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Abstract. We prove that for any knot K, there exists a one-vertex triangulation of the
3-sphere containing an edge forming K. The proof is constructive, and based on fully
augmented links. We use our method to produce “complicated” simplicial triangulations of
the 3-sphere that we show are smallest possible, up to a constant multiplicative factor.

1. Introduction

Combinatorial properties of triangulations of spheres have been an active field of study for
more than a century. In 1922, Steinitz showed that every triangulation of the 2-dimensional
sphere can be realised as the boundary of a convex 3-polytope [37]; see also [39]. Triangu-
lations of (d-dimensional) spheres with this property are called polytopal and have a very
straightforward combinatorial structure: They can be embedded into (d + 1)-space with
straight lines and faces such that their vertices are in convex position.

In dimension three, not all triangulations of the 3-sphere are polytopal [2]. Instead, simpli-
cial triangulations of the 3-dimensional sphere can be grouped into larger and larger classes
of triangulations, putting fewer and fewer restrictions on their combinatorial properties. For
example, a (non-exhaustive) list of such classes, ordered by inclusion, is given in [6, Theo-
rem 2.1]. See also [7] and the introductions of [6, 29] for more details and a comprehensive
overview over the field.

One method to prove that a triangulation of a 3-sphere does not lie in a given class is
to use knot theory. Namely, various results state that a loop of edges forming a sufficiently
complicated knot inside a triangulation acts as an obstruction to being a triangulation of a
certain type. As an example, Hachimori and Ziegler showed that a triangulation of S3 is not
“constructible” if there is any knot in its 1-skeleton consisting of three edges [18]. Some of
the first explicit examples of such triangulations were given by Lutz [30], who constructed
a simplicial 3-sphere with three distinguished edges forming a trefoil. This was generalised
by Benedetti and Lutz [5], who found explicit examples of triangulations of the 3-sphere
with three edges forming the trefoil, the double trefoil, and the triple trefoil. We give more
history below.

Our main contribution in this article is a construction to make this technique more power-
ful. Namely, we present one-vertex triangulations of the 3-sphere with a distinguished edge
of the triangulation forming a fixed, arbitrary knot.

Theorem 3.8. For any knot K in S3, there is a one-vertex triangulation of S3 with an edge
forming K.

Our result is constructive and explicit, given only a diagram of the knot. The constructed
triangulations are of reasonable size, arising from triangulations that in some cases are even
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conjectured to be minimal; see Section 4.1. We use our triangulations to give an upper bound
on the number of tetrahedra required to triangulate a 3-sphere containing an edge forming
a knot K, where the bound only depends on the input diagram of K; see Theorem 4.1 and
Corollary 4.2. Note that since our triangulations only have one vertex, they are not simplicial,
rather they are generalised triangulations. Generalised triangulations are obtained from a
set of tetrahedra by successively gluing their triangular faces in pairs until we obtain a closed
complex. Often, this gluing process causes all vertices to become identified to a single vertex.

The setting of generalised, or one-vertex triangulations is natural and often more conve-
nient for modern applications in 3-manifold topology; see for example [23, 31]. Moreover,
this setting is still relevant for simplicial triangulations: the second derived subdivision of
any given one-vertex triangulation is simplicial. In this simplicial version, knotted edges
now appear as edge loops of length four. Thus the following is an immediate consequence of
Theorem 3.8.

Corollary 1.1. For any knot K in S3, there is a simplicial triangulation of the 3-sphere
with an edge loop of length four forming K.

The techniques to prove Theorem 3.8 arise from hyperbolic geometry, although the result
is independent of any hyperbolic geometric properties of the knot complement. However, our
method of proof does yield a triangulation such that removing the single vertex and edge,
and collapsing just one of the tetrahedra, yields an ideal triangulation of the complement
of the knot K in S3. Generically (in an appropriate sense), this triangulation has very nice
hyperbolic geometric properties. Namely, the complement of K in S3 admits a hyperbolic
structure, due to Thurston [38], and the given ideal triangulation is realised by positively
oriented, convex ideal hyperbolic tetrahedra [19]. This may have applications to quantum
topology as discussed below.

Our result also has connections to computational geometry and topology. Recently, Bur-
ton and He used computational techniques to build a family of one-vertex triangulations of
the 3-sphere with all their edges being non-trivial knots [9]. This disproved a conjecture on
the nature of triangulations of Seifert fibre spaces. As Burton and He note, many questions
in computational 3-manifold topology arise by observing properties of small triangulations,
that is, 3-manifold triangulations built using only a small number of tetrahedra. Our tri-
angulations, although efficient with respect to the data associated to a knot diagram, lead
to triangulations of the 3-sphere that can have arbitrarily large numbers of tetrahedra. We
expect they may lead to additional counterexamples.

History of 3-sphere triangulations with knotted edges. Triangulations of 3-spheres
with knotted edge loops have been extensively studied in the setting of simplicial trian-
gulations, i.e., simplicial complexes with geometric carrier homeomorphic to the 3-sphere.
See [5, Theorem 2.3] for a summary of results by Benedetti and Ziegler, Ehrenborg and
Hachimori, Hachimori and Shimokawa, and Hachimori and Ziegler [6, 10,17,18].

Benedetti and Lutz used one of these results to construct the first explicit example of a
non-collapsible (simplicial) triangulation of a 3-sphere [5]. Here, a triangulation of a sphere
is collapsible if and only if it admits a Morse function with no critical 2-face (triangle), in the
language of Forman’s discrete Morse theory [11,12]. We can also ask for the class of 3-sphere
triangulations with all of its Morse functions having at least 1, 2, 3, . . . critical 2-faces.

Theorem 1.2 (Benedetti [4], Lickorish [28]). Let S be a (simplicial triangulation of a) 3-
sphere with a subcomplex of m edges, isotopic to the sum of t trefoil knots. For any discrete
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Morse function f on S one has
c2(f) ≥ t−m+ 1,

where c2(f) denotes the number of critical 2-faces of S.

We use our construction from Theorem 3.8 together with Theorem 1.2 to deduce the
following statement, proved in Section 4.2.

Corollary 1.3. For every t ≥ 0, there exists a (simplicial) triangulation of the 3-sphere St

such that every discrete Morse function f on St has at least t− 3 critical 2-faces and St has
at most 242 · (48 · t− 19) tetrahedra.

In Section 4 we present explicit instructions on how to construct one-vertex triangulations
S̃t, with second derived subdivision resulting in St.

H-triangulations. Our construction is inspired by the notion of H-triangulations, a tool
from quantum topology. Following Aribi, Guéritaud, and Piguet-Nakazawa [3, Section 2.1],
define an H-triangulation to be a triangulation T of a closed 3-manifold M with a single
vertex and a distinguished edge E; this edge represents a knot K in M . We say T is an
H-triangulation for (M,K). For any twist knot K, Aribi, Guéritaud, and Piguet-Nakazawa
describe H-triangulations of (S3, K). Thus Theorem 3.8 generalises this result to say that
for any knot K in S3, (S3, K) has an H-triangulation. This triangulation is obtained from an
ideal triangulation by identifying a suitable face, inserting a new tetrahedron, and putting
back the vertices.

H-triangulations have consequences in quantum topology; they are used in [3] to study the
quantum Teichmüller TQFT for twist knots, and to prove the Teichmüller TQFT volume con-
jecture for twist knots. The quantum Teichmüller TQFT was constructed by Andersen and
Kashaev in [1] where they describe H-triangulations. For the quantum applications, edges
of the H-triangulation are given weights, related to angles of a geometric triangulation, and
a conjectural limit is proposed that relates to Kashaev quantum dilogarithm invariants [24].
These are specialisations of the coloured Jones polynomials [32], at the origin of the hyper-
bolic volume conjecture [25]. The notion of H-triangulations is also considered by Kashaev,
Luo, and Vartanov [26], who use H-triangulations of the trefoil, figure-8, 52 and 61 knots to
compute examples of quantum invariants.

We do not consider quantum invariants associated to our construction of H-triangulations.
However, we note that triangulations arising from our construction are frequently geometric,
see work by Ham and Purcell [19], and with well understood volume bounds [13]. This
property may turn out to be useful in potential future applications.
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2. From ideal to one-vertex triangulations

Let M be a closed orientable 3-manifold, and let K be a knot in M , with N(K) a regular
neighbourhood. Suppose M −K has an ideal triangulation T , or equivalently, M −N(K)
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is triangulated by truncated tetrahedra, each with all their truncated vertices on ∂N(K).
Hence, the edges of T have both endpoints on ideal vertices, and are thus called ideal
edges. Suppose the triangulation has a distinguished face T that spans a meridian of N(K):
that is, two of the ideal edges e1 and e2 of T , meeting at the ideal vertex v of T and
oriented towards v, are identified to each other in an orientation preserving manner, and in
a small neighbourhood of T near v, the face T intersects ∂N(K) in a closed curve forming
a meridian. We say that T forms a hat triangle, following Regina [8] nomenclature.1 We
assume throughout this article that T is adjacent to two distinct tetrahedra.

In order to obtain an H-triangulation from T , we consider the following construction:
Cut open the ideal triangulation along the face T . Label the two resulting boundary faces s
and s′. Insert a folded tetrahedron with face pairings given in Figure 2.1 to obtain a closed
triangulation.
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m
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m

s′
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000

222333

Figure 2.1. The tetrahedron ∆∆∆ to be inserted has faces s and s′ glued to
the cut-open face T that was spanning the meridian. The faces labelled m
are folded over the edge E illustrated in black, which becomes the knot.

Theorem 2.1. Let M be a closed orientable 3-manifold, K a knot in M , and T an ideal
triangulation of M − K. Moreover, let T be a face of T that spans a meridian of N(K).
Then inserting the folded tetrahedron ∆∆∆ along T as shown in Figure 2.1 yields a one-vertex
triangulation of M , where the vertex is material, i.e. not ideal. The distinguished edge E in
∆∆∆ forms the knot K ⊂ M .

The main steps of the proof of Theorem 2.1 are carried out in Lemma 2.3, Lemma 2.4,
and Lemma 2.5. We start with the following immediate consequence:

Corollary 2.2. When M = S3 in Theorem 2.1, E forms the knot K in the resulting one-
vertex triangulation of S3.

Lemma 2.3. Gluing the tetrahedron ∆∆∆ from Figure 2.1 into an ideal triangulation with one
ideal vertex along a hat triangle yields a one-vertex triangulation of a closed manifold. That
is, the neighbourhood of the vertex class is homeomorphic to the 3-ball.

Proof. Figures 2.2 to 2.4 show that the boundary of a neighbourhood of the ideal vertex
becomes a sphere. Thus when the neighbourhood pieces are patched together, they form a
ball with this sphere as boundary.

In more detail, the torus ∂N(K) inherits a cusp triangulation from the ideal triangulation
of M −K: this is the intersection of ∂N(K) with the ideal tetrahedra. Thus the triangles of
∂N(K) come from triangles parallel to truncated ideal vertices. The distinguished face T is

1Such a T is also known as a horn triangle.
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adjacent to two tetrahedra, which we call ∆1 and ∆2, and we label the ideal vertices of ∆j,
j = 1, 2, by 0, 1, 2, and 3 such that face T is identified with face (013) of ∆1 and face (310)
of ∆2. The face T has three ideal vertices, each of which meets the cusp triangulation; in the
cusp triangulation we see three edges of triangles corresponding to intersections of T with
∂N(K). In Figure 2.2(A), these edges are drawn in orange. By hypothesis, one of them is
an edge spanning a meridian, which we have placed on the left and right of a quadrilateral
fundamental domain for ∂N(K); this is the thick vertical edge, drawn on both vertical sides
of the rectangle. The other two edges coming from intersections of T with ∂N(K) share a
common endpoint (as T is a hat triangle), namely the orange point drawn in the middle of
the horizontal sides.

We label the ideal vertices of both ∆1 and ∆2 such that the meridian coming from T
runs across the triangles at the ideal vertex labelled 1. Hence, the cusp triangles on the far
left and far right are parallel to the ideal vertices ∆1(1) and ∆2(1) of tetrahedra ∆1 and
∆2, respectively. The four edges running from 1 down to 0 and from 1 down to 3 in ∆j,
j = 1, 2 are all glued together. Call the resulting edge class e. The intersection of ∂N(K)
with one end of this edge class e forms the corners of the quadrilateral. We have chosen the
quadrilateral fundamental domain so that the upper and lower sides of the quadrilateral also
meet e at its other end, as it runs from vertex 0 down to 1 and from 3 down to 1 in each of
∆1, ∆2. Adjacent to these, we see triangles labelled ∆j(0) and ∆j(3), j = 1, 2.
Now slice open the triangulation of M − N(K) along the face T . The cusp triangu-

lation changes as in Figure 2.2(B). Slicing open yields two unglued ideal triangles, whose
intersections with ∂N(K) are shown in Figure 2.2(B) in orange and green.
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Figure 2.2. (A) Start with cusp neighbourhood where i = 1 and j = 2 or
i = 2 and j = 1. (B) Cut along face T to unglue face ∆1(013) from ∆2(013).

When we attach the new tetrahedron ∆∆∆ of Figure 2.1, we add a new vertex to the cusp
triangulation, corresponding to the edge E, as well as four new triangles (parallel to the
vertices of ∆∆∆) and their side gluings. These four triangles with gluings coming from faces
s and s′ are shown in Figure 2.3. Here s is the orange face, and s′ is the green face. We
have not yet identified the sides of the triangles coming from identifying the faces labelled
m. However, these sides of triangles in the figure are each labelled with an arrow and one,
two, or three tick marks, indicating how they must be identified.

Identifying faces labelled m folds the two triangles on the far left and far right, identifying
their top and bottom, as indicated by arrows with single and double ticks in Figure 2.3.
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Figure 2.3. Glue faces ∆1(013) and ∆2(013) to faces s (orange) and s′

(green) of ∆. The new vertices at left and right are ends of E.

We then identify the double arrowed edges and the single arrowed edges. The result is a
disc with two sides, coming from faces labelled m, shown in Figure 2.4. These two sides are

∆1 ∆2

∆2

∆2

∆1

∆1

∆∆∆

∆∆∆

∆∆∆∆∆∆

Figure 2.4. Result.

identified, creating a sphere. □

Lemma 2.4. Let M ′ be a closed manifold with a one-vertex triangulation T obtained from
M−K with distinguished edge E described in Lemma 2.3. Then the complement of a tubular
neighbourhood of E is a manifold homeomorphic to M −N(K).

Proof. Note that endpoints of E lie on the single vertex of T , so a tubular neighbourhood
of E contains this vertex. Start by removing a neighbourhood of the vertex from the closed
manifold M ′. This truncates all vertices of all tetrahedra; the truncated distinguished tetra-
hedron ∆∆∆ is shown in Figure 2.5(A).

Now remove a neighbourhood N(E) of the distinguished edge E. The effect on the tetra-
hedron ∆∆∆ is shown in Figure 2.5(B), and again in Figure 2.5(C), where (C) shows the
tetrahedron as viewed from the cusp neighbourhood of the knot complement. The remnants
of faces m are shaded in these figures.

Note that the truncated tetrahedron now forms a regular neighbourhood of the original
face T , as in Figure 2.5(D). This deformation retracts to T , giving a homeomorphism to
M −N(K). □
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(A) (B) (C) (D)
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Figure 2.5. An illustration of the proof of Lemma 2.4. Dotted blue lines
bound a disc in N(E). In (B,C), the pairs of dotted blue lines are identified.

Lemma 2.5. Inserting tetrahedron ∆∆∆ performs Dehn filling on M −N(K), where the slope
of the Dehn filling corresponds to the slope spanned by the triangular face T . Thus the Dehn
filling is along a meridian, and yields M .

Proof. By Lemma 2.4, the manifold obtained by adding the tetrahedron ∆∆∆ of Figure 2.1 is
obtained from M − N(K) by inserting a solid torus equal to a neighbourhood of the edge
E. Inserting a solid torus into M − N(K) is a Dehn filling. It remains to check that the
Dehn filling slope is the meridian, to yield M . Note that the Dehn filling slope is the unique
non-trivial slope on ∂N(K) that bounds a disc after Dehn filling.
A meridian of M −N(K) is shown as the thick orange vertical edge on the left and right

of the fundamental region in Figure 2.2(A). Gluing in ∆∆∆ with N(E) removed inserts this
truncated tetrahedron as a neighbourhood of the face T , with the boundary of a disc shown
as the blue dotted line in Figure 2.5(B), (C), and (D). Note this is exactly the slope spanned
by T . □

Proof of Theorem 2.1. By Lemma 2.5, inserting ∆∆∆ performs meridional Dehn filling on the
manifold M −K, so the result is M . Moreover, it yields a triangulation of M with just one
vertex, which is shown in Lemma 2.3.

By Lemma 2.4, the complement of a regular neighbourhood of the distinguished edge is
homeomorphic to M − N(K). A regular neighbourhood of the union of the edge and the
single vertex forms a solid torus in M . Since the meridian of the solid torus is mapped to
the meridian of M −N(K), the homeomorphism from M −N(E) to M −N(K) extends to
a homeomorphism of M , taking E to K. Therefore, the edge forms the knot K. □

3. Triangulations of knot complements with a meridional triangle

We first apply Theorem 2.1 to an infinite family of (hyperbolic) knot complements with
known triangulations before utilising the machinery of hyperbolic fully augmented links to
apply the theorem to complements of arbitrary knots.

Proposition 3.1. Let K be a hyperbolic 2-bridge knot (i.e. not a (2, q)-torus knot). There
exists a one-vertex triangulation of S3 with an edge forming K.

Proof. The well-known Sakuma–Weeks triangulations of hyperbolic 2-bridge knots, studied
in [36] and shown to be geometric in [16], always contain a face spanning a meridian. The
tetrahedron containing this face lies between the two so-called “hairpin turns”. See, for
example [16, Figure 19], or [35, Figure 10.12]. Theorem 2.1 then proves the result. □
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(A) (B) (C) (D)

Figure 3.1. (A) A flat fully augmented link. (B) A knot with three twist
regions, with twist regions marked in blue. (C) Add crossing circles to

augment the knot. (D) The corresponding fully augmented link.

We generalise Proposition 3.1 to any knot in the 3-sphere by relating knots to Dehn fillings
of hyperbolic fully augmented links — a well-studied tool in hyperbolic geometry.

In the remainder of this section, we first recall the definition of a fully augmented link.
We then show that every knot complement in the 3-sphere is obtained by Dehn filling a
hyperbolic fully augmented link. Finally, we prove that a hyperbolic fully augmented link
and its Dehn fillings can be triangulated to ensure a face spans a meridian. The construction
is explicit at every stage, allowing us to bound the number of tetrahedra.

Definition 3.2 (Fully augmented link). A flat fully augmented link in S3 is a link with a
diagram consisting of two types of components: Knot strands are closed curves embedded in
the plane of projection; crossing circles are simple unknots meeting the plane of projection
orthogonally, bounding a disc that is punctured by the knot strands exactly twice. A fully
augmented link is obtained from a flat fully augmented link by inserting one or zero crossings
into the knot strands in a neighbourhood of a crossing circle.

An example of a flat fully augmented link is shown in Figure 3.1(A), and a more general
fully augmented link in Figure 3.1(D).

Under mild restrictions, fully augmented links are hyperbolic with very explicit hyperbolic
geometry; see [14,27,33,34]. For this reason, they are well-studied in hyperbolic knot theory.
Our application does not require any of their geometric properties, but uses geometry to
imply the existence of a triangulation.

Proposition 3.3. Any knot K in S3 can be obtained from some hyperbolic fully augmented
link by Dehn filling the crossing circle components.

Proof. When the knot is hyperbolic, this is well known. We step through the parts of the
proof that we need.

Let K be any knot or link in S3. Take a diagram of K and consider its twist regions :
these are regions of the diagram where two strands twist maximally, forming a collection of
bigons arranged end to end. A single crossing adjacent to no bigons is also a twist region.
Figure 3.1(B) shows a knot diagram with three twist regions indicated. A diagram is twist
reduced if, whenever a simple closed curve on the plane of projection meets the diagram in
four points, adjacent to two crossings, the curve bounds a region of the plane containing
a (possibly empty) twist region (see also [34, Figure 6]). Any diagram can be modified by
flypes to be twist reduced.

Augment a twist reduced diagram by inserting a simple unknot called a crossing circle
encircling each twist region, bounding a disc that punctures the diagram twice, as in Fig-
ure 3.1(C). Note that there are two ways to do this if the twist region contains a single
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crossing; either one is suitable. Next, adjust the diagram by removing an even number of
crossings in each twist region, so that each crossing circle is adjacent to either zero or one
crossings, depending on whether the original twist region had an even or an odd number of
crossings. See Figure 3.1(D). Note that the link obtained by removing crossings in pairs has
complement homeomorphic to the link with added crossing circles, via a cut–twist–reglue
homeomorphism (as in [35, Proposition 7.2]). The original link is obtained by performing
1/ni Dehn filling on the ith crossing circle, where ni is an integer such that 2|ni| crossings
were removed to form the fully augmented link, and the sign is chosen to ensure the crossings
have the correct sign.

The fully augmented link constructed above is hyperbolic if and only if before adding
crossing circles (or augmenting), it came from a non-splittable, prime, twist reduced diagram
with at least two twist regions; see [33, Theorem 6.1]. Because we are working with knots,
all diagrams are non-splittable. As noted above, by performing flypes we may assume our
diagrams are twist reduced. Thus it remains to consider separately the case that there is
only one twist region, and the case that the diagram is not prime.

In the case of a single twist region, the knot is a (2, q)-torus knot, |q| > 2. Given the
standard diagram of the (2, q)-torus knot, we insert q crossing circles, one per crossing,
meeting bigon regions of the diagram rather than encircling twist regions; see Figure 3.2,
left. This link complement is homeomorphic to the link complement where 2n crossings are
added adjacent to each crossing circle, n ≥ 3. Thus the link complement is also obtained
from augmenting a prime, twist reduced diagram with |q| > 2 twist regions.2 Then [33,
Theorem 6.1] proves that the fully augmented link is hyperbolic. Performing 1/0 Dehn
fillings on all crossing circles in the original fully augmented link diagram returns the original
(2, q)-torus knot.

Figure 3.2. Left to right: augmenting a (2, q)-torus knot to a hyperbolic
fully augmented link; an example of a fully augmented link with a diagram
that is not prime; adjustment of the diagram to produce a hyperbolic fully

augmented link.

If the diagram is not prime, by definition there exists a simple closed curve γ in the plane
of the diagram, meeting the diagram exactly twice, bounding discs on either side in the
plane of projection that contain crossings. When we augment as above, the curve γ meets
exactly two knot strands of the fully augmented link, and the discs on either side contain
crossing circles. This is a connected sum of augmented links L1 and L2, connected along two
knot strands. We show that in the case that L1 and L2 are hyperbolic fully augmented links
we may modify the construction to obtain a new hyperbolic fully augmented link, with the
original knot obtained from Dehn filling this new link. The result then follows by induction
on the number of curves γ.

2This is the augmented diagram of a pretzel link with |q| > 2 twist regions and 2n + 1 crossings per twist
region.
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For the modification, the connected sum of L1 and L2 occurs along two knot strands
bounding regions of each diagram that are merged after the connect sum procedure. Take
knot strands from each of L1 and L2 bounding adjacent regions of the diagram, and isotope
them to run up to either side of the curve γ. Add a crossing circle between these two strands,
with the crossing circle piercing γ. An example of this is shown on the right of Figure 3.2,
where γ is given as the dotted line. We claim that the resulting augmented link is a prime,
twist reduced diagram. Twist reduced follows from the fact that L1 and L2 arise from twist
reduced diagrams, and the newly added crossing circle cannot be parallel to an existing
crossing circle since it straddles the two links. For primeness, the curve γ no longer meets
the diagram exactly twice. Suppose for contradiction that δ is a simple closed curve in the
plane of the diagram meeting the link diagram exactly twice, bounding discs on either side
in the plane of projection that contain crossings. No such δ exists that avoids γ, since such a
δ must lie in the diagram of L1 or L2, which we have assumed to be hyperbolic (hence prime)
and twist-reduced. But if δ runs through a neighbourhood of γ, our construction ensures that
every such curve meets the diagram more than twice, yielding the desired contradiction. □

Lemma 3.4. A fully augmented link complement can be subdivided into a triangulation
with at most 2 · (6c − 4) ideal tetrahedra, where c is the number of crossing circles. In this
triangulation, each cusp neighbourhood of a crossing circle is met by exactly four tetrahedra,
meeting in one ideal vertex. For each crossing circle, there are four faces of the triangulation
that, together, form the twice-punctured disc bounded by a crossing circle.

Note that the tetrahedra count in Lemma 3.4 is optimised for links with a small number
of twist regions relative to the overall crossing number. For links where the average number
of crossings per twist region is small, there are likely modifications of our argument leading
to a smaller tetrahedra count. But we do not focus on this in this paper. See Section 4.2 for
some discussions and clarifying remarks.

Proof of Lemma 3.4. Consider the standard geometric decomposition of a hyperbolic fully
augmented link into identical convex, right angled, ideal hyperbolic polyhedra. This was
first explained in [27, Appendix]; see also [34]. Note that in [27, Appendix], the authors
proceed to refine this decomposition into a triangulation with 10(c− 1) tetrahedra, which is
different from the triangulation we present here.

In short, the decomposition is illustrated in Figure 3.3, which first appeared in [19]. First
slice through each 2-punctured disc bounded by a crossing circle, and then rotate by 180◦

where necessary to untwist any single crossings of knot strands. Next cut along the plane of
projection, separating the link complement into two identical pieces. Then shrink remnants of
the link to ideal vertices. The resulting ideal polyhedra admit a complete convex hyperbolic
structure, with faces coming from the projection plane corresponding to a circle packing, and
the 2-punctured discs bounded by crossing circles corresponding to a dual circle pattern.

Observe that four shaded ideal triangles make up each crossing disc in the decomposition:
two from each of the two identical polyhedra, with each pair meeting in “bow ties.” These
are the shaded triangles in Figure 3.3.

We subdivide these polyhedra as in [19, Proposition 2.3] without affecting the shaded
triangles. We briefly step through the details to confirm the required properties.

Choose a crossing circle. This circle corresponds to an ideal vertex in each of the two
identical convex hyperbolic polyhedra making up the decomposition. Denote these polyhedra
by P1 and P2. We first focus on one of the polyhedra, say, P1. Take the ideal vertex
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Figure 3.3. The decomposition of a hyperbolic fully augmented link into
polyhedra, from [19].

(A) (B) (C) (D)

Figure 3.4. (A) Three important ideal edges on a crossing disc. (B) Lifting
the ideal vertex corresponding to a crossing circle to infinity in the upper half
space model, viewed from ∞, with the green rectangle closest to the viewer
and highest in upper half space. The dashed circle indicates a hyperbolic
plane that we use to cut off two triangles. (C) A fundamental region with

choice of triangulation of this cusp. (D) A cusp triangulation.

corresponding to a crossing circle to infinity in the hyperbolic structure. The two adjacent
shaded triangles lift to lie on parallel vertical hyperbolic planes, which lie over parallel
Euclidean lines on the boundary at infinity ∂∞H3. The two adjacent white faces, coming
from faces of the plane of projection, lift to vertical planes lying over parallel Euclidean lines
that meet the shaded faces orthogonally, forming a rectangle on ∂∞H3 as in Figure 3.4(B).
Because the vertical white and shaded faces meet the crossing circle cusp in a rectangle,

there is a Euclidean circle meeting each of its corners, slicing off a geodesic plane in H3. This
slices P1 into two parts: a rectangular pyramid with base the geodesic plane, giving a cusp
neighbourhood of the crossing circle ideal vertex, and a (possibly degenerate) convex ideal
polyhedron in its complement, as in [19, Lemma 2.2]. Triangulate the cusp neighbourhood
by choosing a diagonal.

Now consider P2. A face pairing of a white side glues this polyhedron to the original,
giving a fundamental region for the link complement. Slice off a geodesic plane similarly,
and triangulate the cusp by reflecting the diagonal, as shown in Figure 3.4(C). This gives
the cusp triangulation as claimed.

This completes the construction of the crossing circle cusp triangulation in the flat case.
In the case that the crossing circle meets a crossing, or half-twist, the cusp shape is sheared
under the face pairing identification, as in Figure 3.5. The cusp is still triangulated as
claimed.

It remains to subdivide the remainder of the polyhedra, and to count the number of
tetrahedra. First note that, by [19, Lemma 2.2], the remnant may be degenerate. In this
case, the original fully augmented link had only two crossing circles, hence there are 8 = 2 ·4
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Figure 3.5. When the crossing disc meets a half twist, the fundamental
region is the same, but the face pairing shears the cusp torus. The cusp

triangulation is shown on the right.

tetrahedra in total. See [19, Figure 3] and [27, Figure 15] for two informative illustrations of
this situation.

Otherwise, after inserting the two ideal tetrahedra of P1 incident to a given crossing circle
cusp, the corresponding bow tie of shaded faces, together with triangular portions of the
adjacent white faces thickening the bow tie into a rectangle, are covered by two triangles
triangulating this rectangle. In particular, after covering all c ideal vertices corresponding
to crossing circles this way, the modified version of P1, as seen from its centre, now has 2c
remaining ideal vertices and, after triangulating all of its faces, 4c − 4 triangles. Reflecting
through the white faces shows the same result for P2. Denote the resulting polyhedra by P ′

1

and P ′
2.

We now triangulate each of P ′
1 and P ′

2 into 4c− 4 tetrahedra by coning over their centres.
This yields an overall triangulation of 2 · (4c− 4) + 4c = 2 · (6c− 4) tetrahedra, as desired,
although we have added new material vertices. To obtain an ideal triangulation, instead cone
over an existing vertex. In fact, this yields an improvement of at least 8 tetrahedra in the
non-degenerate case. However, the bound proven here is the right order of magnitude. □

Lemma 3.5. The triangulation of Lemma 3.4 can be adjusted such that

(1) for each crossing circle, there is a triangular face spanning a meridian of the link;
(2) each crossing circle cusp meets exactly two tetrahedra in exactly one ideal vertex.

The adjustment replaces the four tetrahedra adjacent to a crossing circle by five tetrahedra if
the crossing circle meets no crossing, and four tetrahedra if it is adjacent to a crossing.

Proof. Remove the four tetrahedra adjacent to a crossing circle. This leaves an object with
2-punctured torus boundary, triangulated as in Figures 3.4 and 3.5, with the pink edges
identified.

When there is no half twist, the 2-punctured torus is triangulated as in Figure 3.4(D).
Attach to this a triangular prism as in Figure 3.6(A) and (B). This has three rectangular
faces, two of which match the two rectangles of the 2-punctured torus, and the remaining
face capping off these two rectangles. The other two faces of the prism are triangles, glued
to the ideal shaded faces shown in Figure 3.4(C).

The shaded triangular face on the left of that prism (as well as the one on the right) now
spans a meridian. Recall that the two pink edges of the face are both identified to the edge
running between punctures on the 2-punctured crossing disc bounded by the crossing circle.
The third edge (light blue) of the triangle runs from one of the punctures of the crossing
circle disc to encircle a meridian of the other knot strand component.
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(A) (B) (C) (D)

Figure 3.6. (A) The three tetrahedra making up a triangulated prism,
(B) the tetrahedra stacked into the triangulated prism, (C) the two triangles
facing the crossing circle cusp, (D) the edges corresponding to blue and pink

edges shown on the crossing disc in the fully augmented link.

In the case that there is a crossing adjacent to a crossing circle, the 2-punctured torus,
which is obtained by removing the four tetrahedra meeting the crossing circle cusp, is tri-
angulated as in Figure 3.7. Here, the situation is simpler. Layer a tetrahedron over the
horizontal edge in the centre, covering the two triangles sharing an edge with the left bound-
ary of the fundamental domain. One of the remaining triangles of the layered tetrahedra is
now a shaded face spanning a meridian, and the remaining triangular face now facing the
cusp. Attach a similar tetrahedron to the remaining two triangles sharing an edge with the
right boundary of the fundamental domain. After identifying the shaded faces, two triangles
are left over facing the crossing circle cusp, see Figure 3.7 for an illustration.

(A) (B) (C) (D)

Figure 3.7. (A) Two tetrahedra to layer onto the two-punctured torus
(B) as shown on the cusp neighbourhood, (C) as a result we have two

triangles facing the crossing circle cusp. (D) The edges corresponding to blue
and pink edges shown on the crossing disc in the fully augmented link.

Finally, in both cases, attach two ideal tetrahedra, each with one face on one of the
two ideal triangles forming the new boundary after attaching the triangulated prism. The
opposite ideal vertex is mapped to the crossing circle cusp, forming the cusp triangulation
as claimed. Repeat this for all crossing circles, replacing four tetrahedra per crossing circle
with four or five tetrahedra. □

Lemma 3.6. Suppose a cusp meets exactly two ideal tetrahedra in exactly one ideal vertex.
Then a 1/n Dehn filling along that cusp can be realised by removing these two ideal tetrahedra,
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and adding a triangulated solid torus containing at most |n|−1 tetrahedra in the triangulation
if |n| ≥ 2, and at most one tetrahedron if |n| = 1 or n = 0.

Proof. If |n| > 2, the Dehn filling is obtained by inserting a layered solid torus, as in [15];
see also [19, Section 3.1], or [21, Section 3.1]. After removing the original two tetrahedra,
we have an object with boundary a triangulated 1-punctured torus. Triangulations of 1-
punctured tori are organised by the Farey triangulation of H2. The solid torus that gives
the Dehn filling is obtained by walking through the Farey triangulation from the triangle
corresponding to the initial triangulation of the 1-punctured torus, and finishing exactly
one step away from a triangle meeting the Dehn filling slope, then folding unglued faces.
When the original triangulation has edges labelled 0/1, 1/0, and ±1/1, as is the case for the
triangulations for Lemma 3.5, there are at most |n| steps in the Farey graph between the
triangle of these slopes and a triangle meeting slope 1/n. Hence we attach at most |n| − 1
tetrahedra to perform the Dehn filling.

When |n| = 2, the distance between the original triangle and the Dehn filling slope is
either 1 or 2, so we either attach one tetrahedron and then fold, or we may fold immediately.
In either case, at most |n| − 1 = 1 tetrahedra are added.

When |n| = 1 (n = 0), the slope of the Dehn filling may be (is) one of the existing edges
of the triangulation. In this case, layer on a tetrahedron covering that edge, then fold so
that edge bounds a disc. This was called the extra-exceptional case in [21]. If the Dehn
filling slope is not one of the existing edges, the distance between the original triangle and
the Dehn filling slope is 1, and we can fold without layering a tetrahedron. In any case, the
result is a triangulation of the Dehn filling. □

Proposition 3.7. Every knot K obtained by Dehn filling crossing circles in a hyperbolic
fully augmented link in S3 has complement S3−K admitting an ideal triangulation in which
a face spans a meridian.

Proof. By Lemma 3.4, we can subdivide a fully augmented link into tetrahedra with faces
forming a triangulation of the disc bounding a crossing circle. By Lemma 3.5, this trian-
gulation can be adjusted to obtain a face spanning a meridian for each crossing circle. By
Lemma 3.6, we can then perform Dehn fillings by replacing two tetrahedra per crossing circle
with a triangulated solid torus. Observe that no other tetrahedron in the decomposition is
changed by the Dehn filling. In particular a face spanning the meridian of the knot strand
remains a face spanning the meridian. Repeat this for each crossing circle. The final result
is a triangulation of the knot complement with a face spanning a meridian for each crossing
circle. This satisfies the conclusion of the proposition. □

Theorem 3.8. For any knot K in S3, there is a one-vertex triangulation of S3 with an edge
forming K.

Proof. Let K be a knot in S3. By Proposition 3.3, K can be obtained from some hyperbolic
fully augmented link by Dehn filling the crossing circle components. By Proposition 3.7,
S3 −K admits an ideal triangulation in which a face (a hat triangle) that spans a meridian.
Corollary 2.2 proves the result; a one-vertex triangulation of S3 with an edge forming K is
obtained from T by inserting the folded tetrahedron ∆∆∆ along a hat triangle. □

4. Applications

In this section we present two applications of our construction. We start by summarising
the results from Section 3 regarding the size of our triangulations.
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Theorem 4.1. Suppose K is obtained by Dehn filling a hyperbolic fully augmented link with
c crossing circles, along Dehn filling slopes 1/n1, . . . 1/nc. Then the one-vertex triangulation
from Theorem 3.8 contains at most 12c+

∑
|ni| − 7 tetrahedra.

Proof. We first triangulate the fully augmented link as explained in the proof of Lemma 3.4.
This yields a triangulation with 2 · (6c−4) = 12c−8 tetrahedra. Adjusting the triangulation
to obtain two-triangle crossing circle cusps following Lemma 3.5 adds at most one tetrahedron
per crossing circle cusp, bringing the total to at most 13c − 8 tetrahedra. By Lemma 3.6,
every Dehn filling 1/ni, with |ni| > 1, removes two tetrahedra and replaces them by at most
|ni|−1 tetrahedra, while every Dehn filling along slope 1/(±1) or 1/0 removes two tetrahedra
and adds at most a single extra tetrahedron.

It follows that the overall number of tetrahedra is bounded above by 13c − 8 − 2c + c +∑
|ni| = 12c− 8 +

∑
|ni|. Finally, adding the single tetrahedron ∆ via Corollary 2.2 yields

the result. □

Corollary 4.2. Let K be a hyperbolic knot in S3. Suppose K has a prime, twist-reduced
diagram D with c twist regions, containing t1, . . . , tc crossings respectively. Then there is a
one-vertex triangulation of S3 with an edge forming K, and at most 12c +

∑c
j=1⌊tj/2⌋ − 7

tetrahedra.

Proof. Following the standard procedure as in Proposition 3.3, augment D with crossing
circles around each of the c twist regions. Remove an even number of crossings from each
twist region, to obtain a fully augmented link L. Then S3 \K is obtained from S3 \ L by
1/ni Dehn filling the ith crossing circle, where 2|ni| = ti or ti − 1 accordingly as ti is even
or odd, i.e. |ni| = ⌊ti/2⌋. As D is prime, twist reduced, and must have at least two twist
regions since K is hyperbolic, L is hyperbolic. Theorem 4.1 then gives the result. □

A straightforward consequence from Theorem 4.1 is that our construction is most efficient
for prime knots with few twist regions or, more generally, for knots with few crossing circles
(relative to their numbers of crossings) in their fully augmented link diagrams. In what
follows, we discuss two families of examples that are extreme with respect to this observation:
one with only two crossing circles (Section 4.1), and one with the number of crossing circles
exceeding the crossing number of the initial diagram (Section 4.2).

4.1. Knots with few crossing circles. Consider a twist-reduced, crossing minimal dia-
gram of the double twist knot J(k, ℓ), with k and ℓ crossings in its two respective twist
regions. Its fully augmented link diagram has two crossing circles and either 0 or 1 crossings
depending on the parities of k and ℓ. (The case when k and ℓ are both odd is omitted
because in this case J(k, ℓ) is a two-component link.) The knot J(k, ℓ) is recovered from this
diagram by performing 1/⌊k/2⌋ and 1/⌊l/2⌋ Dehn fillings on the respective crossing circles.
Following [19, Lemma 2.2], we can triangulate the complement of J(k, ℓ) starting from

the 8-tetrahedra triangulation with degenerate remnant, as described in Lemma 3.4. To
triangulate J(k, ℓ) crossing circle by crossing circle, we have to distinguish two cases: an
even and an odd number of twists in a twist region.

If we have an even number n > 2 of twists in a twist region, the respective crossing circle
is not adjacent to a crossing. Inserting the prism construction from Figure 3.6 adds three
tetrahedra. Note that we get to choose the diagonal of the two boundary triangles facing
the cusp and we hence only need to layer n − 2 more tetrahedra before we fold to realise a
1/n Dehn filling. Altogether, this requires 1 + n/2 tetrahedra.
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If we have an odd number n > 1 of twists in a twist region, the respective crossing circle
is adjacent to a crossing. We first layer two tetrahedra as shown in Figure 3.7. Note that,
this time, we do not get to choose the diagonal which, moreover, is always facing into the
wrong direction, causing us to layer another (n − 1)/2 − 1 tetrahedra before we can fold.
Altogether, this requires 1 + (n− 1)/2 tetrahedra.

It follows that the complement of J(k, ℓ) has an ideal triangulation with a meridional hat
triangle and 2 + ⌊k/2⌋+ ⌊ℓ/2⌋ tetrahedra, and hence there exists a one-vertex triangulation
of S3 with 3 + ⌊k/2⌋+ ⌊ℓ/2⌋ tetrahedra and an edge forming J(k, ℓ).
The ideal triangulations are conjectured to use the smallest possible number of tetrahedra

in forthcoming work by the first three authors of this article [22].

4.2. Knots with many crossing circles. As mentioned above, the triangulation con-
structed to prove Theorem 3.8 has some inefficiencies when the number of crossing circles is
high with respect to the number of crossings or, equivalently, the Dehn fillings have small
slopes, such as 1/0 or 1/1. However, even in this case our construction yields interesting
results. We focus here on the t-fold connected sum of the trefoil Kt.

Corollary 4.3. Let Kt be a t-fold connected sum of the trefoil knot. Then there exists
a one-vertex triangulation of the 3-sphere with an edge forming Kt and at most 48t − 19
tetrahedra.

Proof. The knot Kt famously has crossing number 3t, and, following our construction in Sec-
tion 3, a fully augmented link diagram of Kt requires 4t−1 crossing circles: one per crossing,
and one crossing circle per connected sum operation. See Figure 4.1 for an illustration of
such a fully augmented link diagram. Moreover, to recover Kt from this fully augmented link
diagram, each crossing circle must be Dehn-filled with slope 1/0. The result now directly
follows from the (non-optimal) bound given in Theorem 4.1. □

...

...

...

...

Figure 4.1. Fully augmented link diagram of a t-fold connected sum of
trefoils.

Passing to the second derived subdivision of the triangulation from Corollary 4.3 imme-
diately yields the following result.

Corollary 4.4. There exists a 242 · (48t − 19) tetrahedron simplicial triangulation of the
3-sphere, containing an edge loop of length 4 forming a t-fold connected sum of the trefoil.

Corollary 4.4 combined with Theorem 1.2 now finishes the proof of Corollary 1.3, that
there exists a simplicial triangulation of the 3-sphere T with 242 · (48t− 19) tetrahedra such
that every discrete Morse function on T must have at least t − 3 critical 2-faces. We use
Theorem 1.2 in the opposite direction to prove a lower bound on the size of a triangulation
of the 3-sphere with a short edge loop forming Kt.
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Corollary 4.5. Let Kt denote the t-fold connected sum of the trefoil. For any positive
integer t, and any positive integer m, suppose a simplicial triangulation of the 3-sphere
contains an edge loop of size at most m forming Kt. Then the triangulation must contain at
least 1

2
(t−m+ 1) tetrahedra.

Proof. Fix positive integers t and m. Take a simplicial triangulation of the 3-sphere T
with an edge loop of length at most m forming Kt, and suppose the triangulation has R
tetrahedra.

By Theorem 1.2, every discrete Morse function on T must have at least t−m+1 critical
triangles, and hence must contain at least t−m+1 triangles overall. On the other hand, T
has R tetrahedra and hence 2R triangles. □

In particular, when m = 4, such a simplicial triangulation has O(t) tetrahedra, showing
that the triangulation of Corollary 4.4 is asymptotically optimal up to a constant factor.

Remark 4.6. A technique contained in forthcoming work by the fourth author together with
He and Sedgwick [20], contains an alternative procedure to obtain a slightly smaller one-
vertex triangulation of the 3-sphere with an edge forming a t-fold connected sum of the trefoil
Kt. This procedure triangulates crossing gadgets using 9 tetrahedra each. Starting with a
diagram of Kt with 3t crossings, these are assembled to form a 27t-tetrahedron triangulation
of the 3-sphere with an edge-loop of length 6t forming Kt. Using an improved version of
Jeff Weeks’ tunneling trick, this triangulation can be adjusted to a (33t − 1)-tetrahedron
one-vertex triangulation of the 3-sphere containing K as a single loop-edge.

The same work also contains a lower bound of such a triangulation of 2t: There exists a 1-
tetrahedron triangulation of the 3-sphere containing an edge loop forming the trefoil. A t-fold

connected sum of the trefoil is then shown to contain at least t+
t∑

i=1

1 = 2t tetrahedra. This

bound is not expected to be tight, but provides an alternative proof that our triangulations
are optimal up to a constant multiplicative factor.
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