
The connection

Here we use the results of metric.cdbp and metric-inv.cdbp to compute the metric connection Γa
bc(x). We use the standard metric compatable connection

Γa
bc(x) =

1
2
gad (gdc,b + gbd,c − gbc,d)

::KeepHistory(false).
::PostDefaultRules( @@collect_terms!(%), @@sumflatten!(%) ).

{a,b,c,d,e,f,g,h,i,j,k,l,m,n,o,p,q,r,s,t,u#,v#}::Indices.

\nabla_{#}::PartialDerivative.
\partial_{#}::PartialDerivative.

g_{a b}::Metric.
g^{a b}::Metric.
\delta^{a}_{b}::KroneckerDelta.

R_{a b c d}::RiemannTensor.
R^{a}_{b c d}::RiemannTensor.
R^{a}_{b c}^{d}::RiemannTensor.
R^{a}_{b}^{c d}::RiemannTensor.

# --- imported from metric.lib --------------------------------------------------------------------

metric:="import metric.lib metric":
@run(metric){"/Users/leo/local/sh/cdbfile"}:

dmetric:="import metric.lib dmetric":
@run(dmetric){"/Users/leo/local/sh/cdbfile"}:

# --- imported from metric-inv.lib ---------------------------------------------------------------

inverse:="import metric-inv.lib metric":
@run(inverse){"/Users/leo/local/sh/cdbfile"}:

@print["g_{ab}(x)="~@(metric)~"+\BigO{\eps^6}"];
@print["g^{ab}(x)="~@(inverse)~"+\BigO{\eps^6}"];
@print["g_{ab,c}(x)="~@(dmetric)~"+\BigO{\eps^6}"];



# =================================================================================================

# gab(x), gab(x) and gab,c(x)
# =================================================================================================

gab (x) =
(
gab −

1
3
Racbdx

cxd − 1
6
∇cRadbex

cxdxe +
2
45
RacdeRbfdgx

cxexfxg − 1
20
∇cdRaebfx

cxdxexf +
1
45
Racde∇fRbgdhx

cxexfxgxh +
1
45
Rbcde∇fRagdhx

cxexfxgxh

− 1
90
∇cdeRafbgx

cxdxexfxg

)
+O

(
ε6

)

gab (x) =
(
gab +

1
3
xcxdRa

c
b

d +
1
6
xcxdxe∇cR

a
d

b
e +

1
15
xcxdxexfRa

cdgR
b

efg +
1
20
xcxdxexf∇cdR

a
e

b
f +

1
30
xcxdxexfxgRa

cdh∇eR
b

fgh

+
1
30
xcxdxexfxgRb

cdh∇eR
a

fgh +
1
90
xcxdxexfxg∇cdeR

a
f

b
g

)
+O

(
ε6

)

gab,c (x) =
(
−1

3
Racbdx

d − 1
3
Radbcx

d − 1
6
∇cRadbex

dxe − 1
6
∇dRacbex

dxe − 1
6
∇dRaebcx

dxe +
2
45
RacdeRbfdgx

exfxg − 2
45
RadceRbfegx

dxfxg +
2
45
RadefRbcegx

dxfxg

− 2
45
RadefRbgcex

dxfxg − 1
10
∇cdRaebfx

dxexf − 1
20
∇deRacbfx

dxexf − 1
20
∇deRafbcx

dxexf +
1
45
Racde∇fRbgdhx

exfxgxh − 1
45
Radce∇fRbgehx

dxfxgxh

+
1
45
Radef∇cRbgehx

dxfxgxh +
1
45
Radef∇gRbcehx

dxfxgxh − 1
45
Radef∇gRbhcex

dxfxgxh +
1
45
Rbcde∇fRagdhx

exfxgxh − 1
45
Rbdce∇fRagehx

dxfxgxh

+
1
45
Rbdef∇cRagehx

dxfxgxh +
1
45
Rbdef∇gRacehx

dxfxgxh − 1
45
Rbdef∇gRahcex

dxfxgxh − 1
30
∇cdeRafbgx

dxexfxg − 1
90
∇defRacbgx

dxexfxg

− 1
90
∇defRagbcx

dxexfxg

)
+O

(
ε6

)
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# =================================================================================================
# compute gcb,a + gac,b − gab,c

# =================================================================================================

tmp:= dg_{c b a} + dg_{a c b} - dg_{a b c}:

@substitute!(%)(dg_{a b c} -> @(dmetric)):
@distribute!(%): @prodsort!(%): @rename_dummies!(%): @canonicalise!(%):

@print["2g_{dc}(x)\Gamma^{d}{}_{ab}(x)="~@(tmp)~"+\BigO{\eps^6}"];

2gdc (x) Γd
ab (x) =

(
2
3
Racbdx

d − 1
6
∇aRbdcex

dxe +
1
3
∇dRacbex

dxe − 4
45
RacdeRbfdgx

exfxg − 2
45
RadceRbfdgx

exfxg − 2
45
RadbeRcfdgx

exfxg − 1
10
∇adRbecfx

dxexf

+
1
10
∇deRacbfx

dxexf − 2
45
Racde∇fRbgdhx

exfxgxh − 1
45
Radce∇fRbgdhx

exfxgxh +
1
45
Rcdef∇aRbgehx

dxfxgxh − 1
45
Rcdef∇gRaebhx

dxfxgxh

− 1
45
Radbe∇fRcgdhx

exfxgxh +
1
45
Rbdef∇aRcgehx

dxfxgxh − 2
45
Rbdef∇gRacehx

dxfxgxh − 1
45
Rbdef∇gRaechx

dxfxgxh − 1
30
∇adeRbfcgx

dxexfxg

+
1
45
∇defRacbgx

dxexfxg +
2
3
Radbcx

d − 1
6
∇bRadcex

dxe +
1
3
∇dRaebcx

dxe − 2
45
RadbeRcfegx

dxfxg − 4
45
RadefRbcegx

dxfxg − 2
45
RadefRbecgx

dxfxg

− 1
10
∇bdRaecfx

dxexf +
1
10
∇deRafbcx

dxexf − 1
45
Radbe∇fRcgehx

dxfxgxh +
1
45
Radef∇bRcgehx

dxfxgxh − 2
45
Radef∇gRbcehx

dxfxgxh

− 1
45
Radef∇gRbechx

dxfxgxh − 2
45
Rbcde∇fRagdhx

exfxgxh − 1
45
Rbdce∇fRagdhx

exfxgxh +
1
45
Rcdef∇bRagehx

dxfxgxh

− 1
45
Rcdef∇gRahbex

dxfxgxh − 1
30
∇bdeRafcgx

dxexfxg +
1
45
∇defRagbcx

dxexfxg +
1
6
∇cRadbex

dxe +
2
45
RadceRbfegx

dxfxg +
2
45
RadefRbgcex

dxfxg

+
1
10
∇cdRaebfx

dxexf +
1
45
Radce∇fRbgehx

dxfxgxh − 1
45
Radef∇cRbgehx

dxfxgxh +
1
45
Radef∇gRbhcex

dxfxgxh +
1
45
Rbdce∇fRagehx

dxfxgxh

− 1
45
Rbdef∇cRagehx

dxfxgxh +
1
45
Rbdef∇gRahcex

dxfxgxh +
1
30
∇cdeRafbgx

dxexfxg

)
+O

(
ε6

)
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# =================================================================================================
# compute Γa

bc(x)
# =================================================================================================

gamma:= 1/2 ( dg_{d c b} + dg_{b d c} - dg_{b c d} ) invmetric^{d a}:

@substitute!(%)(dg_{a b c} -> @(dmetric)):
@substitute!(%)(invmetric^{a b} -> @(inverse)):
@distribute!(%): @eliminate_metric!(%): @prodsort!(%): @rename_dummies!(%): @canonicalise!(%):

# =================================================================================================

# gab is accurate to terms including O
(
s5

)
but gab,c are accurate only to terms O

(
s4

)
# so we must truncate Γa

bc at O
(
s4

)
# =================================================================================================

# gamma(x) = term00 + x^d term01 + x^d x^e term02 + x^d x^e x^f term03 + ...

# term01 = 1! gamma_{,d} at x=0, symmetrised over {d}
# term02 = 2! gamma_{,de} at x=0, symmetrised over {d,e} = ( de + ed )/2!
# term03 = 3! gamma_{,def} at x=0, symmetrised over {d,e,f} = ( def + edf + dfe + ...)/3!

# --- extract the terms, one by one, then rebuild the series

poly:=@(gamma):
@distribute!(%):

x^{a}::Weight(label=xterms,value=1).

term00:=@(poly): @keep_weight!(term00){xterms}{0}:
term01:=@(poly): @keep_weight!(term01){xterms}{1}:
term02:=@(poly): @keep_weight!(term02){xterms}{2}:
term03:=@(poly): @keep_weight!(term03){xterms}{3}:
term04:=@(poly): @keep_weight!(term04){xterms}{4}:

# =================================================================================================
# force all indices on R to be downstairs
# =================================================================================================

@substitute!(term00)(R^{a}_{b c d} -> R_{a b c d},
R_{a}^{b}_{c d} -> R_{a b c d},
R^{a}_{b c}^{d} -> R_{a b c d},
R_{a b}^{c}_{d} -> R_{a b c d},
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R_{a b c}^{d} -> R_{a b c d},
R^{a}_{b}^{c d} -> R_{a b c d},
R^{a}_{b}^{c}_{d} -> R_{a b c d},
\nabla^{a}{R_{b c d e}} -> \nabla_{a}{R_{b c d e}},
\nabla^{a}_{f}{R_{b c d e}} -> \nabla_{a f}{R_{b c d e}},
\nabla^{a}_{f g}{R_{b c d e}} -> \nabla_{a f g}{R_{b c d e}}):

@substitute!(term01)(R^{a}_{b c d} -> R_{a b c d},
R_{a}^{b}_{c d} -> R_{a b c d},
R^{a}_{b c}^{d} -> R_{a b c d},
R_{a b}^{c}_{d} -> R_{a b c d},
R_{a b c}^{d} -> R_{a b c d},
R^{a}_{b}^{c d} -> R_{a b c d},
R^{a}_{b}^{c}_{d} -> R_{a b c d},
\nabla^{a}{R_{b c d e}} -> \nabla_{a}{R_{b c d e}},
\nabla^{a}_{f}{R_{b c d e}} -> \nabla_{a f}{R_{b c d e}},
\nabla^{a}_{f g}{R_{b c d e}} -> \nabla_{a f g}{R_{b c d e}}):

@substitute!(term02)(R^{a}_{b c d} -> R_{a b c d},
R_{a}^{b}_{c d} -> R_{a b c d},
R^{a}_{b c}^{d} -> R_{a b c d},
R_{a b}^{c}_{d} -> R_{a b c d},
R_{a b c}^{d} -> R_{a b c d},
R^{a}_{b}^{c d} -> R_{a b c d},
R^{a}_{b}^{c}_{d} -> R_{a b c d},
\nabla^{a}{R_{b c d e}} -> \nabla_{a}{R_{b c d e}},
\nabla^{a}_{f}{R_{b c d e}} -> \nabla_{a f}{R_{b c d e}},
\nabla^{a}_{f g}{R_{b c d e}} -> \nabla_{a f g}{R_{b c d e}}):

@substitute!(term03)(R^{a}_{b c d} -> R_{a b c d},
R_{a}^{b}_{c d} -> R_{a b c d},
R^{a}_{b c}^{d} -> R_{a b c d},
R_{a b}^{c}_{d} -> R_{a b c d},
R_{a b c}^{d} -> R_{a b c d},
R^{a}_{b}^{c d} -> R_{a b c d},
R^{a}_{b}^{c}_{d} -> R_{a b c d},
\nabla^{a}{R_{b c d e}} -> \nabla_{a}{R_{b c d e}},
\nabla^{a}_{f}{R_{b c d e}} -> \nabla_{a f}{R_{b c d e}},
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\nabla^{a}_{f g}{R_{b c d e}} -> \nabla_{a f g}{R_{b c d e}}):

@substitute!(term04)(R^{a}_{b c d} -> R_{a b c d},
R_{a}^{b}_{c d} -> R_{a b c d},
R^{a}_{b c}^{d} -> R_{a b c d},
R_{a b}^{c}_{d} -> R_{a b c d},
R_{a b c}^{d} -> R_{a b c d},
R^{a}_{b}^{c d} -> R_{a b c d},
R^{a}_{b}^{c}_{d} -> R_{a b c d},
\nabla^{a}{R_{b c d e}} -> \nabla_{a}{R_{b c d e}},
\nabla^{a}_{f}{R_{b c d e}} -> \nabla_{a f}{R_{b c d e}},
\nabla^{a}_{f g}{R_{b c d e}} -> \nabla_{a f g}{R_{b c d e}}):

# =================================================================================================
# now we have the leading terms, tidy up and print
# =================================================================================================

{x^{a},R_{a b c d},\nabla_{a}{R_{b c d e}}}::SortOrder.

@prodsort!(term00): @rename_dummies!(%): @canonicalise!(%);
@prodsort!(term01): @rename_dummies!(%): @canonicalise!(%);
@prodsort!(term02): @rename_dummies!(%): @canonicalise!(%);
@prodsort!(term03): @rename_dummies!(%): @canonicalise!(%);
@prodsort!(term04): @rename_dummies!(%): @canonicalise!(%);

term00 := 0

term01 := −1
3
xdRabcd −

1
3
xdRacbd

term02 := − 1
12
xdxe∇bRadce −

1
6
xdxe∇dRabce −

1
12
xdxe∇cRadbe −

1
6
xdxe∇dRacbe +

1
12
xdxe∇aRbdce

term03 := − 4
45
xdxexfRadegRbgcf +

2
45
xdxexfRabdgRcefg +

1
45
xdxexfRadbgRcefg −

1
20
xdxexf∇bdRaecf

− 1
20
xdxexf∇deRabcf −

4
45
xdxexfRadegRbfcg +

2
45
xdxexfRacdgRbefg +

1
45
xdxexfRadcgRbefg

− 1
20
xdxexf∇cdRaebf −

1
20
xdxexf∇deRacbf −

1
45
xdxexfRagbdRcefg −

1
45
xdxexfRagcdRbefg +

1
20
xdxexf∇adRbecf
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term04 := − 2
45
xdxexfxgRbhcd∇eRafgh −

1
60
xdxexfxgRadeh∇bRcfgh −

2
45
xdxexfxgRadeh∇fRbhcg +

1
45
xdxexfxgRabdh∇eRcfgh +

1
90
xdxexfxgRadbh∇eRcfgh

+
1
90
xdxexfxgRcdeh∇bRafgh +

1
45
xdxexfxgRcdeh∇fRabgh +

1
90
xdxexfxgRcdeh∇fRagbh −

1
60
xdxexfxg∇bdeRafcg −

1
90
xdxexfxg∇defRabcg

− 2
45
xdxexfxgRbdch∇eRafgh −

1
60
xdxexfxgRadeh∇cRbfgh −

2
45
xdxexfxgRadeh∇fRbgch +

1
90
xdxexfxgRbdeh∇cRafgh

+
1
45
xdxexfxgRbdeh∇fRacgh +

1
90
xdxexfxgRbdeh∇fRagch +

1
45
xdxexfxgRacdh∇eRbfgh +

1
90
xdxexfxgRadch∇eRbfgh

− 1
60
xdxexfxg∇cdeRafbg −

1
90
xdxexfxg∇defRacbg −

1
36
xdxexfxgRadeh∇hRbfcg −

1
90
xdxexfxgRahbd∇eRcfgh −

1
90
xdxexfxgRbdeh∇aRcfgh

− 1
90
xdxexfxgRbdeh∇fRahcg −

1
90
xdxexfxgRahcd∇eRbfgh −

1
90
xdxexfxgRcdeh∇aRbfgh −

1
90
xdxexfxgRcdeh∇fRahbg +

1
60
xdxexfxg∇adeRbfcg

# --- raise index {a}

Gamma00:= @(term00):

Gamma01:= @(term01)) g^{a u1}:
@distribute!(%): @eliminate_metric!(%):
tmp:=@(Gamma01) \delta^{a}_{u1}: @distribute!(%): @eliminate_kr!(%): @rename_dummies!(%):
Gamma01:= @(tmp):

Gamma02:= @(term02) g^{a u1}:
@distribute!(%): @eliminate_metric!(%):
tmp:=@(Gamma02) \delta^{a}_{u1}: @distribute!(%): @eliminate_kr!(%): @rename_dummies!(%):
Gamma02:= @(tmp):

Gamma03:= @(term03)) g^{a u1}:
@distribute!(%): @eliminate_metric!(%):
tmp:=@(Gamma03) \delta^{a}_{u1}: @distribute!(%): @eliminate_kr!(%): @rename_dummies!(%):
Gamma03:= @(tmp):

Gamma04:= @(term04)) g^{a u1}:
@distribute!(%): @eliminate_metric!(%):
tmp:=@(Gamma04) \delta^{a}_{u1}: @distribute!(%): @eliminate_kr!(%): @rename_dummies!(%):
Gamma04:= @(tmp):

# =================================================================================================
# drop the dependence on x^a, this is risky, here are two possible traps
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#
# (i) A_{a} x^a + B_{e} x^e followed by x^a -> 1 would produce and invalid expression
# (ii) setting x^ -> 1 introduces new free indices, but we cant be certain what they might be
# this might be a problem if we later wished to reintroduce the x^a
#
# two solutions (i) dont set x^a -> 1 or (ii) use @prodsort, @rename_dummies to ensure
# all terms have the same indices for each x^a
# I have used {x^a,...}::SortOrder to ensure all the x^a appear to the left of any other objects
# and thus, after @prodsort, @rename_dummies the indices on the x^a can be inferred from the
# known free indices (the free indices will take values from the start of the index set, the
# x^a will follow immediately after). to see this in action, print out the results of the
# above @prodsort, @rename_dummies, @canonicalise commands
# =================================================================================================

@canonicalise!(Gamma00): @substitute!(Gamma00)(x^{a} -> 1): @sym!(Gamma00){_b,_c}; "Gamma00.del"
@canonicalise!(Gamma01): @substitute!(Gamma01)(x^{a} -> 1): @sym!(Gamma01){_b,_c}; "Gamma01.del"
@canonicalise!(Gamma02): @substitute!(Gamma02)(x^{a} -> 1): @sym!(Gamma02){_b,_c}; "Gamma02.del"
@canonicalise!(Gamma03): @substitute!(Gamma03)(x^{a} -> 1): @sym!(Gamma03){_b,_c}; "Gamma03.del"
@canonicalise!(Gamma04): @substitute!(Gamma04)(x^{a} -> 1): @sym!(Gamma04){_b,_c}; "Gamma04.del"

# =================================================================================================
# for the printed version we can supress the explicit symmetry on (bc)
# i.e. print (bc)( R_{abcd} ) rather than (1/2) ( R_{abcd} + R_{acdbd} )
# =================================================================================================

{u^{a},\nabla_{a b c}{R_{p q r s}},\nabla_{a b}{R_{p q r s}},\nabla_{a}{R_{p q r s}},R_{p q r s}}::SortOrder.

tmp01:=@(Gamma01) u^b u^c: @distribute!(tmp01): @prodsort!(%): @sumsort!(%): @rename_dummies!(%):
tmp02:=@(Gamma02) u^b u^c: @distribute!(tmp02): @prodsort!(%): @sumsort!(%): @rename_dummies!(%):
tmp03:=@(Gamma03) u^b u^c: @distribute!(tmp03): @prodsort!(%): @sumsort!(%): @rename_dummies!(%):
tmp04:=@(Gamma04) u^b u^c: @distribute!(tmp04): @prodsort!(%): @sumsort!(%): @rename_dummies!(%):

@canonicalise!(tmp01): @substitute!(tmp01)(u^{a} -> 1):
@canonicalise!(tmp02): @substitute!(tmp02)(u^{a} -> 1):
@canonicalise!(tmp03): @substitute!(tmp03)(u^{a} -> 1):
@canonicalise!(tmp04): @substitute!(tmp04)(u^{a} -> 1):

@print["\Btag{01}\gamma^{a}_{(bc)d}="~@(tmp01)~"\Etag{01}"];
@print["\Btag{02}\gamma^{a}_{(bc)de}=\killL"~@(tmp02)~"\killR\Etag{02}"];
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@print["\Btag{03}\gamma^{a}_{(bc)def}=\killL"~@(tmp03)~"\killR\Etag{03}"];
@print["\Btag{04}\gamma^{a}_{(bc)defg}=\killL"~@(tmp04)~"\killR\Etag{04}"];

# =================================================================================================
# the connection
# =================================================================================================

Γa
bc(x) = γa

bcd x
d + γa

bcde x
dxe + γa

bcdef x
dxexf + γa

bcdefg x
dxexfxg +O

(
ε6

)

γa
(bc)d =

2
3
Ra

bdc

γa
(bc)de =

1
12
∇aRdbec +

1
6
∇bR

a
dec +

1
3
∇dR

a
bec

γa
(bc)def =

1
20
∇a

dRebfc +
1
10
∇dbR

a
efc +

1
10
∇deR

a
bfc −

4
45
Ra

bdgRecfg −
2
45
Ra

dbgRecfg +
8
45
Ra

degRfbcg −
2
45
Ra

gdbRecfg

γa
(bc)defg =

1
60
∇a

deRfbgc +
1
30
∇debR

a
fgc +

1
45
∇defR

a
bgc −

1
45
∇aRfbghRdceh −

1
45
∇bR

a
fghRdceh +

1
30
∇bRfcghR

a
deh +

4
45
∇eR

a
fghRdbch −

2
45
∇eRfbghR

a
cdh

− 1
45
∇eRfbghR

a
dch −

1
45
∇eRfbghR

a
hdc −

2
45
∇fR

a
bghRdceh −

1
45
∇fR

a
gbhRdceh −

1
45
∇fR

a
hgbRdceh +

4
45
∇fRgbchR

a
deh −

1
36
∇hRfbgcR

a
deh
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# =================================================================================================
# export the connection terms Gamma* (these are *not* the generalised connections)
# =================================================================================================

com:="open connection.lib":
@run(com){"/Users/leo/local/sh/cdbfile"}:

com:="export connection.lib Gamma00.del":
@run(com){"/Users/leo/local/sh/cdbfile"}:

com:="export connection.lib Gamma01.del":
@run(com){"/Users/leo/local/sh/cdbfile"}:

com:="export connection.lib Gamma02.del":
@run(com){"/Users/leo/local/sh/cdbfile"}:

com:="export connection.lib Gamma03.del":
@run(com){"/Users/leo/local/sh/cdbfile"}:

com:="export connection.lib Gamma04.del":
@run(com){"/Users/leo/local/sh/cdbfile"}:
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