework and, in the case A > 1, a regularising effect.

The physical context

In the framework of overdriven detonations in gases in 2D, under proper
physical assumptions and simplifications (see [10], [11]), the shock wave can
be represented by an equation ¢ = [(7,n); here, 7 is the (renormalised)



time, ¢ and n are the longitudinal and transverse coordinates to the shock
(more precisely, transformations of these coordinates taking into account
the density of the gases), and (8 evolves following, at the zeroth-order (with
respect to a small physical parameter), a linear wave equation.

Performing a formal expansion of 8 with respect to this small physical
parameter, it can be shown that its first-order term (; satisfies, up to a
normalisation of constants, the equation

0B | 1 (9B1\"
or 2\ 0On G161} (15)
In this circumstance, one information of interest is the creation and evolution
of cusps, abrupt changes in u := %6771_ From (1.5) one sees that u precisely

follows (1.1) (with t =7, N =1, f(u) = %uQ and x = 7). The operator G
involved here is described, after re-normalisation, by (1.3) with A = 1 and
H(&) = /1 4+ W(il¢|), where W, defined on the imaginary axis, is regular
and satisfies W (is) ~ b/s as s — oo (with b constant).

Thanks to this property, we prove in the appendix that H satisfies the

following assumption (with A = 1).

Assumption 2. There exists ¢ € R such that 11 := F~1(| - |[MH(-) — 1)) €
cdo + LY (RN), with dg the Dirac mass at 0.

This assumption is a generalisation of Assumption 1 (which corresponds
to the case ¢ = 0), and consists in adding a linear reaction term cu to (1.4).
In order to simplify the presentation we shall make the whole study under
Assumption 1 and explain in Section 7 how to handle the more general
Assumption 2. Hence our analysis covers the considered physical model.

2 Main results

Let us first recall that, for 0 < A < 2, the fractional Laplacian g, has the
following integral representation (see e.g. [15]), valid for all » > 0 and all

© € CX(RN):

el = —cN()\)/|> <P($~|:,’z]3[;¢(x) 5
R

where ¢y (M) is a (known) positive constant. From this representation, [1]
defines a notion of entropy solution to dyu+div(f(u))+gxu] = 0 with initial
data ug € L=®(RY): for all r > 0, all entropy pair (1, ®) and all non-negative



¢ € C(]0, 00[xRYN),

| [ oo+ o v
= [Tendund®is [ awe0)z0, (22

where, here and in the following,

G)\ r[u n,e
(t,iUJrZ) — u(t, z)
en(A /RN /|Z>T ELEs o(t, x) dzdz
(t,{L‘ + Z) - <p(t,x) - VQO(t,.'E) "z
+en(N) /RN/||<7~77(U(t7x)) P dzdx .

This notion of entropy solution ensures the well-posedness in the L* frame-
work of the equation dyu + div(f(u)) + galu] = 0.

If A =2, golu] = —cn(2)Aw and the definition of G, must naturally be
changed into

Garlunpl(t) =en(@) [ nwag.

Our definition of entropy solution to ((1.4),(1.2)) is a straightforward
extension of this definition from [1].

Definition 2.1 (Entropy solution). An entropy solution to (1.4) with initial
condition up € L®(RY) is a function u belonging to L>((0,T) x RY) for all
T > 0 and such that, for all 7 > 0, all non-negative ¢ € C°([0,00) x RY),
all convex function 7 € C'(R) and all function ® : R — RY such that
V® =n'Vf, we have

| [ oo+ e T+ [~ Gt d

[ ] e+ [ nweo.) 0. 23

Remark 2.2. Note that, as in the case of pure conservation laws, one can
replace the smooth pairs (7, ®) in this definition by Kruzhkov’s entropy pairs
[16] without changing the notion of entropy solution. For a given Kruzhkov
entropy 7(s) = |s — k|, the value of ' at s = k to be considered in (2.3) can
be any element of the sub-differential [—1,1] of n at s = k.

Thanks to this definition, we will prove the well-posedness of the con-
sidered equation.

Theorem 2.3 (Well-posedness). Let 0 < A\ < 2 and ug € L¥(RYN). Let
Assumption 1 be satisfied. Then there exists a unique entropy solution u to
((1.4),(1.2)). Moreover, u is continuous [0,00) — Li (RN).

loc



Remark 2.4. Note that our analysis also covers the elementary situation
A = 0, in which case go[u] = u and Go,[u,n, ] = — [pn 17/ (w)ugp.

Remark 2.5. The use of an entropy formulation is mandatory. Indeed, it has
been proved in [2] that, even for the simplest case where IT = 0, the notion
of weak solution is not strong enough to provide uniqueness if A < 1.

We will also obtain, for A > 1, a regularising effect.

Theorem 2.6 (Regularising effect). Let 1 < A < 2 and ug € L®(RY). Let
Assumption 1 be satisfied. Then the entropy solution u to ((1.4),(1.2)) is
smooth for t > 0; more precisely, for all0 <a <T, v e C°((a,T) x RM).

Remark 2.7. As mentioned in the introduction, it is known that for A < 1
the regularising effect does not occur. In fact, in this case, shocks can occur
[9] even with smooth initial data [3], although these shocks can sometimes
disappear if I = 0 (i.e. G = gy), the initial data belongs to L? and the
exponent A\ is not too far from 1.

For A = 1 and f(u) = ?, it is proved in [8] that if II = 0 and if the
initial data belongs to L? then the regularising effect occurs. However, the
situation with a merely bounded initial data or with II # 0 is not clear,
the techniques in [8] being strongly based on a scaling that is only true for
the pure fractal Burgers equation. In particular, for the physical context
described in the introduction (which corresponds to A = 1 and II # 0), the
regularity or loss of regularity is still an open question.

The organisation of the paper is as follows. In Section 3 we introduce
notations and useful preliminary results. By using a splitting method we
construct an entropy solution in Section 4. Uniqueness of the solution is
proved via a “finite speed propagation property” in Section 5. In Section
6, by taking advantage of a Duhamel’s formula for 1 < A < 2 we prove
Theorem 2.6. A few generalisations are discussed in Section 7. Last, the
consistency with the physical context is proved in Appendix A.

3 Notations and preliminary remarks
Before proving our results, we introduce some notations. Let
K(t) == F e,
The (unique bounded) solution to dyu + gx[u] = 0 with initial condition

up € L®(RY) is given by u(t) = K(t) * ug.
For any integrable function «, we define

tn *(n
S_at) =00+ (=) (n)

n>1



where dy is the Dirac mass at 0 and (—a)*™ := (—a) % --- % (—a) is the
convolution of —a with itself n — 1 times. The (unique) bounded solution
to Opu + a * u = 0 with initial condition ug € L®(RY) is given by u(t) =
S_a(t) * UQ (4)

In several proofs to come, we denote

K@@ty :=K@2t) and S_2(@t):=5_,(21),

namely the semi-groups associated with dyu+2 gy [u] = 0 and dpu+2 axu = 0.
Let us state the main properties of K and S_,.

Proposition 3.1 (Properties of the kernels). For all 0 < A < 2 and all
a € LY(RYN), the kernels K and S_,, satisfy the following properties.

(i) K is positive and, for all t > 0, K(t) € L'(RV), K@) Lr@yy = 1
and, for all z € RN, K(t,z) =t NAK(1,t~ ).

(ii) K € Cg°((a,00) x RY) for all a > 0, and there exists C > 0 such that,
for allt >0, [[VK(t)|| 11 @ny < Ct=YA,

(iii) For all t, s > 0, K(t) * K(s) = K(t + s) and (VK(t)) * K(s) =
VK(t+s).

(iv) The functions t € (0,00) +— K(t) € LYRN) and t € (0,00)
VK(t) € L\RMN are continuous.

(v) Forallt, s >0, S_o(t) * S_a(s) = S_o(t + ).
(vi) The function t € [0,00) = S_q(t) — dp € L*(RY) is continuous.

(vii) For all t > 0, the functions K(t) * S_o(t) and VK (t) * S_(t) belong
to Co(RY).

(viii) The functions (t,s) € (0,00)? + K(t) * S_o(s) € LY(RY) and (t,s) €
(0,00)% = VK(t) x S_o(s) € LYRN)N are continuous. Moreover,
there exists C > 0 such that, for allt, s > 0, ||[K(t) * S—a(s)|[L1my) <

Cellollis and |[VE (£) % S_a(s)l|p1r) < Cellellsg=1/2,

Proof. The properties on K are quite classical and, aside from its positivity,
can be deduced straightforwardly from its definition (see also [14], [15]); the
positivity of K can be found in [17], [14].

Property (v) is the expression of the fact that S_, is a semi-group (in
fact, a group...), and property (vi) is a consequence of the normal conver-
gence, in C([0,T]; L*(RY)), of the series S_o(t) — 6o = >_,51 %(—a)*(”).
Finally, properties (vii) and (viii) come from the writing X x S_,(s) =

“Obviously, though the convolution of a Dirac mass by an L* function is not pointwise
well defined, we let dp * up = uo.



X+ X x(S_q(t)—60) (with X = K(t) or X = VK(t)), from items (ii), (iv),
(vi) and from the estimate |[S_a(s) — dol[p1my) < Doy Slallp < elledis,
|

We will also need the following estimate on gj.
Lemma 3.2. Let A € (0,2]. There exists Cx > 0 such that, for all p €
S(RY),
lgx[@lll 1 @ny < Callollwa @y -
In particular, g\ can be extended into a linear continuous operator from
W2LHRY) into LY(RY).

Proof. The property for A = 2 is obvious (since, up to a multiplicative
constant, gy is the Laplace operator). We thus consider that A < 2 and we
use the integral representation (2.1) of g\ with » = 1 and a Taylor expansion
to write [gx[o](2)| < Ti[p](z) + To[p](x) with

|z|>1 |2 [N +A
and .
Iy 51D%p(z + s2)| |2| ds
T = 02 d
2lelle) = end /||<1 |2 [N “

where |D?y| is the Euclidean matrix norm of D?p. Then, using Fubini-
Tonelli’s theorem and linear changes of variable, we find

Jan (@ + 2)| dz + [pn |@()| dx
T dr = A d
/]RN 1[¢)(z) d cn(A) . ERER o
2en (V)¢ / e
= 1N ——
N PliLr®y) o1 2N+
with N + X > N, and
fRN |D%p(z + s2)| dx)
T: dr = cn(N) d
/RN 2[p)(z) dx /||<1 2 [N+A-2 z

en(A) 9 / dz
= N Vp B
el [ v

with N + X — 2 < N. The proof is complete. ®

4 Existence of an entropy solution

By using the splitting method developed in [14] and later in [1] we construct
an entropy solution to ((1.4),(1.2)).

For 6 > 0 we define 19 : [0,00) x RN — R as follows. Let u®(0,-) := ug
and, for all n > 0, define by induction



e u’ on (2n6, (2n + 1)6] x RN as the (entropy) solution to
Oru~+ 2div(f(u)) +2gx[u] =0, (4.1)
supplemented with the initial data u’®(2nd, -).

e 4’ on ((2n+ 1), (2n +2)8] x RN as the (unique bounded) solution to
Ou+2IM*xu=0, (4.2)
supplemented with the initial data u®((2n 4 1)6,-).

Note that equation (4.1) does not increase the L>° norm and that its
solutions are continuous with values in LL (RY) (see [1] for instance). On
the other hand, the representation u(t) = S_op(t — s) * u(s) of the solutions
to (4.2) show that they satisfy ||u(t)||oo < €2IMI1=5)||0(s) o0 for t > s, and
also that they are continuous with values in L{ (RY). In particular, at
each step the functions u®(2nd, -) and u®((2n 4 1)4, -) are bounded and thus
suitable initial data for the considered equations.

Therefore we are equipped with u® € C([0,00); LL (RY)) such that

1’ ()llo < €M1 gl - (4.3)

By Arzéla-Ascoli’s theorem, we first prove the relative compactness of
{w: 0< 3 <T}in C([0,T]; L .(RY)). Then by extraction of a subse-

loc
quence as § — 0 we construct an entropy solution to ((1.4),(1.2)).

4.1 Relative compactness in C([0,T}; L{ .(R"Y))

loc

Step 1. We fix T > 0 and prove that {u’(t) : 0 < § < T,t € [0,T]} is
relatively compact in L{ _(RY).

For a given u we define Tpu the associated translated function of u by
Thu(t, ) := u(t,z+h). Note that T,u® solves (4.1) and (4.2) on the intervals
where u° solves these equations.

We recall that the kernel associated to equation dyu + 2gx[u] = 0 is
nothing else but K (2t) =: K(t), and quote [1, Theorem 3.2] — which can
be seen as a finite speed propagation property for equation (4.1):

Lemma 4.1. Let u and v be the entropy solutions to (4.1) with initial con-
ditions ug and vy in L. Then, for all xo € RN, allt >0, all R > 0,

/ u—ol(t) < / K1) % Jug — vo)
B(zo,R) B(zo,R+2Lt)

where L is a Lipschitz constant of f on {s € R : |s| < max(||uo||oo, [[vollec)}
and B(zg, R) is the ball in RN of center xo and radius R.



In view of (4.3), by selecting L as a Lipschitz constant of f on the
interval [—el™T [|ug]| oo, €M7 || ug | o0], we can apply the above lemma, with
(u,v) = (u®, Tpud), on all intervals of [0,T] where u° (and so T,u®) solves
(4.1).

Let ¢t € [0,T]. Assume that 2nd < t < (2n + 1)J, for some n > 0. Then
it follows from Lemma 4.1 that, denoting B(R) = B(0, R),

/ ' = Thul|(t) < / Kt = 2n0) + [u” = Tpu’|(2n0)
B(R) B(R+2L(t—2n6))

IA

/ KBt — 2n6) % [u? — Thud|(2n0) , (4.4)
B(R+2L3)

thanks to the positivity of the kernel K. Now, if n # 0 we go further in the
past. Since

Ol — Trhud) +2 (M — TR xu® =0 on ((2n — 1)8,2nd],
we have, on the above time interval,

10¢(w® = Tot®) (1) 2|11 — TaILll1 |’ (¢)|oc

<
< 2|1 = Tl el M gl oo =2 wr(h),

with wr(h) not depending on ¢ and wrp(h) — 0 as h — 0. It follows that,
for all z € RV,

[u® — Thul|(2nd, ) < wr(h)d + |u® — Thu|((2n — 1)8, ) . (4.5)

By plugging this into (4.4), using ||K(¢)||; = 1 and B(R + 2L0) C B(R +
2LT), we find that

[t = Tl

B

</ K (- 2n6) # |u® — Tyu®| (2 — 1)8) +wr (h)0| B(R+2LT)|
B(R+2L35)

(4.6)

In order to estimate the first term in the right hand side member we notice
that u’ and T,ud solve (4.1) on ((2n — 26, (2n — 1)d] and thus, applying



Lemma 4.1, we find:

/ K2t — 2n8) « [u® — Thul|((2n — 1)6)
B(R+2L56)

= [ KB —2nsy) / u® — Thu®|((2n — 1)6, 2 — y) da dy
RN B(R+2L§)

< [ KP(t—2n6,y)
RN

/ [KM (0,-) % \u‘s — 7}Lu5]((2n —2)9, )} (x —y)dxdy
B(R+4L5)
(¢ _ 9. )
: /B(R+4L5) {K &= 2nd:)
[K[Q](é, ) # [u® — Tl |((2n — 2)6, -)} } (z) do
g/ K2t — (20— 1)8)  |u — Trad|((2n — 2)5) .
B(R+4L35)

We plug this into (4.6) to get

/‘rw—ﬁM@
B(R)

< / K2t — (20— 1)8) * |u — Trad|((2n — 2)5)
B(R+4L5)
+ wr(h)S|B(R +2LT)|. (4.7)

By repeating n— 1 more times the procedure from (4.5) to (4.7), we discover
that

[ =T
B(R)

g/ K2t — 1) # juo — Thuo| +wr(h)nd|B(R + 2LT)|

B(R+2L(n+1)8)

< sup / K®)(s) % [ug — Trauo| + wr ()T B(R + 2LT)| ,(4.8)
0<s<T J B(R+2LT)

the last line following from 0 <t —nd < (n+1)6 <2nd <t < T.

Assume that (2n+1)d < t < (2n+2)J, for some n > 0. By using similar
arguments, we claim that we obtain (4.8) again.

Applying [1, Lemma A.2] with ¢ = 1, we deduce from (4.8) that

sup sup / u® — Thul|(t) < lluo — Thttoll 1 (B(R 1207+
0<6<T 0<t<T J B(R)

+2|uo]|s| B(R + 2LT)| KP(1) + wp(R)T|B(R + 2LT)|,
RN\B(r/T/)

10



holds for all » > 0. We conclude by a “3¢ argument”: if ¢ > 0 is given
we fix r > 1 large enough so that 0 < f]RN\B(r/Tl/)‘) K[2](1) < ¢&; since
ug € L®(RN) € LY(B(R+2LT+r)) we have |luo—Thuol| L1 (B(rr2LT4r)) < €
for h small enough; recall also that wy(h) < ¢ for h small enough. Therefore

lim sup sup / [ — Thul|(t) =0,
h—=0 0<s<T 0<t<T JB(R)

which concludes the first step, by the Riesz-Fréchet-Kolmogorov’s theorem.

Step 2. Still fixing T > 0, we prove that, for all Q compact subset of R,
{u®: 0 < § < T} is equicontinuous [0,T] — L*(Q).

From (4.3), we see that {u’(t) : 0 < § < T, t € [0,T]} is bounded in
L>®(RN). Since {ud: 0 < § < T} is bounded in L>((0,T) x RY), in view of
Lemma 3.2 we see (°) that {ITxud: 0 < < T} and {div(f(u®)) + gr[u’] :
0 < § < T} are bounded in L>(0,T; W~2>(R")), where we recall that
W2 denotes the dual space of W21,

Hence, equations (4.1) and (4.2), which are satisfied in the distributional
sense, show that {9u’ : 0 < § < T} is bounded in L>(0,T; W22 (RN)).
We deduce that {u’ : 0 < § < T,t € [0,T]} is uniformly Lipschitz-
continuous [0, 7] — W=2°(RY), and thus also [0,T] — (C?(Q))" (where
(C2(Q))" is the dual space of C2(Q) endowed with the norm [[¢]|c2(g) =
SUP|q|<2 10%¢l|o0)-

We then need the following Lemma which can be considered as a metric-
space variant of the classical Lions “three-spaces” lemma.

Lemma 4.2. Let (E,dg) and (F,dr) be metric vector spaces such that E
is continuously embedded in F'; let K be a compact subset of E. Then, for
all e > 0, there exists Cx. > 0 such that, for all (z,y) € K2, dg(z,y) <
e+ Ckedr(z,y).

Proof. The proof can be made by way of contradiction. Given ¢ > 0, if for
all integer n we can find (x,, y,) € K? such that dg(zn, yn) > e+ndp(zn, yn),
then — up to a subsequence — we can assume that (z,,y,) — (z,y) in E,
and thus in F. Letting n — oo in dp(zp, yn) < %dE(xn, yn) we deduce that
dp(z,y) = 0 so that x = y. Letting then n — oo in € < dg(zy,yn) We see
that € < 0, which is a contradiction. This concludes the proof.m

Let us now conclude the proof that {u’ : 0 < § < T} is equicontinuous
[0,7] — L'(Q). Let M be a uniform (independent on ) Lipschitz constant
of u? : [0,T] — (C2(Q))’. If we denote by K the closure of {ud(t): 0 < § <
T,te[0,7T]} in LY(Q), we have from Step 1 that K is compact in L'(Q).
Let € > 0 and select Cic. > 0 as in Lemma 4.2 applied to E = LY(Q) and

It suffices to notice that, for all ¢ € C(RY), we have |[(IT * u’(t),¢)| <
T3 [l (8) s llplla and [(div(f(u®(t)), )| = [{f(u’ (), V)| < [If (u®(1)lloo||Veplls and
Hgalu’ ()], )| = [’ (1), gale])| < Cllw’ @)l w21

11



= (C%(Q))". Then, if (t,s) € [0,T)? are such that |t —s| < e/(MCk.,), we
have, for all § > 0,

A (U’ (t),u’(s)) < e+C e d(cg(Q))/(u‘S(t),ué(s)) < e+Cxe M|t—s| < 2¢,

and the equicontinuity of {u’ : 0 < § < T} on [0, 7] with values in L'(Q) is
proved.

Conclusion. Gathering Steps 1 and 2, we conclude that {u’: 0 < § < T}
is relatively compact in C([0, T]; L .(RY)) for all T' > 0.

4.2 Convergence to an entropy solution

Up to a subsequence, we can assume that, as § — 0, ud converges to some
u in C([0,T); LL .(RY)) for all T > 0. Obviously, u also satisfies (4.3) and
thus belongs to L>®((0,7) x RY) for all T > 0. We now prove that u is an
entropy solution to (1.4) with initial data ug € L>(RY).

Let 7 > 0, ¢ € C°([0,00[xRY) be non-negative, n € C*(R) be convex
and ® : R — RY be such that V® = 1/V .

First, we claim that from (2.2) we can deduce an “entropy formulation
with final value” for solutions to (4.1). More precisely, if v is the entropy
solution to (4.1) with initial data vy then, for all s > 0,

// 0)drp + 20(v) - Vo) +2/ Grlv,m, ¢l (t) dt
+ [ o) = [ ntuls et ) 0. (1.9

Indeed, take 7. : [0,00) — [0, 1] which tends to the characteristic function of
[0, s] as € — 0 and such that —+. tends to the Dirac mass at ¢ = s, and apply
the entropy formulation (2.2) with ¢(¢,z) replaced by ¢(t,x)7:(t); letting
e — 0, and since v € C([0,00); LL (RY)) — see [1] — we deduce that (4.9)
holds.

The definition of ©9 then ensures that, for all n > 0,

(2n+1)8 (2n+1)8
/ / D)oo+ 28(u) - Vi) + 2 / G plus®, 1, )(t) dit
2n RN 2né
—i—/RN n(u (2nd, -))p(2nd, -)
_/RN (@ (20 + 1)6, (20 +1)5,-) > 0. (4.10)

On the other hand, multiplying (4.2) by #/(u’)y and integrating by parts
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(%), we have, for all n > 0,

(2n+2)8 s s 5
Loy o620 =2 @) W)

+/ n(u’((2n + 1), -))e((2n + 1)6, )
RN
_/RN n(u‘s((2n+ 2)4,))p((2n +2)0,-) =0. (4.11)

Summing (4.10) and (4.11) on all n > 0 (note that since ¢ is compactly
supported, the sum is actually made of a finite number of terms), all the
boundary terms but the first one cancel out each other and we find

/ h JRUGEER | T A5(0) G [, 0] (1)
0 RN 0
- /0 2J5(t) /R () sl /R n(u)p(0,) > 0, (4.12)

where I is the characteristic function of U,>0(2nd, (2n + 1)6] and Js is the
characteristic function of U,>o((2n + 1)d, (2n + 2)4].

It is classical that, as 6 — 0, both Iy and Js tend to the constant function
1/21in L*>(0, 00) weak-. Select T' > 0 large enough so that supp ¢ C [0,T] x
RY. We claim that the functions t — [pn ®(u) - Vo, t = Gy [u?,n, ¢](t)
and t — [on 7' (u®) (IL+ u®) tend in L1(0,00) to the same quantities with
u® replaced by wu; indeed, let A[u®] be any one of these three functions:
from u® — u in C([0,T]; LL .(RY)), we deduce that A[u®](t) — Afu](t) for
0 <t < T, and from supygs.psupy<;<7 |A[u’](t)| < oo and A[u’] = 0 on
(T, 00), we infer that A[u’] — A[u] in L*(0,00).

We can therefore pass to the limit § — 0 in (4.12), to conclude that u
satisfies (2.3) and is an entropy solution to (1.4) with initial condition wg.

5 Uniqueness of the entropy solution

The uniqueness of the entropy solution will be obtained while proving the
following “finite speed propagation” property.

Proposition 5.1 (Finite speed propagation). Let u and v be entropy solu-
tions to (1.4) with initial conditions ug and vo in L> and let T > 0. Define

mo(T) := el max{]|ug|loc, o0 ]loc }-

This is possible since du’(-,x) € C([0,T],R). Indeed from v’ € C([0,T]; Li,.) and
sup, ||u®(t)||oo < oo we deduce that u® € C([0, T]; L3 ax..). Combined with the continuity
of v € L. — ¥ v(x) € R this shows that IT v’ (-, ) € C([0,T],R).
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Then, for all zg € RN, all0 <t < T and all R > 0,

/ |u—v|(t)§/ K(t)*S‘m(t)*]uo—vo ,
B(zo,R) B(zo,R+Lt)

where L is a Lipschitz constant of f on [—mo(T), mo(T)].

Proof. The proof mainly follows [1, Section 4].

Define ¥(t, s, z,y) == 0,(s — t)pu(y — x)é(t, ), where 6, € C°((0,v))
and p, € C°(B(0, 1)) are two approximate units and ¢ € C°([0, 00) x RY)
is non-negative. By using the so-called doubling variables technique, we see
that [1, inequality (4.3)] holds true with an additional term, namely

_ /0‘” /0“ /R ) /R Wl say)sen(u(t,a) — v(s.y) x

(I % w)(t,x) — (I xv)(s,y)) dydxdsdt.

By bounding this term from above, we see that [1, inequality (4.6)] holds
true with the additional term

A= [T [T L 8= 0nty =t

|(IL % uw)(t,z) — (I x v)(s,y)| dydxdsdt.

Since II x v is locally integrable, it follows from classical properties of ap-
proximate units that, as (v, u) — (0,0),

Ay — / o(t, )11 % (u — v)|(t, z) dzdt
0 RN

which is bounded from above by

/OOO/RNMIHI*Iu—vI)=/OOO/RN|u—v|(yﬁ|*¢),

where II(z) := II(—z). Then, we collect the analogues of [1, (4.11)] with
this additional term: for all non-negative ¢ € C°([0,00) x R™) such that

Supp ¢ C [0,T] x B(0, R), we have

L[t ol (20 + 21901+ 110 o)
~wol6(0,) >0, (5.1
+ [ o= wiol0.) 20, (5.1)
with L a Lipschitz constant of f on [—m(T), m(T')], where

m(T') := max{||ul oo (0,1 xrN)s 1]l Loo (0,7 xrNY } - (5.2)
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Let us define A(t) := K(t) * Slﬁl(t)’ so that the solution to dyv — |II| *
v + ga[v] = 0 with initial condition vg is given by A(t) x vg. Now, we fix
o € RN and M > LT. Let v € C2°([0, 00)) be non-negative, non-increasing
and equal to 1 on [0, M], and let © € C2°([0,T")). We define

o(t,x) =

{9(15) AT —t) % ~(] - —zo| + Lt)] (z) f0<t<T, 53)

ift>T.

Note that (¢,z) € [0,T] x RN + ~(|z — 20| + Lt) belongs to C2°([0, T] x RY)
(it is equal to 1 on a neighbourhood of [0,7] x {x¢}, so the non-smoothness
of | -] at 0 does not play any role). Therefore, the definition of A implies that
the function ¢ belongs to Cg°([0,00) x RY), is non-negative and belongs to
LY0,T; W2LRY)). Hence, as in [1], we claim that, even if its support is
not compact, ¢ can be used as a test function in (5.1).

We have 9y(A(T —t)) + |II| % A(T — t) — gA[A(T —t)] = 0 and gy[a *b] =
gr[a] * b. Therefore we see that, for all (t,z) € (0,T) x RV,

(016 -+ 11156 = 92[6]) (¢ ) = ©'(2) [ACT = £) 5 7(| - ~ao] + L1)] (2)
+LO() [MT — t) + /(| - —zo| + Lt)] (x) . (5.4)

Since A > 0 and +' < 0 we also have

Vo(t,a)| = \eu) [A(T—t)* |"x°‘v'<\-—mor+u>} (x)

. —xo

< —6(t) (AT — ) #/(| - —ao| + L1)] (2). (5.5)
Summing (5.4) and (5.5) we obtain
(Or+ LIVG| + 11+ & — ga[¢]) (t, ) < /() [AT — t) +¥(| - —wo| + Lt)] (),

and, injecting this result into (5.1), we see that
T
[ = ([ ol A =0 x50 —anl + 201 at
0 RN

< / O(0)]uo — vol [AT) * (] - —ol)] - (5.6)
RN

The above estimate is enough to prove the uniqueness of the entropy
solution to ((1.4),(1.2)). Indeed, assume that ug = vg. We select a non-
increasing © € C2°([0,7)) such that ©'(t) = —1 for all 0 < ¢t < T/2; then
(5.6) yields

[ Ju=ole) W =59 =l + 201 =0, (51)

for all 0 < ¢t < T'/2. We notice that, for all s > 0, A(s) = K(s) + K(s) *
(S5 (s) = o) = K(s) > 0 on RY. Moreover, for all t € [0, T], (|- —xo| + Lt)
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is non-negative on RV and positive on a ball around zy; we deduce that,
for all t € (0,T), A(T —t) % [y(| - —wo| + Lt)] > 0 on RY. Hence, equa-
tion (5.7) shows that u = v on [0,7/2] x RY; this relation being valid for
any T, this concludes the proof that the entropy solution is unique. As a
by-product, we notice that this entropy solution is the one constructed in
Section 4, and therefore that it belongs to C([0,00); LL (RY)) and satis-
fies [ul| zoo ((0,7)xrN)) < €M |Jug|l oo vy; hence, m(T) defined in (5.2) is
bounded from above by mg(T') defined in Proposition 5.1.

We now conclude the proof of Proposition 5.1. For 0 < v < T, let

0, € C>((0,v)) be an approximate unit. Hence, © given by

—/tOOQ,,(T—s)ds

belongs to C2°([0,T")) and satisfies ©(0) = 1. From (5.6), we infer

/9 7o) ([ lu=ol(e.) AT =0 2201~z + L0)]) a

< / o — w0l [AT) % (] - —zol)] - (5.8)
RN

The function ¢ € [0, 7] — A(T —t) *y(| - —x0| + Lt) € L*(RY) is continuous
("); moreover, by the continuity of the entropy solutions u, v with values
in LL _(RY) (proved above) and their L> bound, we see that t € [0,00)

loc
|u — v|(t,-) is continuous with values in L=°(R") weak-*. We can therefore

pass to the limit » — 0 in (5.8) to find
[ Ju=olTo 0=l + £7)
< [ o=l [K(D) + Sy (1) +2(] - =a))]
= [0 =aol) [K(T) » ST o = wl] (5.9)

where we have used the fact that K (7) is even. To conclude we approximate
in L'(R™) the characteristic function of the ball B(z, R+ LT) by functions
of the form ~(|-—xgl), with v as above. Passing to such approximation limit
n (5.9) we collect

/ |lu —v|(T) S/ K(T) * Sy (T) * |uo — vol,
B(zo,R) B(wo,R+LT)

which concludes the proof of Proposition 5.1. m

"A : (0,00) — LY(RY) is continuous and is an approximate unit as ¢ — 0, and the
function (t,z) € [0,00) x RY — ~(| - —zo| + Lt) is continuous with compact support.
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6 Regularising effect for 1 < A\ <2

In this section we assume 1 < A < 2 and we prove Theorem 2.6.

6.1 Duhamel’s formula for the entropy solution

Denoting by u’ the function constructed by the splitting method in Section
4, we first obtain an integral equation on u? which, by letting § — 0, shows
that the entropy solution u = lims_,ou® satisfies the Duhamel’s formula
corresponding to dyu + Glu] = —div(f(u)). More precisely the following
holds.

Proposition 6.1. Let u be the entropy solution to (1.4) with initial data
up € L®(RN). Then, for all t > 0,

u(t) = (K(t)*Sn(t)) xu
_/0 V(K(t—s)*S_n(t—s))* f(u(s))ds, (6.1)

where h® x B® = SN 20w pP i @ = @Y 00y RY o RY,
j=1,2.

Proof. Let us first recall that K2(¢) := K(2t) and S_g?(¢) := S_11(2¢).
Assume that 2nd < t < (2n + 1)d, for some n > 0. Since u0 is the entropy
solution to (4.1) on (2nd,t] and since A > 1, we can write the following
Duhamel’s formula (see [14])

t

W(t) = Kt —2n8) «u®(2n8) —2 | VEP(t —s)« f(ud(s))ds. (6.2)
2nd

Now, if n # 0 we go further in the past. On ((2n — 1)4,2nd], u® solves (4.2)
so that
u?(2n6) = S_gP(8) * wd((2n — 1)6) (6.3)

which, combined with (6.2), yields

Wty = Kt —2n8) « S_u?(6) * ud((2n — 1)6)
-2 tVK[Z](t—s)* F(ul(s))ds. (6.4)
2nd

Another Duhamel’s formula for u® on (2(n — 1), (2n — 1)4] yields
W((2n—1)0) = KP(6)xu’(2(n —1)0)
(2n—1)6
—2/ VER((2n —1)6 — s) « f(u'(s))ds .
2

(n—1)d
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By plugging this into (6.4) and using the semi-group properties of K and
S_m1 (see Proposition 3.1), we deduce

W) = KPRt =206+ 6) « S_P(8) « u®(2(n — 1)6)
-2 t VKPRt — )% f(ud(s)) ds
2nd

2(n—1)6+46
9 / VKRt — s — )% S_a2(5) # f(ud(s)) ds (6.5)
2(n—1)6

Iterating n — 1 more times the process from (6.3) to (6.5), we arrive at
t

W () = K2t — nd) « S_iP (nd) * ug — 2 VKRt — )% f(ud(s)) ds
2né

n 2(n—k)5+6
-y 2/ VKPRt — s — k6) « S_l 2 (k6) « f(u®(s))ds. (6.6)
b1 2(n—k)é

Let af;, i =1,...,4, be the functions defined, for all n > 0 and all 0 <
k <mn, by

1t) 2(t — nd) if 2nd <t < (2n+1)6
a =
o 2((2n+1)5 —né)  if 2n+1)§ <t<2n+1)s,
a2(t) = 2(nd) if 2nd <t < (2n+1)9
2(nd+t—(2n+1)0) i 2n+1)0 <t<2(n+1)d,
§
2t — s — k) f 29 <t < (2n+1)§ and
2n—k)0 <s<2(n—k)d+9
2 1)0 < 2 1
B3t s) =4 2A@nt1)6—s—ke) if { FTHDISE<2n A1) and
2n—k)d <s<2(n—k)d+9,
; £ 2nd <t <2(n+1)0 and
—s i
2(n—k)d+0 <s<2(n—k)d+ 24,

2 (k) { 2n0 <t < (2n+1)J and

2n—k)d <s<2(n—k)d+26
2n+ 1) <t<2(n+1)) and
2n—k)d <s<2(n—k)d+24.

ag(t,s) =
2(ké +t— (2n+1)0) if {

Case-by-case study show that the following pointwise estimates hold:

jas(t) =t <8, ag(t) —t| <6, |aj(t,s) = (t—s)| <26
and |ai(t,s) — (t —s)| < 26.
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Moreover (6.6) is recast as
W) = K(a5(t) * S-n(ag(t)) x u

—/0 25(s)VEK (a3(t,s)) * S_m(ai(t,s)) = f(u’(s))ds, (6.7)

with I5 the characteristic function of U,>[2nd, (2n + 1)§) ().

If (2n+1)6 < t < 2(n + 1)6 for some n > 0 then, writing u’(t) =
S_nPl(t — (2n 4 1)) % u((2n + 1)8) and using (6.7) for t = (2n + 1), we
see — by our choice of the functions a% — that (6.7) remains valid.

We aim at letting § — 0 in (6.7). From our pointwise estimates on the
functions af; and item (viii) in Proposition 3.1, we see that, for all ¢t > 0,

K(aj(t)) * S_m(a3(t)) — K(t) * S_n(t) in L'(RY),
and that, for all 0 < s < t,
VK (a(t,s)) * S_ni(ai(t,s)) = VK(t —s)* S_p(t —s) in LY(RV)V,

Recalling that u® — u in C([0,T); LL (RY)) and that u® remains bounded
in L=((0,T) x RY) we also get that, for all s > 0, f(u®(s)) — f(u(s)) in
L>®(RY) weak-*. Combining this with the above limit yields that, for all

0<s<t,

Zs(t,s) = VE(a}(t,8)) * S_n(ag(t, s)) * f(u’(s))
— VEK(t—s)*S_m(t —s)* f(u(s)). (6.8)

Moreover, by Young’s inequality for the convolution and the integrability
property of VK (see item (ii) in Proposition 3.1), we see that

1Z5(t, 9)ll oy vy < Cad(t,s)~ VA,

where, here and in the following, C does not depend on ¢, t or s and may
change from place to place. Studying separately the case kK = 1 in the first
line defining ag’, the case k = 0 in the second line defining ag and the other
cases (k # 1 in the first line, & # 0 in the second, k£ > 0 in the third), one
can find a lower bound on a;g; which shows that

Clig(n— _ (s)
3 —1/A [2(n—1)6,2(n—1)5+6)
ag(t,s)”* < (t—s—8)l/A
Cligns2n5+6)(8) C
(2n+1)§ — )X (t—s)1/A]

where n is taken such that 2nd <t < 2(n+1)d. The integral for s € (0,t) of
the two first functions in the right-hand side member of (6.9) is bounded by

(6.9)

8Note that the definition of a}(t, s) for 2(n —k)d 48 < s < 2(n— k)5 + 26 does not play
any role in (6.7), and the choice aj(t,s) =t — s in these cases is made by convenience.
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C6'~x and thus tends to 0 as § — 0. The estimate (6.9) therefore shows that
the sequence (a(t,)~'/*)5_,0 is equi-integrable on (0,t) and, using Vitali’s
Theorem, we conclude that the convergence in (6.8) also holds in L!(0,t),
pointwise on RV,

Since 2I5 — 1 in L*°(0,00) weak-*, the above considerations allow us
to pass to the limit 6 — 0 in (6.7). Hence, the entropy solution u to (1.4)
satisfies the Duhamel’s formula (6.1). m

6.2 Regularity of the entropy solution: proof of Theorem 2.6

Let us recall that, in the case where II = 0, a regularising effect is proved
for 1 < A < 2in [14]. The authors take advantage of the Duhamel’s formula
involving K rather than K % S_p. Since the regularity and integrability
properties of K *S_1r and V(K *S_11) are similar to the properties of K and
VK (see Proposition 3.1), we can reproduce the techniques used in the proof
of [14, Proposition 5.1, Theorem 5.2]. Therefore the entropy solution u to
(1.4) is indefinitely derivable with respect to = on (0, 00) x RY. Moreover, for
all0 < a < T andall (i1, ...,in) € NV, we have 9i! .0 u € Cy((a, T)xRY).
Finally, the entropy formulation (2.3) with n(s) = £s shows that u satisfies
(1.4) in the distributional sense; hence the spatial regularity of u ensures,
by a bootstrap argument, that it is also regular in time.
Theorem 2.6 is proved.

7 Generalizations

Here we handle two generalisations of (1.4) by the preceding methods.

7.1 Dirac masses in II

Our results remain true if Assumption 1 is replaced by Assumption 2, i.e.
if there exists ¢ € R such that IT := F~I(| - |NH(-) — 1)) € i + LYRYN).
This allows to consider the cases where |¢|*(H(£) — 1) — ¢ quickly enough
as || — oo: for example, it is satisfied if | - |[M(H(-) — 1) — ¢ € WNTLI(RY)
(see also the appendix for a less demanding property on H, which implies
Assumption 2).

Defining II; := IT — ¢dp € L' (RY), equation (1.4) then becomes

Opu + div(f(u)) + gau] + I *u + cu=0.

Thus Assumption 2 consists in adding a linear reaction term cu into the
considered equation.

In terms of mathematical study, the replacement of Assumption 1 by
Assumption 2 brings minor changes (some of which are listed below) and all
the preceding theorems remain valid.
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(i) the term II* u is changed into IIj % u + cu,

(ii) the estimate (4.3) becomes |[u®(t)||oo < e elMl1t||ug||s (and thus
the multiplicative term e~¢ must be applied to all the estimates de-
rived from (4.3)),

(iii) on ((2n — 1)4,2nd] we have dud + 2Ty * u® + 2cu® = 0 so that, if
v = e2yd | equality 0;(v® — Tpv®) + 2 (I — TRI1y) * v° = 0 holds.
Hence, if wy(h) := 2|11} — TpI0; ||1elT el Ty | o, we see that (4.5)
holds true for v° in place of u®. Coming back to u’ the estimate (4.5)
is changed into

‘Ua - 72“5’(2”5; x)
< e 2L (1) 4+ 2P — Thul|(2n — 1)6, 2)
< AMMur(h)s + P’ — Thul[((2n - 1)6,2) .

Therefore (4.6) is valid with wr (h) multiplied by 2™ and K (t—2n4)
by e2l€l9: after having cumulated all the time steps, the final inequality
(4.8) is valid with wy(h) and K2 (s) multiplied by e?/”" and the end

of the translation estimates follows,

(iv) the semi-groups S_y(t), S|ﬁ| (t) and Sy (t) are replaced by e®"S_p, (1),
el 7, (1) and el Sy, (¢).

7.2 Time-dependent II

It is also possible to handle the case where II depends on ¢, for example
IT € C([0,00); LY(RY)). In this case, the solution to dyu(t) + II(t) * u(t) = 0
with initial data u(tg) = ug is no longer given by a semi-group but by the
flow S_t1(t; ) * ug with

Son(tito) =0+ Y (/tt TI(s) ds) "

n>1

Here again the adaptation of the techniques and estimates are quite straight-
forward; for example, the estimate (4.3) becomes

||U§(t)||oo < 62 f[o,t]mJ(S [ITI(s)]]1 dSHUOHOO

The existence and uniqueness of the entropy solution (Theorem 2.3) are

valid under the assumption I € C([0,00); L'(RY)), and the regularising
effect (Theorem 2.6) under the assumption IT € C*°([0, c0); L*(RY)).
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A Appendix: the mathematical assumptions in
the physical context

We come back here to the physical model presented in Section 1. As seen
in [10] and [12], the function W has the integral representation W (is) =
JoZ wi(§)e 8 dé+ [;° (14isE)wa(€)e ¢ d€, with wy and w; regular functions
such that w1 (0) + w2 (0) = ¢b. The numerical approximations [10] of wy and
wy exhibit rapid convergence to 0 at infinity. Hence, integrating-by-part,
one can find asymptotic expansions of W and its derivatives which show
that
limg o0 S(sW (is) — b) exists, is finite and, for k = 1,2,

dk k

L_(sW(is))| + ‘d(s(sW(is) - b))| _0 (i) s oo AD

dsk dsk

We prove here that, thanks to this property of W, the function H (&) =
1+ W (i|£]) is such that

FI(H) - 1)) € 530 + L' (R). (42)

In other words, H satisfies Assumption 2 with A = 1 (%), and thus our
preceding study in Sections 4 and 5 covers the physical model under consid-
eration.

We take a cut-off function xy € C°(R), equal to 1 on [—1,1], and we
write
W (¢)
V1I+W(E]) +1
W (il¢
= (e le]
V1I+W(ig])+1

HEl( =€) — +W;I£i(§‘f>|) 1

= T1(§) + Ta(§) . (A.3)

EIHE) —1) =[]

We are first concerned with 77. By regularity of W, an asymptotic
. W (is) _
expansion of around s = 0 shows that

V/1+W (is)+1
T1(€) = dIE|x(©) + Ex () (€])

In [10], [11], W is actually a complex-valued function and we should take the real part
of /1 + W when defining H. However, in order to simplify the presentation, we will omit
this and study the “full” H = +/1 + W (the real part of this expression cannot have a
worst behaviour than the expression itself). Note also that, in the physical context, W
seems to be small enough to ensure that a smooth determination of the complex square
root can be chosen, so that H can be considered smooth outside £ = 0.
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with d a constant and ~ regular. By Lemma 3.2, we see that

FH-IO) = F - FE)C) = el F 0] € LH(R),

since F~1(x) € S(R). Moreover, the function & — &2y (&)7(]¢]) belongs to
W2L(R) (the singularities at 0 appearing, because of |£|, in the first and
second derivatives of y(|¢|) are compensated by the term ¢2) and its inverse
Fourier transform is therefore integrable. Hence,

F Y1) e L'R). (A.4)

We now handle T5. Since W (is) ~ b/s as s — oo, we see that T5(§) —
b/2 as || — oo. Moreover, for |£| large enough (such that x(§) = 0), we

have
b 2(1EW(EE]) — b) — b(y/1 + W(ilg]) — 1)
2 2(y/1+ W(il¢]) + 1) '
From this relation we understand that T»(§) — % behaves “at worst” at oo
as |£|W (i]€]) — b or W(i[€]). More precisely, since Th — g is regular at £ = 0,
we can write
b p(é)

T5(8) — 5= F+a(§)7

with @ € C2°(R) and p regular, vanishing on a neighbourhood of 0, having
limits at 400 and satisfying |u/(€)| + [¢”(€)] = O(1/|¢]) at infinity (1°).
Lemma A.1 below thus ensures that F~ (T — %) € LY(R), i.e. that

T5(8) -

F YD) e g(so + LY(R). (A.5)

Gathering (A.4), (A.5) and (A.3), we infer that (A.2) holds true, thus
concluding the proof that, in the considered framework, Assumption 2 holds.

Lemma A.l. Let u € C}(R) be such that p = 0 on a neighbourhood of 0
and 1/ (&) = O(1/|€]) as |€] — co. Then F~L(E)) € L1 (R).

|| loc

Moreover, if p € CZ(R) and if % € LY(R), then ]:_1(#) € L'(R).

Proof. Let A > 0 and f4 := ]-'_1(#1[_14714](-)). Then f4 € L*°(R) and,
since %1[_14,14](-) % in S'(R) as A — oo, we have fq — f:= ]-"_1(%)
in §'(R) and thus also in D'(R). We prove below that f4 converges a.e. as
A — oo and that (f4)aso stays bounded by a function g € L{ (R): the

loc
dominated convergence theorem then ensures that f4 converges in Li (R)

and thus that f € LL (R).

loc

19T his is where (A.1) is used: u(€) and its derivatives behave at infinity “at worst” like
|€](|€|W (i|€]) — b) or [|W (i]€]) and their derivatives.

23



To prove the convergence and boundedness of fa, we take a > 0 such
that © =0 on [—a,a] and we write, for z # 0,

— ,U,(f) 2z7rx£

_ / ,U,(f) 217rx§ df
a<|¢|<min(A,1/]z]) 8]
M(f) 2imwé
+1g1, / ——%e d€ .
W=D ], cier<a 1€]

Using, in the second integral sign, the change of variable z = z£ and an
integration by parts, we find

/ ,u(g) e2i7rx§ df
a<|¢|<min(A,1/|z)) €]
M(Z/x)ezmz d

+1 A>1/ —
1A= ] o 2]

/ M(g) 2z7rm£ dé—
a<lel<min(A1/la]) 16l

fa(z) =

1 M(%) e2im|z|A B M(ili‘A) o~ 2im|z|A
{l=lA=1} |z|A 2w |z| A 2im
- eEh
—H{lz|A>1} AT
e e [ Lp/(2)  p(Z)sen(2) s
{lzl4=1} 1<)z|< x| A 2im |2 22

Since p is bounded and /(&) = O(1/[¢]) as |£|] — oo, the integrand in
the last integral sign is bounded by C/z?, with C' not depending on z or
A. Therefore the above expression of f4(z) shows that it converges, for all
x # 0, as A — oo. Moreover, using again the above expression, we find
C > 0, still not depending on = or A, such that

C
’fA(x)| < / dé +C1 r|A>1 +1 r|A>1 /
a<[e|<1/la] |§’ {lz|A>1} {lz|A>1} <z |22

2C'In <

1
alz]

IN

>+C’+2C’::g(x).

Since g € L] (R), the proof that f € L (R) is complete.
We now assume that y € CZ(R) and that “‘ ?) € L'(R). Then, noticing

that
— #(€) som u(&) _ p"©) 1

_ A ) p"(E)
YO = e T
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as £ — oo, we see that v € L'(R) and thus that F~!(v) € L>®(R). Since
flz) = ]:_1(%)(13) = W]:_l(y)(x), we infer that f(z) = O(1/z?) at

infinity so that f € L}(R). m
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