
The metric

gab (x) =
(
gab −

1
3
xcxdRacbd −

1
6
xcxdxe∇cRadbe +

2
45
xcxdxexfRacdgRbefg −

1
20
xcxdxexf∇cdRaebf +

1
45
xcxdxexfxgRacdh∇eRbfgh +

1
45
xcxdxexfxgRbcdh∇eRafgh

− 1
90
xcxdxexfxg∇cdeRafbg

)
+O

(
ε6
)

The inverse metric

gab (x) =
(
gab +

1
3
xcxdRa

c
b

d +
1
6
xcxdxe∇cR

a
d

b
e +

1
15
xcxdxexfRa

cdgR
b

efg +
1
20
xcxdxexf∇cdR

a
e

b
f +

1
30
xcxdxexfxgRa

cdh∇eR
b

fgh

+
1
30
xcxdxexfxgRb

cdh∇eR
a

fgh +
1
90
xcxdxexfxg∇cdeR

a
f

b
g

)
+O

(
ε6
)

The connection

Here we use γa
bcd as coefficients in the Taylor series expansion of the connection Γa

bc(x) around x = 0. The symbols Γa
bcd are reserved for the generalised connections.

Γa
bc(x) = γa

bcd x
d + γa

bcde x
dxe + γa

bcdef x
dxexf + γa

bcdefg x
dxexfxg +O

(
ε6
)

Here we also introduce the notation (abc)(...) to denote symmetrisation over the specified indices. I find that this is easier to write than trying to wrap the indices in
brackets.

γa
(bc)d =

2
3
Ra

bdc

γa
(bc)de =

1
12
∇aRdbec +

1
6
∇bR

a
dec +

1
3
∇dR

a
bec



γa
(bc)def =

1
20
∇a

dRebfc +
1
10
∇dbR

a
efc +

1
10
∇deR

a
bfc −

4
45
Ra

bdgRecfg −
2
45
Ra

dbgRecfg +
8
45
Ra

degRfbcg −
2
45
Ra

gdbRecfg

γa
(bc)defg =

1
60
∇a

deRfbgc +
1
30
∇debR

a
fgc +

1
45
∇defR

a
bgc −

1
45
∇aRfbghRdceh −

1
45
∇bR

a
fghRdceh +

1
30
∇bRfcghR

a
deh +

4
45
∇eR

a
fghRdbch −

2
45
∇eRfbghR

a
cdh

− 1
45
∇eRfbghR

a
dch −

1
45
∇eRfbghR

a
hdc −

2
45
∇fR

a
bghRdceh −

1
45
∇fR

a
gbhRdceh −

1
45
∇fR

a
hgbRdceh +

4
45
∇fRgbchR

a
deh −

1
36
∇hRfbgcR

a
deh

Partial derivatives of the Riemann curvature tensor.

The first four partial derivatives of the Riemann tensor when expressed in terms of the Riemann tensor and its covariant derivatives are

Ru
(bcv̇,a) = ∇aR

u
bcv

Ru
(cdv̇,ab) = ∇abR

u
cdv

2Ru
(dev̇,abc) = 2∇abcR

u
dev −Rvabf∇cR

u
def +Ru

abf∇cRvdef

5Ru
(efv̇,abcd) = 5∇abcdR

u
efv − 7Rvabg∇cdR

u
efg + 7Ru

abg∇cdRvefg
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Generalised connections in generic coordinates

The generalised connectiosn in generic coordinates (i.e. prior to adapting to Riemann normal coordinates) are

Γa
bc(x) = Γa

bc

Γa
bcd(x) = ∂bΓa

cd − 2 Γa
beΓe

cd

Γa
bcde(x) = −Γf

bc∂f Γa
de − 4 Γf

bc∂dΓa
ef + ∂bcΓa

de + 2 Γa
fgΓf

bcΓg
de + 4 Γa

bf Γf
cgΓg

de − 2 Γa
bf∂cΓf

de

Γa
bcdef (x) = 2 Γg

bcΓh
dg∂hΓa

ef + 6 Γg
bcΓh

de∂gΓa
fh − ∂gΓa

bc∂dΓg
ef − 3 Γg

bc∂dgΓa
ef + 12 Γg

bcΓh
dg∂eΓa

fh + 6 Γg
bcΓh

de∂f Γa
gh

− 6 ∂bΓa
cg∂dΓg

ef − 6 Γg
bc∂deΓa

fg + ∂bcdΓa
ef − 12 Γa

ghΓg
bcΓh

diΓi
ef + 6 Γa

ghΓg
bc∂dΓh

ef − 4 Γa
bgΓg

hiΓh
cdΓi

ef

− 8 Γa
bgΓg

chΓh
diΓi

ef + 8 Γa
bgΓh

cd∂eΓg
fh + 4 Γa

bgΓg
ch∂dΓh

ef + 2 Γa
bgΓh

cd∂hΓg
ef − 2 Γa

bg∂cdΓg
ef

Γa
bcdefg(x) = −4 Γh

bcΓi
dhΓj

ei∂jΓa
fg − 2 Γh

bcΓi
deΓj

hi∂jΓa
fg − 16 Γh

bcΓi
deΓj

fh∂jΓa
gi + 2 Γh

bi∂hΓa
cd∂eΓi

fg + 4 Γh
bc∂iΓa

de∂f Γi
gh + 8 Γh

bcΓi
dh∂eiΓa

fg

− 24 Γh
bcΓi

deΓj
fh∂iΓa

gj − 12 Γh
bcΓi

deΓj
fg∂hΓa

ij + 8 Γh
bc∂iΓa

dh∂eΓi
fg + 12 Γh

bc∂hΓa
di∂eΓi

fg + 24 Γh
bcΓi

de∂fhΓa
gi + Γh

bc∂iΓa
de∂hΓi

fg

−4 ∂bΓh
cd∂ehΓa

fg−∂hΓa
bc∂deΓh

fg +3 Γh
bcΓi

de∂hiΓa
fg−6 Γh

bc∂dehΓa
fg−32 Γh

bcΓi
dhΓj

ei∂f Γa
gj−16 Γh

bcΓi
deΓj

hi∂f Γa
gj−48 Γh

bcΓi
deΓj

fh∂gΓa
ij

+ 16 Γh
bi∂cΓa

dh∂eΓi
fg + 32 Γh

bc∂dΓa
ei∂f Γi

gh + 24 Γh
bcΓi

dh∂ef Γa
gi + 24 Γh

bc∂dΓa
hi∂eΓi

fg + 12 Γh
bcΓi

de∂fgΓa
hi + 8 Γh

bc∂dΓa
ei∂hΓi

fg

−12 ∂bΓh
cd∂ef Γa

gh−8 ∂bΓa
ch∂deΓh

fg−8 Γh
bc∂def Γa

gh+∂bcdeΓa
fg +24 Γa

hiΓh
bjΓi

ckΓj
deΓk

fg +16 Γa
hiΓh

bcΓi
jkΓj

deΓk
fg +32 Γa

hiΓh
bcΓi

djΓj
ekΓk

fg

− 24 Γa
hiΓh

bjΓj
cd∂eΓi

fg − 32 Γa
hiΓh

bcΓj
de∂f Γi

gj − 16 Γa
hiΓh

bcΓi
dj∂eΓj

fg − 8 Γa
hiΓh

bcΓj
de∂jΓi

fg + 6 Γa
hi∂bΓh

cd∂eΓi
fg + 8 Γa

hiΓh
bc∂deΓi

fg

+ 24 Γa
bhΓh

ijΓi
cdΓj

ekΓk
fg − 12 Γa

bhΓi
cdΓj

ef∂gΓh
ij − 12 Γa

bhΓh
ijΓi

cd∂eΓj
fg + 8 Γa

bhΓh
ciΓi

jkΓj
deΓk

fg + 16 Γa
bhΓh

ciΓi
djΓj

ekΓk
fg

− 24 Γa
bhΓi

cdΓj
ei∂f Γh

gj − 16 Γa
bhΓh

ciΓj
de∂f Γi

gj − 8 Γa
bhΓh

ciΓi
dj∂eΓj

fg − 12 Γa
bhΓi

cdΓj
ef∂iΓh

gj + 12 Γa
bh∂cΓh

di∂eΓi
fg + 12 Γa

bhΓi
cd∂ef Γh

gi

− 4 Γa
bhΓh

ciΓj
de∂jΓi

fg + 4 Γa
bhΓh

ci∂deΓi
fg − 4 Γa

bhΓi
cdΓj

ei∂jΓh
fg + 2 Γa

bh∂cΓi
de∂iΓh

fg + 6 Γa
bhΓi

cd∂eiΓh
fg − 2 Γa

bh∂cdeΓh
fg

3



Generalised connections in RNC coordinates

The generalised connections in Riemann normal coordinates.

Γa
bc(x) =

2
3
xdRa

bdc +
1
6
xdxe∇bR

a
dec +

1
3
xdxe∇dR

a
bec +

1
12
xdxe∇aRdbec +

8
45
xdxexfRa

degRfbcg −
4
45
xdxexfRa

bdgRecfg −
2
45
xdxexfRa

dbgRecfg

+
1
10
xdxexf∇dbR

a
efc +

1
10
xdxexf∇deR

a
bfc −

2
45
xdxexfRa

gdbRecfg +
1
20
xdxexf∇a

dRebfc +
4
45
xdxexfxgRdbch∇eR

a
fgh

+
1
30
xdxexfxgRa

deh∇bRfcgh +
4
45
xdxexfxgRa

deh∇fRgbch −
2
45
xdxexfxgRa

bdh∇eRfcgh −
1
45
xdxexfxgRa

dbh∇eRfcgh −
1
45
xdxexfxgRdbeh∇cR

a
fgh

− 2
45
xdxexfxgRdbeh∇fR

a
cgh −

1
45
xdxexfxgRdbeh∇fR

a
gch +

1
30
xdxexfxg∇debR

a
fgc +

1
45
xdxexfxg∇defR

a
bgc −

1
36
xdxexfxgRa

deh∇hRfbgc

− 1
45
xdxexfxgRa

hdb∇eRfcgh −
1
45
xdxexfxgRdbeh∇aRfcgh −

1
45
xdxexfxgRdbeh∇fR

a
hgc +

1
60
xdxexfxg∇a

deRfbgc +O
(
ε6
)

Γa
bcd(x) =

1
2
xe∇bR

a
ced +

2
15
xexfRa

ebgRfcdg +
8
15
xexfRa

begRfcdg −
2
15
xexfRa

bcgRedfg +
3
10
xexf∇ebR

a
cfd +

1
10
xexf∇bcR

a
efd

+
2
5
xexfRa

gebRfcdg +
1
20
xexf∇a

bRecfd +
1
9
xexfxgRebch∇dR

a
fgh +

1
9
xexfxgRebch∇hR

a
fgd +

2
9
xexfxgRebch∇fR

a
dgh

+
2
9
xexfxgRebch∇fR

a
hgd +

1
9
xexfxgRebch∇aRfdgh +

1
9
xexfxgRa

beh∇cRfdgh +
2
9
xexfxgRa

beh∇fRgcdh

− 1
18
xexfxgRa

beh∇hRfcgd +
1
9
xexfxgRa

heb∇cRfdgh +
2
9
xexfxgRa

heb∇fRgcdh −
1
18
xexfxgRa

heb∇hRfcgd +O
(
ε6
)

Γa
bcde(x) =

4
9
xfRa

bcgRfdeg +
1
9
xfxgRa

bch∇dRfegh +
2
9
xfxgRa

bch∇fRgdeh −
1
18
xfxgRa

bch∇hRfdge +
1
9
xfxgRfbch∇dR

a
geh +

5
9
xfxgRfbch∇dR

a
hge

+
2
9
xfxgRfbch∇gR

a
deh +

4
9
xfxgRfbch∇hR

a
dge +

1
9
xfxgRfbch∇aRgdeh +

2
3
xfxgRfbch∇dR

a
egh +

1
3
xfxgRa

bfh∇cRgdeh +
1
3
xfxgRa

hfb∇cRgdeh +O
(
ε6
)

Γa
bcdef (x) =

2
3
xgRa

bch∇dRgefh + xgRgbch∇dR
a

efh +O
(
ε6
)

Γa
bcdefg(x) = 0
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Transformation from generic to RNC coordinates

The coordinate transformation from generic coordinates xa to Riemann normal coordinates ya.

ya
5 =

(
∆x a +

1
2

∆x b∆x cΓa
bc + ∆x b∆x c∆x d

(
1
6

Γa
beΓe

cd +
1
6
∂bΓa

cd

)
+ ∆x b∆x c∆x d∆x e

(
1
12

Γa
bf∂cΓf

de +
1
24

Γa
fgΓf

bcΓg
de +

1
24

Γf
bc∂f Γa

de +
1
24
∂bcΓa

de

)
+ ∆x b∆x c∆x d∆x e∆x f

(
− 1

90
Γa

bgΓg
chΓh

diΓi
ef +

1
180

Γa
bgΓg

ch∂dΓh
ef +

1
120

Γa
bgΓg

hiΓh
cdΓi

ef +
1
60

Γa
bgΓh

cd∂hΓg
ef −

1
60

Γa
bgΓh

cd∂eΓg
fh

+
1
40

Γa
bg∂cdΓg

ef +
1
90

Γa
ghΓg

bcΓh
diΓi

ef +
13
360

Γa
ghΓg

bc∂dΓh
ef +

1
360

Γg
bcΓh

dg∂hΓa
ef −

1
90

Γg
bcΓh

dg∂eΓa
fh +

7
360

∂gΓa
bc∂dΓg

ef +
1

180
∂bΓa

cg∂dΓg
ef

+
1

120
Γg

bcΓh
de∂gΓa

fh +
1

120
Γg

bcΓh
de∂f Γa

gh +
1
60

Γg
bc∂dgΓa

ef −
1

120
Γg

bc∂deΓa
fg +

1
120

∂bcdΓa
ef

))
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The geodesic IVP

The Taylor series solution to the geodesic equation

0 =
d2xa

ds2
+ Γa

bc(x)
dxb

ds

dxc

ds

subject to the initial conditions xa(s) = xa and dxa(s)/ds = ẋa at s = 0, is

xa (s) =
(
xa + sẋa − 1

2
s2ẋbẋc

(
2
3
xdRa

bdc +
1
6
xdxe∇bR

a
dec +

1
3
xdxe∇dR

a
bec +

1
12
xdxe∇aRdbec +

8
45
xdxexfRa

degRfbcg −
4
45
xdxexfRa

bdgRecfg

− 2
45
xdxexfRa

dbgRecfg +
1
10
xdxexf∇dbR

a
efc +

1
10
xdxexf∇deR

a
bfc −

2
45
xdxexfRa

gdbRecfg +
1
20
xdxexf∇a

dRebfc +
4
45
xdxexfxgRdbch∇eR

a
fgh

+
1
30
xdxexfxgRa

deh∇bRfcgh +
4
45
xdxexfxgRa

deh∇fRgbch −
2
45
xdxexfxgRa

bdh∇eRfcgh −
1
45
xdxexfxgRa

dbh∇eRfcgh −
1
45
xdxexfxgRdbeh∇cR

a
fgh

− 2
45
xdxexfxgRdbeh∇fR

a
cgh −

1
45
xdxexfxgRdbeh∇fR

a
gch +

1
30
xdxexfxg∇debR

a
fgc +

1
45
xdxexfxg∇defR

a
bgc −

1
36
xdxexfxgRa

deh∇hRfbgc

− 1
45
xdxexfxgRa

hdb∇eRfcgh −
1
45
xdxexfxgRdbeh∇aRfcgh −

1
45
xdxexfxgRdbeh∇fR

a
hgc +

1
60
xdxexfxg∇a

deRfbgc

)
− 1

6
s3ẋbẋcẋd

(
1
2
xe∇bR

a
ced

+
2
15
xexfRa

ebgRfcdg +
8
15
xexfRa

begRfcdg −
2
15
xexfRa

bcgRedfg +
3
10
xexf∇ebR

a
cfd +

1
10
xexf∇bcR

a
efd +

2
5
xexfRa

gebRfcdg +
1
20
xexf∇a

bRecfd

+
1
9
xexfxgRebch∇dR

a
fgh +

1
9
xexfxgRebch∇hR

a
fgd +

2
9
xexfxgRebch∇fR

a
dgh +

2
9
xexfxgRebch∇fR

a
hgd +

1
9
xexfxgRebch∇aRfdgh +

1
9
xexfxgRa

beh∇cRfdgh

+
2
9
xexfxgRa

beh∇fRgcdh −
1
18
xexfxgRa

beh∇hRfcgd +
1
9
xexfxgRa

heb∇cRfdgh +
2
9
xexfxgRa

heb∇fRgcdh −
1
18
xexfxgRa

heb∇hRfcgd

)
− 1

24
s4ẋbẋcẋdẋe

(
4
9
xfRa

bcgRfdeg +
1
9
xfxgRa

bch∇dRfegh +
2
9
xfxgRa

bch∇fRgdeh −
1
18
xfxgRa

bch∇hRfdge +
1
9
xfxgRfbch∇dR

a
geh +

5
9
xfxgRfbch∇dR

a
hge

+
2
9
xfxgRfbch∇gR

a
deh +

4
9
xfxgRfbch∇hR

a
dge +

1
9
xfxgRfbch∇aRgdeh +

2
3
xfxgRfbch∇dR

a
egh +

1
3
xfxgRa

bfh∇cRgdeh +
1
3
xfxgRa

hfb∇cRgdeh

)
− 1

120
s5ẋbẋcẋdẋeẋf

(
2
3
xgRa

bch∇dRgefh + xgRgbch∇dR
a

efh

))
+O

(
ε6
)
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The geodesic BVP

Consider a geodesic that connects two points P and Q with coordinates xa and xa + ∆xa. We choose a parameter s along the geodesic with s = 0 at P and s = 1 at Q.

The solution x(s) to the geodesic boundary value problem is

xa(s) = xa
0 + xa

1s+ xa
2s

2 + xa
3s

3 + xa
4s

4 + xa
5s

5 +O
(
ε6
)

with

xa
0 = xa

xa
1 =

(
∆x a + ∆x b∆x c

(
1
3
xdRa

bdc +
1
12
xdxe∇bR

a
dec +

1
6
xdxe∇dR

a
bec +

1
24
xdxe∇aRdbec +

4
45
xdxexfRa

dgeRgbfc −
2
45
xdxexfRa

bgdRgefc −
1
45
xdxexfRa

dgbRgefc

+
1
20
xdxexf∇dbR

a
efc +

1
20
xdxexf∇deR

a
bfc +

1
45
xdxexfRa

gdbRgefc +
1
40
xdxexf∇a

dRebfc +
2
45
xdxexfxgRhbdc∇eR

a
fhg +

1
60
xdxexfxgRa

dhe∇bRhfgc

+
2
45
xdxexfxgRa

dhe∇fRhbgc −
1
45
xdxexfxgRa

bhd∇eRhfgc −
1
90
xdxexfxgRa

dhb∇eRhfgc −
1
90
xdxexfxgRhdeb∇cR

a
fhg −

1
45
xdxexfxgRhdeb∇fR

a
chg

− 1
90
xdxexfxgRhdeb∇fR

a
ghc +

1
60
xdxexfxg∇debR

a
fgc +

1
90
xdxexfxg∇defR

a
bgc +

1
72
xdxexfxgRa

dhe∇hRfbgc +
1
90
xdxexfxgRa

hdb∇eRhfgc

− 1
90
xdxexfxgRhdeb∇aRhfgc +

1
90
xdxexfxgRhdeb∇fR

a
hgc +

1
120

xdxexfxg∇a
deRfbgc

)
+ ∆x b∆x c∆x d

(
1
12
xe∇bR

a
ced +

1
45
xexfRa

egbRgcfd

+
4
45
xexfRa

bgeRgcfd −
1
45
xexfRa

bgcRgefd +
1
20
xexf∇ebR

a
cfd +

1
60
xexf∇bcR

a
efd +

7
45
xexfRa

gebRgcfd +
1

120
xexf∇a

bRecfd +
1
54
xexfxgRhbec∇dR

a
fhg

+
1
27
xexfxgRhbec∇hR

a
fgd +

1
27
xexfxgRhbec∇fR

a
dhg +

2
27
xexfxgRhbec∇fR

a
hgd −

1
108

xexfxgRhbec∇aRhfgd +
1
54
xexfxgRa

bhe∇cRhfgd

+
1
27
xexfxgRa

bhe∇fRhcgd +
1

108
xexfxgRa

bhe∇hRfcgd +
1
27
xexfxgRa

heb∇cRhfgd +
2
27
xexfxgRa

heb∇fRhcgd +
1
54
xexfxgRa

heb∇hRfcgd

)
+ ∆x b∆x c∆x d∆x e

(
1
54
xfRa

bgcRgdfe +
1

216
xfxgRa

bhc∇dRhfge +
1

108
xfxgRa

bhc∇fRhdge +
1

432
xfxgRa

bhc∇hRfdge +
1

216
xfxgRhbfc∇dR

a
ghe

− 5
216

xfxgRhbfc∇dR
a

hge +
1

108
xfxgRhbfc∇gR

a
dhe +

7
108

xfxgRhbfc∇hR
a

dge +
1

216
xfxgRhbfc∇aRhdge +

1
36
xfxgRhbfc∇dR

a
ehg +

1
72
xfxgRa

bhf∇cRhdge

+
1
24
xfxgRa

hfb∇cRhdge

)
+ ∆x b∆x c∆x d∆x e∆x f

(
1

180
xgRa

bhc∇dRhegf +
1

120
xgRhbgc∇dR

a
ehf

))
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xa
2 =

(
∆x b∆x c

(
−1

3
xdRa

bdc −
1
12
xdxe∇bR

a
dec −

1
6
xdxe∇dR

a
bec −

1
24
xdxe∇aRdbec −

4
45
xdxexfRa

dgeRgbfc +
2
45
xdxexfRa

bgdRgefc +
1
45
xdxexfRa

dgbRgefc

− 1
20
xdxexf∇dbR

a
efc −

1
20
xdxexf∇deR

a
bfc −

1
45
xdxexfRa

gdbRgefc −
1
40
xdxexf∇a

dRebfc −
2
45
xdxexfxgRhbdc∇eR

a
fhg −

1
60
xdxexfxgRa

dhe∇bRhfgc

− 2
45
xdxexfxgRa

dhe∇fRhbgc +
1
45
xdxexfxgRa

bhd∇eRhfgc +
1
90
xdxexfxgRa

dhb∇eRhfgc +
1
90
xdxexfxgRhdeb∇cR

a
fhg +

1
45
xdxexfxgRhdeb∇fR

a
chg

+
1
90
xdxexfxgRhdeb∇fR

a
ghc −

1
60
xdxexfxg∇debR

a
fgc −

1
90
xdxexfxg∇defR

a
bgc −

1
72
xdxexfxgRa

dhe∇hRfbgc −
1
90
xdxexfxgRa

hdb∇eRhfgc

+
1
90
xdxexfxgRhdeb∇aRhfgc −

1
90
xdxexfxgRhdeb∇fR

a
hgc −

1
120

xdxexfxg∇a
deRfbgc

)
+ ∆x b∆x c∆x d

(
−2

9
xexfRa

gebR
g

cfd −
1
18
xexfxgRa

heb∇cR
h

fgd

− 1
9
xexfxgRa

heb∇fR
h

cgd −
1
36
xexfxgRa

heb∇hRfcgd −
1
18
xexfxgRh

bec∇hR
a

fgd −
1
9
xexfxgRh

bec∇fR
a

hgd +
1
36
xexfxgRh

bec∇aRhfgd

)
− 1

18
∆x b∆x c∆x d∆x exfxgRa

hfb∇cR
h

dge

)

xa
3 =

(
∆x b∆x c∆x d

(
− 1

12
xe∇bR

a
ced −

1
45
xexfRa

egbRgcfd −
4
45
xexfRa

bgeRgcfd +
1
45
xexfRa

bgcRgefd −
1
20
xexf∇ebR

a
cfd −

1
60
xexf∇bcR

a
efd

+
1
15
xexfRa

gebRgcfd −
1

120
xexf∇a

bRecfd −
1
54
xexfxgRhbec∇dR

a
fhg +

1
54
xexfxgRhbec∇hR

a
fgd −

1
27
xexfxgRhbec∇fR

a
dhg +

1
27
xexfxgRhbec∇fR

a
hgd

− 1
54
xexfxgRhbec∇aRhfgd −

1
54
xexfxgRa

bhe∇cRhfgd −
1
27
xexfxgRa

bhe∇fRhcgd −
1

108
xexfxgRa

bhe∇hRfcgd +
1
54
xexfxgRa

heb∇cRhfgd

+
1
27
xexfxgRa

heb∇fRhcgd +
1

108
xexfxgRa

heb∇hRfcgd

)
− 1

12
∆x b∆x c∆x d∆x exfxgRh

bfc∇hR
a

dge

)

xa
4 = ∆x b∆x c∆x d∆x e

(
− 1

54
xfRa

bgcRgdfe −
1

216
xfxgRa

bhc∇dRhfge −
1

108
xfxgRa

bhc∇fRhdge −
1

432
xfxgRa

bhc∇hRfdge −
1

216
xfxgRhbfc∇dR

a
ghe

+
5

216
xfxgRhbfc∇dR

a
hge −

1
108

xfxgRhbfc∇gR
a

dhe +
1
54
xfxgRhbfc∇hR

a
dge −

1
216

xfxgRhbfc∇aRhdge −
1
36
xfxgRhbfc∇dR

a
ehg −

1
72
xfxgRa

bhf∇cRhdge

+
1
72
xfxgRa

hfb∇cRhdge

)

xa
5 = ∆x b∆x c∆x d∆x e∆x f

(
− 1

180
xgRa

bhc∇dRhegf −
1

120
xgRhbgc∇dR

a
ehf

)
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Translated RNC frames

Let P and Q be two points with RNC coordinates xa and xa + ∆xa relative to a third point O. At P we can construct a new set of RNC coordinates, ya. We will
rotate the ya frame so that the xa and ya coordinate axes are aligned at P . Then the RNC coordinates of Q relative to P are

ya =
(

∆x a + ∆x b∆x c

(
1
3
xdRa

bdc +
1
12
xdxe∇bR

a
dec +

1
6
xdxe∇dR

a
bec +

1
24
xdxe∇aRdbec +

4
45
xdxexfRa

dgeRgbfc −
2
45
xdxexfRa

bgdRgefc −
1
45
xdxexfRa

dgbRgefc

+
1
20
xdxexf∇dbR

a
efc +

1
20
xdxexf∇deR

a
bfc +

1
45
xdxexfRa

gdbRgefc +
1
40
xdxexf∇a

dRebfc +
2
45
xdxexfxgRhbdc∇eR

a
fhg +

1
60
xdxexfxgRa

dhe∇bRhfgc

+
2
45
xdxexfxgRa

dhe∇fRhbgc −
1
45
xdxexfxgRa

bhd∇eRhfgc −
1
90
xdxexfxgRa

dhb∇eRhfgc −
1
90
xdxexfxgRhdeb∇cR

a
fhg −

1
45
xdxexfxgRhdeb∇fR

a
chg

− 1
90
xdxexfxgRhdeb∇fR

a
ghc +

1
60
xdxexfxg∇debR

a
fgc +

1
90
xdxexfxg∇defR

a
bgc +

1
72
xdxexfxgRa

dhe∇hRfbgc +
1
90
xdxexfxgRa

hdb∇eRhfgc

− 1
90
xdxexfxgRhdeb∇aRhfgc +

1
90
xdxexfxgRhdeb∇fR

a
hgc +

1
120

xdxexfxg∇a
deRfbgc

)
+ ∆x b∆x c∆x d

(
1
12
xe∇bR

a
ced +

1
45
xexfRa

egbRgcfd

+
4
45
xexfRa

bgeRgcfd −
1
45
xexfRa

bgcRgefd +
1
20
xexf∇ebR

a
cfd +

1
60
xexf∇bcR

a
efd +

7
45
xexfRa

gebRgcfd +
1

120
xexf∇a

bRecfd +
1
54
xexfxgRhbec∇dR

a
fhg

+
1
27
xexfxgRhbec∇hR

a
fgd +

1
27
xexfxgRhbec∇fR

a
dhg +

2
27
xexfxgRhbec∇fR

a
hgd −

1
108

xexfxgRhbec∇aRhfgd +
1
54
xexfxgRa

bhe∇cRhfgd

+
1
27
xexfxgRa

bhe∇fRhcgd +
1

108
xexfxgRa

bhe∇hRfcgd +
1
27
xexfxgRa

heb∇cRhfgd +
2
27
xexfxgRa

heb∇fRhcgd +
1
54
xexfxgRa

heb∇hRfcgd

)
+ ∆x b∆x c∆x d∆x e

(
1
54
xfRa

bgcRgdfe +
1

216
xfxgRa

bhc∇dRhfge +
1

108
xfxgRa

bhc∇fRhdge +
1

432
xfxgRa

bhc∇hRfdge +
1

216
xfxgRhbfc∇dR

a
ghe

− 5
216

xfxgRhbfc∇dR
a

hge +
1

108
xfxgRhbfc∇gR

a
dhe +

7
108

xfxgRhbfc∇hR
a

dge +
1

216
xfxgRhbfc∇aRhdge +

1
36
xfxgRhbfc∇dR

a
ehg +

1
72
xfxgRa

bhf∇cRhdge

+
1
24
xfxgRa

hfb∇cRhdge

)
+ ∆x b∆x c∆x d∆x e∆x f

(
1

180
xgRa

bhc∇dRhegf +
1

120
xgRhbgc∇dR

a
ehf

))
+O

(
ε6
)
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The geodesic length

The squared geodesic length between the points P and Q is given by

(∫ Q

P

ds

)2
=
(
gab∆x a∆x b − 1

3
Rabcdx

axc∆x b∆x d − 1
12
∇aRbcdex

bxd∆x a∆x c∆x e − 1
6
∇aRbcdex

axbxd∆x c∆x e +
2
45
RabcdRaefgx

bxcxf ∆x d∆x e∆x g

− 1
20
∇abRcdefx

axcxe∆x b∆x d∆x f − 11
45
RabcdRaefgx

cxf ∆x b∆x d∆x e∆x g − 1
60
∇abRcdefx

cxe∆x a∆x b∆x d∆x f +
2
45
RabcdRaefgx

bxcxexf ∆x d∆x g

− 1
20
∇abRcdefx

axbxcxe∆x d∆x f +
1
45
Rabcd∇eRafghx

cxexfxg∆x b∆x d∆x h +
1
45
Rabcd∇eRafghx

bxcxfxg∆x d∆x e∆x h

+
1
45
Rabcd∇eRafghx

bxcxexg∆x d∆x f ∆x h − 1
60
∇abcRdefgx

axbxdxf ∆x c∆x e∆x g − 2
27
Rabcd∇eRafghx

cxfxg∆x b∆x d∆x e∆x h

− 1
12
Rabcd∇aRefghx

cxexg∆x b∆x d∆x f ∆x h − 5
27
Rabcd∇eRafghx

cxexg∆x b∆x d∆x f ∆x h +
1
54
Rabcd∇eRafghx

cxg∆x b∆x d∆x e∆x f ∆x h

+
1
18
Rabcd∇eRafghx

bxcxg∆x d∆x e∆x f ∆x h +
2
45
Rabcd∇eRafghx

bxcxexfxg∆x d∆x h − 1
90
∇abcRdefgx

axbxcxdxf ∆x e∆x g

)
+O

(
ε6
)
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