
Riemman normal coordinates

There is nothing new in this notebook, it serves only to display the transformation from one set of Riemann normal coordinates xa to another ya.

::KeepHistory(false).
::PostDefaultRules( @@collect_terms!(%), @@sumflatten!(%) ).

{a,b,c,d,e,f,g,h,i,j,k,l,m,n,o,p,q,r,t,u#,v#}::Indices.

\nabla_{#}::PartialDerivative.

R_{a b c d}::RiemannTensor.

# --- imported from metric.lib --------------------------------------------------------------------

metric:="import metric.lib metric":
@run(metric){"/Users/leo/local/sh/cdbfile"}:

# --- imported from geodesic-bvp.lib --------------------------------------------------------------

y05:="import geodesic-bvp.lib y05Riemann":
@run(y05){"/Users/leo/local/sh/cdbfile"}:

# =================================================================================================
# in an effort to tidy up the equations we will expand each term0* in powers of s and then Dx^a
# =================================================================================================

poly:=@(y05):

Dx^{a}::Weight(label=Dxterms,value=1).

term00:=@(poly): @keep_weight!(term00){Dxterms}{0}:
term01:=@(poly): @keep_weight!(term01){Dxterms}{1}:
term02:=@(poly): @keep_weight!(term02){Dxterms}{2}:
term03:=@(poly): @keep_weight!(term03){Dxterms}{3}:
term04:=@(poly): @keep_weight!(term04){Dxterms}{4}:
term05:=@(poly): @keep_weight!(term05){Dxterms}{5}:

{Dx^{a},x^{a},R^{a}_{b c d}}::SortOrder.

@prodsort!(term01): @rename_dummies!(%): @factor_out!!(%){Dx^{a}}:



@prodsort!(term02): @rename_dummies!(%): @factor_out!!(%){Dx^{a}}:
@prodsort!(term03): @rename_dummies!(%): @factor_out!!(%){Dx^{a}}:
@prodsort!(term04): @rename_dummies!(%): @factor_out!!(%){Dx^{a}}:
@prodsort!(term05): @rename_dummies!(%): @factor_out!!(%){Dx^{a}}:

y05:=@(term00) + @(term01) + @(term02) + @(term03) + @(term04) + @(term05):

@substitute!(y05)(Dx^{a} -> \Delta{x}^{a}); "y05.del"
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# =================================================================================================
# transforming from old to new RNC coordinates
# =================================================================================================

@print["\Btag{01}y^a="~@(y05)~"+\BigO{\eps^6}\Etag{01}"];

Let P and Q be two points with RNC coordinates xa and xa + ∆xa relative to a third point O. At P we can construct a new set of RNC coordinates, ya. We will
rotate the ya frame so that the xa and ya coordinate axes are aligned. Then the RNC coordinates of Q relative to P are

ya =
(

∆x a + ∆x b∆x c

(
1
3
xdRa

bdc +
1
12
xdxe∇bR

a
dec +

1
6
xdxe∇dR

a
bec +

1
24
xdxe∇aRdbec +

4
45
xdxexfRa

dgeRgbfc −
2
45
xdxexfRa

bgdRgefc −
1
45
xdxexfRa

dgbRgefc

+
1
20
xdxexf∇dbR

a
efc +

1
20
xdxexf∇deR

a
bfc +

1
45
xdxexfRa

gdbRgefc +
1
40
xdxexf∇a

dRebfc +
2
45
xdxexfxgRhbdc∇eR

a
fhg +

1
60
xdxexfxgRa

dhe∇bRhfgc

+
2
45
xdxexfxgRa

dhe∇fRhbgc −
1
45
xdxexfxgRa

bhd∇eRhfgc −
1
90
xdxexfxgRa

dhb∇eRhfgc −
1
90
xdxexfxgRhdeb∇cR

a
fhg −

1
45
xdxexfxgRhdeb∇fR

a
chg

− 1
90
xdxexfxgRhdeb∇fR

a
ghc +

1
60
xdxexfxg∇debR

a
fgc +

1
90
xdxexfxg∇defR

a
bgc +

1
72
xdxexfxgRa

dhe∇hRfbgc +
1
90
xdxexfxgRa

hdb∇eRhfgc

− 1
90
xdxexfxgRhdeb∇aRhfgc +

1
90
xdxexfxgRhdeb∇fR

a
hgc +

1
120

xdxexfxg∇a
deRfbgc

)
+ ∆x b∆x c∆x d

(
1
12
xe∇bR

a
ced +

1
45
xexfRa

egbRgcfd

+
4
45
xexfRa

bgeRgcfd −
1
45
xexfRa

bgcRgefd +
1
20
xexf∇ebR

a
cfd +

1
60
xexf∇bcR

a
efd +

7
45
xexfRa

gebRgcfd +
1

120
xexf∇a

bRecfd +
1
54
xexfxgRhbec∇dR

a
fhg

+
1
27
xexfxgRhbec∇hR

a
fgd +

1
27
xexfxgRhbec∇fR

a
dhg +

2
27
xexfxgRhbec∇fR

a
hgd −

1
108

xexfxgRhbec∇aRhfgd +
1
54
xexfxgRa

bhe∇cRhfgd

+
1
27
xexfxgRa

bhe∇fRhcgd +
1

108
xexfxgRa

bhe∇hRfcgd +
1
27
xexfxgRa

heb∇cRhfgd +
2
27
xexfxgRa

heb∇fRhcgd +
1
54
xexfxgRa

heb∇hRfcgd

)
+ ∆x b∆x c∆x d∆x e

(
1
54
xfRa

bgcRgdfe +
1

216
xfxgRa

bhc∇dRhfge +
1

108
xfxgRa

bhc∇fRhdge +
1

432
xfxgRa

bhc∇hRfdge +
1

216
xfxgRhbfc∇dR

a
ghe

− 5
216

xfxgRhbfc∇dR
a

hge +
1

108
xfxgRhbfc∇gR

a
dhe +

7
108

xfxgRhbfc∇hR
a

dge +
1

216
xfxgRhbfc∇aRhdge +

1
36
xfxgRhbfc∇dR

a
ehg +

1
72
xfxgRa

bhf∇cRhdge

+
1
24
xfxgRa

hfb∇cRhdge

)
+ ∆x b∆x c∆x d∆x e∆x f

(
1

180
xgRa

bhc∇dRhegf +
1

120
xgRhbgc∇dR

a
ehf

))
+O

(
ε6

)
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# =================================================================================================
# the metric at P, the origin of the new RNC coordinates
# =================================================================================================

At P the coordinate axes are aligned. Thus we have δa
b = ∂xa/∂yb at P and thus gab(x) = gab(y) at P . The metric at the point P in the RNC ya frame is given by

@print["g_{ab}(P)="~@(metric)~"+\BigO{\eps^6}"];

gab (P ) =
(
gab −

1
3
Racbdx

cxd − 1
6
∇cRadbex

cxdxe +
2
45
RacdeRbfdgx

cxexfxg − 1
20
∇cdRaebfx

cxdxexf +
1
45
Racde∇fRbgdhx

cxexfxgxh +
1
45
Rbcde∇fRagdhx

cxexfxgxh

− 1
90
∇cdeRafbgx

cxdxexfxg

)
+O

(
ε6

)
# =================================================================================================
# export y05 for use by truncate.cdbp
# =================================================================================================

com:="open geodesic-rnc.lib":
@run(com){"/Users/leo/local/sh/cdbfile"}:

com:="export geodesic-rnc.lib y05.del":
@run(com){"/Users/leo/local/sh/cdbfile"}:

4


