The metric tensor in Riemann normal coordinates

In this notebook we compute the recursive sequences

Jab,de = (gcbrca(d) ,€) + (gacrcb(d) ,€)
(n+3)Tpee) = (n+1) (R“@cdpg) — (Tl ) ,g)
for n=1,2,3,---. Note in these equations that the (extended) index e contains n normal indices.

We can then construct a Taylor series for the metric using

1 1
gab(x) = Gab T+ gab,cmC + agab,cdmcxd + ggab,cdexcxdﬁce + -

= 1
= Gab + Z m YJab,c x<
n=1

# =

: :KeepHistory(false).
: :PostDefaultRules( @@collect_terms! (%), @@sumflatten! (%) ).

{a,vb,c,d,e,f,g,h,i,j,k,1,m,n,0,p,q,r,s,t,u,v}::Indices.

\nabla_{#}::PartialDerivative.
\partial{#}::PartialDerivative.

g_{a b}::Metric.
\delta"{a}_{b}: :KroneckerDelta.

R_{a b ¢ d}::RiemannTensor.

R~ {a}_{b c d}::RiemannTensor.

R-{a}_{b c}~"{d}::RiemannTensor.

\Gamma~{a}_{b c}::TableauSymmetry(shape={2}, indices={1,2}).

g_{a b}::Depends(\partial).



R_{a b ¢ d}::Depends(\partial).
R"{a}_{b c d}::Depends(\partial).
\Gamma~{a}_{b c}::Depends(\partial) .

#

#  compute the derivatives

#

# --- derivatives of g_{ab} -----------"--b0o--------------- -\ - -\ - - - : : L b b - s

gab00:=g_{a b}:
gab01l:=g_{c bI\Gamma"{c}_{a d} + g_{a c}\Gamma~{c}_{b d}:

gab02:=\partial_{e}{ @(gab0O1l) }:

@distribute! (%) :

@prodrule! (%) :

Osubstitute! (%) (\partial_{d}{g_{a b}} -> @(gab01)):
@distribute! (%) :

gab03:=\partial_{f}{ @(gab02) }:

@distribute! (%):

@prodrule! (%) :

O@substitute! (%) (\partial_{d}{g_{a b}} -> @(gab01)):
@distribute! (%) :

gab04:=\partial_{g}{ @(gab03) }:

@distribute! (%) :

@prodrule! (%) :

O@substitute! (%) (\partial_{d}{g_{a b}} -> @(gab01)):
@distribute! (%) :

gab05:=\partial_{h}{ @(gab04) }:

@distribute! (%):

@prodrule! (%) :

O@substitute! (%) (\partial_{d}{g_{a b}} -> @(gab01)):
@distribute! (%) :

# —— derivatives of \Gamma -~ ———---——-————————



eq01:= (1/3) A“{b}A"{c} ( R"{a}_{b ¢ d} - \Gamma"{a}_{c e}\Gamma~{e}_{b d} ):

eq02:= (6/4) A {a}\partial_{a}{ @(eq01) }:
@distribute! (%) :

@prodrule! (%) :

Qunwrap! (%) :

@distribute! (%) :

eq03:= (12/10) A~{a}\partial_{a}{ @(eq02) }:
@distribute! (%) :

@prodrule! (%) :

Qunwrap! (%) :

@distribute! (%) :

eq04:= (20/18) A~{aXY\partial_{a}{ @(eq03) }:
@distribute! (%):

@prodrule! (%) :

Qunwrap! (%) :

@distribute! (%) :

eq05:= (30/28) A~{a}\partial_{a}{ @(eq04) }:
@distribute! (%) :

@prodrule! (%) :

Qunwrap! (%) :

@distribute! (%) :

#

#  switch to Riemann normal coordinates

#

# --- isolate \Gamma by replacing all derivatives of \Gamma with a new symbol T ------————————————-
# --- derivatives of g_{ab}

@substitute! (gab02) (\partial_{d}{\Gamma~{a}_{b c}} -> T_{d}"{a}_{b
@substitute! (gab03) (\partial_{d}{\Gamma~{a}_{b c}} -> T_{d}"{a}_{b
@substitute! (gab04) (\partial_{d}{\Gamma~{a}_{b c}} -> T_{d}"{a}_{b
@substitute! (gab05) (\partial_{d}{\Gamma~{a}_{b c}} -> T_{d}"{a}_{b

chH:
chH:
chH):
ch:

@substitute! (gab03) (\partial_{d e}{\Gamma"{a}_{b c}} -> T_{d e}"{a}_{b c}):



@substitute! (gab04) (\partial_{d e}{\Gamma~{a}_{b c}} -> T_{d e} "{a}_{b c}):
@substitute! (gab05) (\partial_{d e}{\Gamma~{a}_{b c}} -> T_{d e}"{a}_{b c}):

Osubstitute! (gab04) (\partial_{d e f}{\Gamma~{a}_{b c}} -> T_{d e f}"{a}t_{b c}):
@substitute! (gab05) (\partial_{d e f}{\Gamma~{a}_{b c}} -> T_{d e £}~ {a}_{b c}):

@substitute! (gab05) (\partial_{d e f gr{\Gamma~{a}_{b c}} -> T_{d e £ g} {a}_{b c}):
# --- derivatives of \Gamma"{a}_{b c}

@substitute! (eq02) (\partial_{d}{\Gamma~{a}_{b c}} -> T_{d} {a}_{b c}):
@substitute! (eq03) (\partial_{d}{\Gamma~{a}_{b c}} -> T_{d}"{a}_{b c}):
@substitute! (eq04) (\partial_{d}{\Gamma~{a}_{b c}} -> T_{d}"{a}_{b c}):
@substitute! (eq05) (\partial_{d}{\Gamma~{a}_{b c}} -> T_{d}"{a}_{b c}):

@substitute! (eq03) (\partial_{d e}{\Gamma~{a}_{b c}} -> T_{d e} "{a}_{b c}):
@substitute! (eq04) (\partial_{d e}{\Gamma"{a}_{b c}} -> T_{d e} {a}_{b c}):
@substitute! (eq05) (\partial_{d e}{\Gamma~{a}_{b c}} -> T_{d e}~{a}_{b c}):

O@substitute! (eq04) (\partial_{d e f}{\Gamma~{a}_{b c}} -> T_{d e f}"{at_{b c}):
@substitute! (eq05) (\partial_{d e f}{\Gamma~{a}_{b c}} -> T_{d e £} {a}_{b c}):

@substitute! (eq05) (\partial_{d e f g}{\Gamma~{a}_{b c}} -> T_{d e £ g} "{a}_{b c}):
# ——- now set \Gamma t0 Zero ———— == - T

@substitute!! (gab01) (\Gamma~{a}_{b c} -> 0):
@substitute!!(gab02) (\Gamma~{a}_{b c} -> 0):
@substitute!! (gab03) (\Gamma~{a}_{b c} -> 0):
@substitute!! (gab04) (\Gamma~{a}_{b c} -> 0):
@substitute!! (gab05) (\Gamma~{a}_{b c} -> 0):

Osubstitute!!(eq01) (\Gamma~{a}_{b c} -> 0):
@substitute!! (eq02) (\Gamma~{a}_{b c} -> 0):
@substitute!! (eq03) (\Gamma~{a}_{b c} -> 0):
@substitute!! (eq04) (\Gamma~{a}_{b c} -> 0):
@substitute!! (eq05) (\Gamma~{a}_{b c} -> 0):

# —-—— now re-introduce the derivatives of \Gamma ---———————-—-———————————————————

# --- derivatives of g_{ab}



O@substitute! (gab02) (T_{d
O@substitute! (gab03) (T_{d
@substitute! (gab04) (T_{d
@substitute! (gab05) (T_{d

O@substitute! (gab03) (T_{d
O@substitute! (gab04) (T_{d
@substitute! (gab05) (T_{d

Osubstitute! (gab04) (T_{d
@substitute! (gab05) (T_{d

@substitute! (gab05) (T_{d

}{at_{b ¢} -> \partial_{d}{\Gamma~{a}_{b c}}):
}{at_{b c} -> \partial_{d}{\Gamma~{a}_{b c}}):
} {a}r_{b ¢} -> \partial_{d}{\Gamma~{a}_{b c}}):
}{a}_{b ¢} -> \partial_{d}{\Gamma~{a}_{b c}}):

e} {at_{b c} -> \partial_{d e}{\Gamma~{a}_{b c}}):
e} {at_{b c} -> \partial_{d e}{\Gamma~{a}_{b c}}):
e} {at_{b c} -> \partial_{d e}{\Gamma~{a}_{b c}}):

e £} {a}_{b c} -> \partial_{d e f}{\Gamma~{a}_{b c}}):
e £} {a}_{b c} -> \partial_{d e f}{\Gamma~{a}_{b c}}):

e f g {ar_{b c} -> \partial_{d e f gr{\Gamma~{a}_{b c}}):

# —-—— derivatives of \Gamma"{a}_{b c}

@substitute! (eq02) (T_{d}
@substitute! (eq03) (T_{d}
@substitute! (eq04) (T_{d}
@substitute! (eq05) (T_{d}

@substitute! (eq03) (T_{d
O@substitute! (eq04) (T_{d
O@substitute! (eq05) (T_{d

@substitute! (eq04) (T_{d
@substitute! (eq05) (T_{d

O@substitute! (eq05) (T_{d
#

“{a}_{b c} -> \partial_{d}{\Gamma~{a}_{b c}}):
“{a}_{b ¢} -> \partial_{d}{\Gamma~{a}_{b c}}):
“{a}_{b c} -> \partial_{d}{\Gamma~{a}_{b c}}):
“{a}_{b c} -> \partial_{d}{\Gamma~{a}_{b c}}):

e} {a}r_{b c} -> \partial_{d e}{\Gamma~{a}_{b c}}):
e} {a}r_{b c} -> \partial_{d e}{\Gamma~{a}_{b c}}):
e} {a}r_{b ¢} -> \partial_{d e}{\Gamma~{a}_{b c}}):

e £f}"{a}_{b c} -> \partial_{d e f}{\Gamma"{a}_{b c}}):
e £} {a}_{b c} -> \partial_{d e f}{\Gamma~{a}_{b c}}):

e f gt {a}_{b c} -> \partial_{d e f gr{\Gamma~{a}_{b c}}):

# prepare first six te
#

rms in the Taylor series expansion of g_{abl}(x)

term0:= Q@(gab00): @distr
terml:= Q@(gab01) A~d: @d
term2:= Q(gab02) A~d A”e

term3:= Q@(gab03) A"d A"e
term4:= Q@(gab04) A~d A”e
@(gab05) A~d A"e

termb:

ibute! (%) :

istribute! (%) :

: @distribute! (%):

A~f: @distribute! (%):

A~f A”g: @distribute! (%) :

A~f A”g A~h: @distribute! (%) :



# -—- imported from symm-riemann.lib --------------———--———-————

qderivOl:="import symm-riemann.lib pderivO1":
Orun(qderiv01){"/Users/leo/local/sh/cdbfile"}:

qderiv02:="import symm-riemann.lib pderiv02":
@run(qderiv02){"/Users/leo/local/sh/cdbfile"}:

qderiv03:="import symm-riemann.lib pderiv03":
@run(qderiv03){"/Users/leo/local/sh/cdbfile"}:

qderiv04:="import symm-riemann.lib pderiv04":
@run(qderiv04){"/Users/leo/local/sh/cdbfile"}:

qderiv05:="import symm-riemann.lib pderiv05":
@run(qderiv05){"/Users/leo/local/sh/cdbfile"}:

#
# replace partial derivs of \Gamma with products and derivs of Riemann tensor
#

@substitute! (eq03) (A"{c}A {b}\partial_{c}{\Gamma~{a}_{b d}} -> @(eq01)):
@substitute! (eq03) (A”{c}A {b}\partial_{c}{\Gamma~{a}_{d b}} -> @(eq01)):
@distribute! (%) :

@substitute! (eq04) (A~ {c}A"{b}A~{e}\partial_{c e}{\Gamma"{a}_{d b}} -> @(eq02)):
Osubstitute! (eq04) (A"{c}A"{b}A"{e}\partial_{c e}{\Gamma~{a}_{b d}} -> @(eq02)):
@substitute! (eq04) (A~{c}A~{b}\partial_{c}{\Gamma"{a}_{b d}} -> @(eq01)):
Osubstitute! (eq04) (A"{c}A"{b}\partial_{c}{\Gamma"{a}_{d b}} -> @(eq01)):
@distribute! (%) :

@substitute! (eq05) (A"{c}A {b}A~{e}A {f}\partial_{c e f}{\Gamma~{a}_{d b}} -> @(eq03)):
@substitute! (eq05) (A"{c}A"{b}A~{e}A~{f}\partial_{c e f}{\Gamma~{a}_{b d}} -> @(eq03)):
@substitute! (eq05) (A{c}A{b}A~{e}\partial_{c e}{\Gamma~{a}_{d b}} -> @(eq02)):
@substitute! (eq05) (A{c}A{b}A~{e}\partial_{c e}{\Gamma~{a}_{b d}} -> @(eq02)):
@substitute! (eq05) (A”{c}A {b}\partial_{c}{\Gamma~{a}_{b d}} -> @(eq01)):

@substitute! (eq05) (A"{c}A {b}\partial_{c}{\Gamma~{a}_{d b}} -> @(eq01)):
@distribute! (%) :



@substitute! (qderiv02) (A~ {c}A {bF\partial_{c}{\Gamma~{a}_{b d}} -> @(eq01)):
@substitute! (qderiv02) (A~{c}A {b}\partial_{c}{\Gamma~{a}_{d b}} -> @(eq01)):
@distribute! (%) :

@substitute! (qderiv03) (A" {c}A {b}A~{e}\partial_{c e}{\Gamma~{a}_{d b}} -> @(eq02)):
@substitute! (qderiv03) (A"{c}A {b}A~{e}\partial_{c e}{\Gamma~{a}_{b d}} -> @(eq02)):
@substitute! (qderiv03) (A~ {c}A {b}\partial_{c}{\Gamma~{a}_{b d}} -> @(eq01)):
O@substitute! (qderiv03) (A~ {c}A {b}\partial_{c}{\Gamma~{a}_{d b}} -> @(eq01)):
@distribute! (%) :

@substitute!! (qderiv04) (A" {c}A {b}A"{e}A~{f}\partial_{c e f}{\Gamma~{a}_{d b}} -> @(eq03)):
@substitute!! (qderiv04) (A"{c}A {b}A"{e}A~{f}\partial_{c e f}{\Gamma~{a}_{b d}} -> @(eq03)):
@substitute!! (qderiv04) (A"{c}A"{b}A"{e}\partial_{c e}{\Gamma~{a}_{d b}} -> @(eq02)):
@substitute!!(qderiv04) (A"{c}A {b}A {e}\partial_{c e}{\Gamma~{a}_{b d}} -> @(eq02)):
@substitute!!(qderiv04) (A"{c}A {b}\partial_{c}{\Gamma~{a}_{b d}} -> @(eq01)):

@substitute!! (qderiv04) (A"{c}A {b}\partial_{c}{\Gamma~{a}_{d b}} -> @(eq01)):
@distribute! (%) :

@substitute! (term2) (A"{c}A {b}\partial_{c}{\Gamma~{a}_{b d}} -> @(eq01)):
@substitute! (term2) (A"{c}A " {b}\partial_{c}{\Gamma~{a}_{d b}} -> @(eq01)):
@distribute! (%) :

@substitute! (term3) (A"{c}A~{b}A~{e}\partial_{c e}{\Gamma~{a}_{d b}} -> @(eq02)):
O@substitute! (term3) (A"{c}A~{b}A~{eF\partial_{c e}{\Gamma~{a}_{b d}} -> @(eq02)):
@substitute! (term3) (A"{c}A {b}\partial_{c}{\Gamma~{a}_{b d}} -> @(eq01)):
@substitute! (term3) (A"{c}A {b}\partial_{c}{\Gamma~{a}_{d b}} -> @(eq01)):
@distribute! (%) :

Osubstitute!! (termd) (A"{c}A~{b}A"{e}A"{f}\partial_{c e f}{\Gamma~"{a}_{d b}} -> @(eq03)):
Osubstitute!!(term4) (A"{c}A"{b}A"{e}A~{f}\partial_{c e f}{\Gamma"{a}_{b d}} -> @(eq03)):
Osubstitute!! (term4) (A"{c}A"{b}A"{e}\partial_{c e}{\Gamma"{a}_{d b}} -> @(eq02)):
Osubstitute!!(term4) (A"{c}A"{b}A"{e}\partial_{c e}{\Gamma"{a}_{b d}} -> @(eq02)):
Osubstitute!!(term4) (A"{c}A"{b}\partial_{c}{\Gamma~{a}_{b d}} -> @(eq01)):
Osubstitute!!(term4) (A"{c}A"{b}\partial_{c}{\Gamma~{a}_{d b}} -> @(eq01)):
@distribute! (%) :

Osubstitute!! (term5) (A" {c}A {b}A~{e}A~{f}A {g}\partial_{c e f g}{\Gamma~{a}_{d b}} -> @(eq04)):
@substitute!! (term5) (A"{c}A~{b}A"{e}A~{f}A {gt\partial_{c e f gr{\Gamma"{a}_{b d}} -> @(eq04)):



@substitute!! (term5) (A"{c}A~{b}A"{e}A~{f}\partial_{c e f}{\Gamma~{a}_{d b}} -> @(eq03)):
Osubstitute!! (term5) (A"{c}A™{b}A"{e}A"{f}\partial {c e f}{\Gamma"{a} {b d}} -> ©(eq03)):
@substitute!! (term5) (A~{c}A {b}A~{e}\partial_{c e}{\Gamma"{a}_{d b}} -> @(eq02)):
@substitute!! (term5) (A"{c}A {b}A~{e}\partial_{c e}{\Gamma"{a}_{b d}} -> @(eq02)):
@substitute!! (term5) (A"{c}A"{b}\partial_{c}{\Gamma"{a}_{b d}} -> @(eq01)):

@substitute!! (term5) (A"{c}A~{b}\partial_{c}H \Gamma~{a}_{d b}} -> @(eq01)):
@distribute! (%):

#

# replace partial derivatives of Riemann tensor with its covariant derivatives
#

@substitute! (qderiv03) (A"{b}A~{d}A"~{e}\partial_{e}{R"{u}_{b 4 v}} -> @(qderiv01l)):
@distribute! (%) :

@substitute! (qderiv04) (A"{b}A"{d}A"{e}A {f}\partial_{e f}{R"{u}_{b d v}} -> @(qderiv02)):
Osubstitute! (qderiv04) (A~{b}A~{d}A"{e}\partial_{e}R {u}_{b d v}} -> @(qderiv01)):
@distribute! (%):

@eliminate_metric! (terml):
@prodsort! (%) :
@rename_dummies! (%) :
Qcanonicalise! (%) :

@eliminate_metric! (term?2):
@prodsort! (%) :
Orename_dummies! (%) :
Qcanonicalise! (%) :

Osubstitute! (term3) (A"{b}A~{d}A~{e}\partial_{e}{R"{u}_{b d v}} -> @(qderiv01)):
@distribute! (%) :

Qeliminate_metric! (%) :

@prodsort! (%) :

@rename_dummies' (%) :

Qcanonicalise! (%) :

@substitute! (term4) (A"{b}A~{d}A"{e}A"{f}\partial_{e fHR {u}_{b d v}} -> @(qderiv02)):
@substitute! (termd) (A"{b}A"{d}A"{e}\partial_{e}{R"{u}_{b 4 v}} -> @(qderiv01)):
@distribute! (%):



Q@eliminate_metric! (%) :
@prodsort! (%) :
@rename_dummies! (%) :
@canonicalise! (%) :

@substitute! (terms) (A"{b}A~{d}A {e}A~{f}A"{g}\partial_{e f gHR {u}_{b d v}} -> @(qderiv03)):
Osubstitute! (termb) (A"{b}A~{d}A~{e}A"{f}\partial_{e f}{R"{u}_{b d v}} -> @(qderiv02)):
@substitute! (term5) (A"{b}A~{d}A~{e}\partial_{e}{R"{u}_{b d v}} -> @(qderiv01)):
@distribute! (%) :

Q@eliminate_metric!(%):

@prodsort! (%) :

Q@rename_dummies! (%) :

@canonicalise! (%) :

# =

# force all indices on R to be downstairs
#

@substitute! (term0) (R"{a}_{b ¢ d} -> R_{a b ¢ d},
R_{a}"{b}_{c 4} -> R_{a b ¢ 4},
R {a}_{b c}"{d} -> R_{a b ¢ d},
R_{a b} {c}_{d} -> R_{a b c d},
R_{a b ¢}"{d} -> R_{a b ¢ 4},
R~ {a}_{b}"{c d} -> R_{a b c d},
R {a}_{b}"{c}_{d} -> R_{a b ¢ 4},
\nabla~{a}{R_{b c d e}} -> \nabla_{a}{R_{b c d e}},
\nabla~{a}_{f}R_{b ¢ d e}} -> \nabla_{a f}R_{b c d el}},
\nabla“{a}_{f g}{R_{b c d e}} -> \nabla_{a £ g}{R_{b c d e}}):

@substitute! (terml) (R"{a}_{b ¢ d} -> R_{a b c d},
R_{a}"{b}_{c 4} -> R_{a b ¢ d},
R {a}_{b c}"{d} -> R_{a b c d},
R_{a b} {c}_{d} -> R_{a b ¢ d},
R_{a b c}"{d} -> R_{a b ¢ d},
R~{a}_{b}"{c d} -> R_{a b c d},

R {a}_{b}"{c}_{d} -> R_{a b ¢ d},

\nabla~{a}{R_{b c d e}} -> \nabla_{a}{R_{b c d e}},
\nabla~{a}_{f}{R_{b c d e}} -> \nabla_{a f}R_{b c d e}},
\nabla“{a}_{f g}R_{b c d e}} -> \nabla_{a f gtHR_{b c d e}}):



@substitute! (term2) (R"{a}_{b ¢ d} -> R_{a b
R_{a}"{b}_{c d} -> R_{a
R~{a}_{b c}"{d} -> R_{a
R_{a b}"{c}_{d} -> R_{a
R_{a b c}{d} >R {ab
R~{a}_{b}"{c d} -> R_{a
R {a}_{b}"{c}_{d} -> R_{a

@
b
b
b
@
b

d},

c d},

c d},

c d},
d},

c d},

b c d},

\nabla~{a}{R_{b ¢ d e}} -> \nabla_{a}{R_{b c 4 e}},
\nabla~{a}_{f}{R_{b c d e}} -> \nabla_{a f}{R_{b c d e}},

\nabla“{a}_{f g}{R_{b c d

@substitute! (term3) (R"{a}_{b ¢ d} -> R_{a b
R_{a}"{b}_{c d} -> R_{a
R {a}_{b c}"{d} -> R_{a
R_{a b}"{c}_{d} -> R_{a
R_{a b c}{d} >R {ab
R~{a}_{b}"{c d} -> R_{a
R {a}_{b}"{c}_{d} -> R_{a

C
b
b
b
C
b

e}} -> \nabla_{a f g}{R_{b

d},

c d},

c d},

c d},
d},

c d},

b ¢ d},

\nabla~{a}{R_{b ¢ d e}} -> \nabla_{a}{R_{b c d e}},
\nabla“{a}_{f}{R_{b c d e}} -> \nabla_{a f}{R_{b c d e}},

\nabla~{a}_{f gHR_{b c d

@substitute! (term4) (R"{a}_{b c d} -> R_{a b ¢
R_{a}"{b}_{c d} -> R_{a b
R~{a}_{b c}"{d} -> R_{a b
R_{a b}"{c}_{d} -> R_{a b
R_{a b c}{d} >R {abc
R {a}_{b}"{c d} -> R_{a b
R {a}_{b}"{c}_{d} -> R_{a

e}} -> \nabla_{a f g}{R_{b

d},

c d},

c d},

c d},
d},

c d},

b c d},

\nabla~{a}{R_{b ¢ d e}} -> \nabla_{a}{R_{b c d e}},
\nabla“{a}_{f}{R_{b ¢ d e}} -> \nabla_{a f}{R_{b c 4 e}},

\nabla~{a}_{f gt{R_{b c d

@substitute! (term5) (R"{a}_{b ¢ d} -> R_{a b ¢
R_{a}"{b}_{c d} -> R_{a b
R*{a}_{b c}"{d} ->R_{a b
R_{a b}"{c}_{d} -> R_{a b

e}} -> \nabla_{a f g}{R_{b

d},

c d},
c d},
c d},

cde}}):

cde}}):

cdel}):

10



R_{a b c}"{d} -> R_{a b ¢ d},

R {a}_{b}"{c d} -> R_{a b ¢ 4},

R {a}_{b}"{c}_{d} -> R_{a b c d},

\nabla~{a}{R_{b c d e}} -> \nabla_{a}{R_{b c d e}},
\nabla“{a}_{f}{R_{b ¢ d e}} -> \nabla_{a f}{R_{b c 4 e}},
\nabla“{a}_{f g}{R_{b c d e}} -> \nabla_{a f gt{R_{b c d e}}):

11



#

#  the metric expressed in terms of the Riemann tensor and its covariant derivatives

#

metric:=@(term0)

(1/1) @(terml)
(1/2) @(term2)
(1/6) @(term3)
(1/24) @(term4)
(1/120) @(termb5):

+ + + + +

@substitute! (%) (A~{a} -> x~{a}):
@canonicalise! (%) :

@print ["\Btag{01}g_{ab} (x)=""@(metric) ~"+\BigO{\eps~6}\Etag{01}"];

1 1 2 1
Gab (2) = <gab -3 22" Rycpa — 5 2°2%°V . Radve + e 222007 Rycag Roe g — 202

#

1
dxewfVCdRaebf + = T

1
ngacdhveRbfgh +

1
— —z2%x
0

# rewrite the metric in the form guy(Z) = Gab + Jabe T + Jabed LT + Gabede T

CIdIe 4+

#

gab:= @(term0) :

gabc:= @(terml): G@sym!(%){_a,_bl}:
gabcd:= 1/2 @(term2): @sym!(%){_a,_bl}:
gabcde:= 1/6 @(term3): @sym!(%){_a,_b}:
gabcdef:=  1/24 Q@(term4): G@sym!(%){_a,_bl}:

gabcdefg:= 1/120 @(termb): @sym! (%){_a,_b}:

@substitute! (gab) (A"{a} -> 1); "gab.del"
@substitute! (gabc) (A~{a} -> 1); "gabc.del"
@substitute! (gabcd) (A~{a} -> 1); "gabcd.del"
O@substitute! (gabcde) (A"{a} -> 1); "gabcde.del"
@substitute! (gabcdef) (A"{a} -> 1); "gabcdef.del"
O@substitute! (gabcdefg) (A~{a} -> 1); "gabcdefg.del"

ngbcdhveRafgh

.TgvcdeRafbg) + O (66)
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@print["g_{abc}=""@(gabc)];
@print["g_{abcd}=""@(gabcd)];
@print ["g_{abcde}=""0(gabcde)];
@print ["g_{abcdef}=""0(gabcdef)];
@print ["g_{abcdefg}=""0(gabcdefg)];
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: : g c,.d c.d e
the metric in the form .qu('r) = Gab t Gabe €+ Yabed xx® + YJabede w4 -

gab(x) = Gab T Gabe ¢+ Yabed xcxd + Gabede xcxdxe =+ YJabcde f xcxdxexf + Yabedefg xcwdmexfxg +0 (66)

gabc:0

1 1
abed — *7Rac *7Rca
Gabed ( 6 bd — 1t d>

1 1
abede = | — 75 cRa e 15 CR ae
Jabed ( 12V db 12V bd )

1 1 1 1
YJabcdef = <45 Racngbefg + E Rbcngaefg - % vcd}%aebf - E vccl]%beaf>
1 1 1 1
YJabedefg = ﬁ RacdhveRbfgh + ﬁ RbcdhveRafgh - @ Vcde]:')vafbg - @ vcde-Rbfa,g
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#
# compute the first partial gup.c(%) = Gabe + Gabed T¢ + Gabae T4+ - -

#

x"{a}: :Depends(\partial).

g_{a b ¢ d}::TableauSymmetry(shape={2}, indices={2,3}).
g_{a b c d e}::TableauSymmetry(shape={3}, indices={2,3,4}).
g_{a b c d e £}::TableauSymmetry(shape={4}, indices={2,3,4,5}).
g_{a b cdef g}::TableauSymmetry(shape={5}, indices={2,3,4,5,63}).
metric:=g_{a b} + g_{a b ¢ d} x"c x°d
+ g {abcde} xcx'dx"e
+g{abcdef} x"c x°d x"e x°f
+g{abcdefgrxicx"dxTexfx"g:

dmetric:=\partial_{c}{@(metric)}:

@distribute! (%) :

@prodrule! (%) :

Qunwrap! (%) :

@substitute! (%) (\partial_{c}{g_{a b}} -> 0):
@substitute! (%) (\partial_{a}{x"{b}}->\delta~{b}_{al}):
@eliminate_kr! (%) :

Q@rename_dummies! (%) :

Qcanonicalise! (%) :

@print ["\Btag{02}g_{ab,c}(x)=""0@(dmetric) “"+\BigO{\eps " 6}\Etag{02}"];
# gabdefg as calculated earlier was not symmetrised over cdefg, do so now

Osym! (gabcd) {_{c}, _{d}}:

Osym! (gabcde){_{c},_{d}, _{e}}:

@sym! (gabcdef){_{c},_{a},_{e}, _{£f}}:

Osym! (gabcdefg){_{c},_{d}, _{e},_{f}, _{g}}:

O@substitute! (metric)(g_{a b ¢ d} -> @(gabcd), g_{a b ¢ d e} -> @(gabcde),

g {abcdef} -> @(gabcdef), g {a b cdef gl -> a(gabcdefg)):
@distribute! (%) :
Q@canonicalise! (%); "metric.del"
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@substitute! (dmetric) (g_{a b ¢ d} -> @(gabcd), g_{a b c d e} -> @(gabcde),

g {abcdef} -> @(gabcdef), g {a b cde f g} —-> @(gabcdefg)):
@distribute! (%) :
@canonicalise! (%); "dmetric.del"

@print ["\Btag{03}g_{ab,c}(x)=""0@(dmetric) ~"+\BigO{\eps " 6}\Etag{03}"];

Jab,c (.’E) = (2 gabcdxd + '?)gabcdexdme + 4gabcdefxd$exf + 5gabcdefg$dxexfxg) +0 (66)

1 1 2 2 2
Yab,c (.T) = <_3 Racbdxd 3 Radbcx V Radbel‘ ¢ =~ VdRacbex ¢ -~ VdRaebcmdxe + Z5 RacdeRbfdgxel‘fxg - E RadceRbfegxdxfxg + B Radebecegmdxfxg
2 1 1 1
- I5 Radebeqcexdxfxg - T VcdRaebfm x° .’13 vde acbfaj x* Z‘ vde afbcxdx x’ + E acderRbgdhxexfxgmh - I5 RadcerRbgehxdxfxgxh

1 1 1
+ = RadercRbgehmdxfxgxh + T RadergRbcehmdxfxgxh — E RadergRbhcexdxfxgxh + E RbcderRagdhxexf zh — 5 RbdcerRagehxdxfxgmh

h h

1 1 1 1 1
+ — RbdercRagehxdmfxgxh + T RbdergRacehxdmfxgm T RbdergRahcexdxfxgac ~ 35 VcdeRafngdmexfxg ~ % VdefRacngdxexfxg

45
1
~ % VdefRagbcxdxexfx9> + O (66)
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the partial derivatives of the Riemann tensor in terms of its covariant derivatives

Qcanonicalise! (qderiv01):
Qcanonicalise! (qderiv02):
@canonicalise! (qderiv03):

#
#
#
# using Qcanonicalise after index gymnastics gives more compact results than using it here
#
#
#
# Ocanonicalise! (qderiv04):

tmpO1:= @(qderiv01): @prodsort!(%): Qrename_dummies! (%) :
tmp02:= @(qderiv02): @prodsort!(%): O@rename_dummies! (%) :
tmp03:=2 @(qderiv03): @prodsort!(%): @rename_dummies! (%) :
tmp04:=5 @(qderiv04): G@prodsort!(%): @rename_dummies! (%) :

# this use of Qcanonicalise gives more compact results than if used ealier, see above

Q@canonicalise! (tmp01): @factor_out!! (%) (A"{a}): @substitute! (%) (A~{a} -> 1):
@canonicalise! (tmp02): @factor_out!! (%) (A"{a}): @substitute! (%) (A~{a} -> 1):
@canonicalise! (tmp03): @factor_out!! (%) (A"{a}): @substitute! (%) (A~{a} -> 1):
@canonicalise! (tmp04): @factor_out!! (%) (A"{al}): @substitute! (%) (A~{a} -> 1):

tmpll:= -@(tmp01): @substitute! (%) (\nabla_{m}R"{b}_{c e d}} -> \nabla_{m}{R"{b}_{c d e}}:

tmpl2:= -@(tmp02): @substitute! (%) (\nabla_{m n}{R"{b}_{c e d}} -> \nabla_{m n}{R"{b}_{c d e}}:

tmp13:= -@(tmp03): @substitute! (%) (\nabla_{m n o}{R"{b}_{c e d}} -> \nabla_{m n o}{R"{b}_{c d e}}:
tmpl4:= -@(tmp04): Gsubstitute! (%) (\nabla_{m n o p}{R"{b}_{c e d}} -> \nabla_{m n o pHR {b}_{c d e}}:

Oprint ["\Btag{21}R"{ur{}_{(bc{\Dot v},a)}=""0@(tmpl1l)~"\Etag{21}"];
@print ["\Btag{22}R"{u}{}_{(cd{\Dot v},ab)}=""@(tmpl2) ""\Etag{22}"];

@print ["\Btag{23}2 R~ {u}{}_{(de{\Dot v},abc)}=\killL"~@(tmp13)~"\killR\Etag{23}"];
@print ["\Btag{24}5 R~ {u}{}_{(ef{\Dot v},abcd)}=\killL"~@(tmp14)~"\killR\Etag{24}"];

Ru(bci),a) = VoR" pey
R" (cav,ab) = VabR" cdu
2Ru(dei},abc) =2 VabcRu dev — Rvabfchu def + R" abfchvdef

5Ru(efi),abcd) =5 vabcdRu efv — 7 RvabgvcdRu efg +T7R" abgvcdeefg



#
#  export metric and dmetric

#

com:="open metric.lib":

O@run(com){"/Users/leo/local/sh/cdbfile"}:

com:="export metric.lib metric.del":

@run(com){"/Users/leo/local/sh/cdbfile"}:

com:="export metric.lib dmetric.del":

O@run(com){"/Users/leo/local/sh/cdbfile"}:

com:="export metric.lib gab.del":

@run(com){"/Users/leo/local/sh/cdbfile"}:

com:="export metric.lib gabc.del":

O@run(com){"/Users/leo/local/sh/cdbfile"}:

com:="export metric.lib gabcd.del":

@run(com){"/Users/leo/local/sh/cdbfile"}:

com:="export metric.lib gabcde.del":

@run(com){"/Users/leo/local/sh/cdbfile"}:

com:="export metric.lib gabcdef.del":

@run(com){"/Users/leo/local/sh/cdbfile"}:

com:="export metric.lib gabcdefg.del":

@run(com){"/Users/leo/local/sh/cdbfile"}:
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