Geodesic IVP

Our game here is to find the solution of
d?xe dz® dz°
0=— be(z)—
ds? + The() ds ds

subject to the initial conditions 2%(s) = z® and dz%(s)/ds = ©* at s =0

Algorithm

By successive differentiation of the above equation we can compute

drae ., daz®dat date
dst % ds ds ds
at s =0. The I'},;, are the generalised connections.
We can then construct the Taylor series solution for z%(s)
oo
1
x%(s) =z — Z Hfgcék:i:b:bcic'gk
k=2

#

# Compute the generalised connection, for later use in series expansion of x%(s)
# =

: :KeepHistory(false).
: :PostDefaultRules( ©@Qcollect_terms! (%), Q@@sumflatten! (%) ).

{a,b,c,d,e,f,g,h,i,j,k,1,m,n,0,p,q,r,s,t,u#,vi#}r: :Indices.

\nabla_{#}::PartialDerivative.
\partial_{#3}::PartialDerivative.

g_{a b}::Metric.
g {a b}::Metric.
\delta~{a}_{b}: :KroneckerDelta.



R_{a b ¢ d}::RiemannTensor.
R~ {a}_{b ¢ d}::RiemannTensor.

# --- the Q are shorthand for the genGamma, saves typing -——--——--——-———————————————————————————————-

{Q~{a}_{b c},Q"{ar_{b c d},Q"{a}_{b c d e}, {a}_{b ¢ d e £},Dx"{a}}::SortOrder.

Q~{a}_{b c}::TableauSymmetry(shape={2}, indices={1,2}).

Q~{a}_{b c d}::TableauSymmetry(shape={3}, indices={1,2,33}).

Q" {a}_{b ¢ d e}::TableauSymmetry(shape={4}, indices={1,2,3,4}).

Q" {a}_{b ¢ d e f}::TableauSymmetry(shape={5}, indices={1,2,3,4,53}).

Q" {a}_{b c d e £ g}::TableauSymmetry(shape={6}, indices={1,2,3,4,5,6}).

\Gamma~{a}_{b c}::TableauSymmetry(shape={2}, indices={1,2}).

#_
# recursively compute d"x%/ds" at s=10
#

# -—— A*=2%, B*=dz%/ds at s=0

deriv00:=A"{a};
deriv01:=B~{a};

deriv02:=-\Gamma"{a}_{b c} B~ {b} B {c};

deriv03:=\nabla{@(deriv02)}:

@prodrule! (%) :

@substitute! (%) (\nabla{B~{a}}->0@(deriv02)):
@substitute! (%) (\nabla{\Gamma {m}_{s t}}->B~{d}\partial_{d}{\Gamma~{m}_{s t}}):
@prodsort! (%) : @rename_dummies!(%): Qcanonicalise! (%);

deriv04:=\nabla{@(deriv03)}:

@distribute! (%) :

@prodrule! (%) :

@substitute! (%) (\nabla{B~{a}}->@(deriv02)) :

@substitute! (%) (\nabla{\Gamma~{m}_{s t}}->B~{d}\partial_{d}{\Gamma~{m}_{s t}}):

@substitute! (%) (\nabla{\partial_{e}{\Gamma {m}_{s t}}}->B"{d}\partial_{d e}{\Gamma~{m}_{s t}}):
@prodsort! (%) : @rename_dummies! (%): @canonicalise! (%) ;



deriv05:=\nabla{@(deriv04)}:

@distribute! (%) :

@prodrule! (%) :

@substitute! (%) (\nabla{B~{a}}->@(deriv02)):

@substitute! (%) (\nabla{\Gamma"{m}_{s t}}->B~{d}\partial_{d}{\Gamma~{m}_{s t}}):

@substitute! (%) (\nabla{\partial_{e}{\Gamma"{m}_{s t}}}->B~{d}\partial_{d e}{\Gamma"{m}_{s t}}):
@substitute! (%) (\nabla{\partial_{e f}{\Gamma“{m}_{s t}}}->B~{d}\partial_{d e f}{\Gamma"{m}_{s t}}):
@prodsort! (%) : @rename_dummies!(%): Qcanonicalise! (%) ;

# ——- deriv06 to leading order in s equals —I ., which vanishes
deriv06:=0;
deriv00 := A®
deriv0l := B®

deriv02 := (—1) T ,.B"B*
deriv03 := —B*B°Be9,I'* .4 + 2 B B°BT% ,.I"° .4

deriv04 := B*B°BYB°If ,.0;,T* 4o + 4 B°’B°BB°T/ ,.0,T% . — B’ B°B*B°9,.I'® 4.
i f
—2B°B°BYBT ;T 4, 19 4o — 4 BB BB°T® ;T ;T 4 + 2 B"B°BIBT? ;0.1 4.

deriv05 := —2B*B°B*B°B/T9,.T" 1,0,T" . — 6 B"B°B'B*B'TY },.T" 4.0,T" 41, + B"B°B*B*BY 0,1 4,041 oy + 3 B"B°B*B*B'TY },.04yT" o4
—~12BB°BB*B/TY },.T" 4,0, 1, — 6 B"B°B*B°B/TY9 ,,T" 4.0/ T" ;5 + 6 B"B°B'B°B/ 9,7 .,0aT? o
+6 B*B°BYB°BITY ,.04.T" t, — B"B°BB*B! 0yeqT"* oy + 12 B*B*B*B°B/T* ,,,19 , " 4,T" .; — 6 B"B°B*B°B/T" ;,19 1,.0,T" .;
+4B*B°BYBBIT ,, 19 ,,T" g1 . + 8 B"B*BB°B/T*,,T9 ,T" ;T .y — 8 B"B°B*B°B/T ,,T" 40.T9 ¢y,
—4BB°BB°BIT ;19 ,0,T" .; — 2 B*B*BYB°B/T 1, T" .4OhT9 . + 2 B*B°B'B*BIT 1,,0.al? .

deriv06 : =0



Now we need to expand derivO* as a Taylor series around x=0
These will be used in constructing the general solution of the geodesic equation near x=0, i.e. x"a(s)
To obtain a series accurate to terms including 0(L"6) we will need the following derivatives at x=0

deriv02,a deriv02,ab deriv02,abc deriv02,abcd
deriv03,a deriv03,ab deriv03, abc

deriv04,a deriv04,ab

deriv05,a
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+H+

# --- Taylor series for deriv02 ---------—7 - 7-----——--"-"""""""""""""""""""""~—"—~————

@distribute! (deriv02):
term00:=0@(deriv02) :

tmp:=A~{a} \partial_{a}{@(term00)}:

@distribute! (tmp): @prodrule! (tmp): @distribute! (tmp):
@substitute! (tmp) (\partial_{a}{B~{b}} -> 0):
term01:=0(tmp) :

tmp:=A~{a} \partial_{a}{@(term01)}:

@distribute! (tmp): @prodrule! (tmp): @distribute! (tmp):
@substitute! (tmp) (\partial_{a}{B"{b}} -> 0, \partial_{a}{A"{b}} -> 0):
term02:=Q(tmp) :

tmp:=A~{a} \partial_{a}{@(term02)}:

@distribute! (tmp): @prodrule! (tmp): @distribute! (tmp):
@substitute! (tmp) (\partial_{a}{B"{b}} -> 0, \partial_{a}{A"{b}} -> 0):
term03:=Q(tmp) :

tmp:=A~{a} \partial_{a}{@(term03)}:

@distribute! (tmp): @prodrule! (tmp): @distribute! (tmp):
@substitute! (tmp) (\partial_{a}{B~{b}} -> 0, \partial_{a}{A"{b}} -> 0):
term04:=Q(tmp) :

@substitute! (term00) (\partial_{a b ¢ d}{\Gamma"{p}_{m n}} -> Q" {p}_{m n a b c d}):



@substitute! (term00) (\partial_{a b c}{\Gamma"{p}_{m n}} -> Q"{p}_{m n a b c}):
@substitute! (term00) (\partial_{a b}{\Gamma~{p}_{m n}} -> Q" {p}_{m n a b}):
@substitute! (term00) (\partial_{a}{\Gamma {p}_{m n}} -> Q" {p}_{m n a}):
@substitute! (term00) (\Gamma~{p}_{m n} -> Q" {p}_{m n}):

@substitute! (term01) (\partial_{a b ¢ d}{\Gamma"{p}_{m n}} -> Q" {p}_{m n a b c d}):
@substitute! (term01) (\partial_{a b c}{\Gamma"{p}_{m n}} -> Q"{p}_{m n a b c}):
@substitute! (term01) (\partial_{a b}{\Gamma~{p}_{m n}} -> Q°{p}_{m n a b}):
@substitute! (term01) (\partial_{a}{\Gamma {p}_{m n}} -> Q" {p}_{m n a}):
@substitute! (term01) (\Gamma"{p}_{m n} -> Q" {p}_{m n}):

@substitute! (term02) (\partial_{a b ¢ d}{\Gamma"{p}_{m n}} -> Q" {p}_{m n a b c d}):
@substitute! (term02) (\partial_{a b c}{\Gamma"{p}_{m n}} -> Q"{p}_{m n a b c}):
@substitute! (term02) (\partial_{a b}{\Gamma {p}_{m n}} -> Q" {p}_{m n a b}):
@substitute! (term02) (\partial_{a}{\Gamma {p}_{m n}} -> Q" {p}_{m n a}):
@substitute! (term02) (\Gamma"{p}_{m n} -> Q"{p}_{m n}):

@substitute! (term03) (\partial_{a b ¢ d}{\Gamma"{p}_{m n}} -> Q" {p}_{m n a b c d}):
O@substitute! (term03) (\partial_{a b c}{\Gamma"{p}_{m n}} -> Q"{pr_{m n a b c}):
@substitute! (term03) (\partial_{a b}{\Gamma"{p}_{m n}} -> Q"{p}_{m n a b}):
@substitute! (term03) (\partial_{a}{\Gamma " {p}_{m n}} -> Q" {p}_{m n a}):
@substitute! (term03) (\Gamma"{p}_{m n} -> Q"{p}_{m n}):

O@substitute! (term04) (\partial_{a b ¢ d}{\Gamma"{p}_{m n}} -> Q" {p}t_{m n a b c d}):
@substitute! (term04) (\partial_{a b c}{\Gamma"{p}_{m n}} -> Q"{p}_{m n a b c}):
@substitute! (term04) (\partial_{a b}{\Gamma~{p}_{m n}} -> Q" {p}_{m n a b}):
@substitute! (term04) (\partial_{a}{\Gamma{p}_{m n}} -> Q" {p}_{m n a}):
@substitute! (term04) (\Gamma~{p}_{m n} -> Q" {p}_{m n}):

# —--- rebuild deriv02
deriv02:=0(term00) + Q@(termO01) + (1/2) @(term02) + (1/6) @(term03) + (1/24) @(term04):
# -—— impose RNC conditiomns

@substitute! (deriv02) (A" {p}_{m n} -> 0):
O@substitute! (deriv02) (B"a B"b Q" {p}_{a b} -> 0);

# --- Taylor series for deriv03 --------—---—77——--—-———————————— - —————

@distribute! (deriv03):



term00:=0@(deriv03) :

tmp:=A"{a} \partial_{a}{@(term00)}:

@distribute! (tmp): @prodrule! (tmp): @distribute! (tmp):
@substitute! (tmp) (\partial_{a}{B~{b}} -> 0):
term01:=Q(tmp) :

tmp:=A~{a} \partial_{a}{@(termO1)}:
@distribute! (tmp): @prodrule! (tmp): @distribute! (tmp):

@substitute! (tmp) (\partial_{a}{B"{b}} -> 0, \partial_{a}{A~{b}} -> 0):

term02:=0Q(tmp) :

tmp:=A"{a} \partial_{a}{@(term02)}:
@distribute! (tmp): @prodrule! (tmp): @distribute! (tmp):

@substitute! (tmp) (\partial_{a}{B~{b}} -> 0, \partial_{a}{A {b}} -> 0):

term03:=0(tmp) :

@substitute! (term00) (\partial_{a b c}{\Gamma"{p}_{m n}} -> Q"{p}_{m n
@substitute! (term00) (\partial_{a b}{\Gamma~{p}_{m n}} -> Q°{p}_{m n a

@substitute! (term00) (\partial_{a}{\Gamma{p}_{m n}} -> Q" {p}_{m n a}):

@substitute! (term00) (\Gamma"{p}_{m n} -> Q" {p}_{m n}):

@substitute! (term01) (\partial_{a b c}{\Gamma"{p}_{m n}} -> Q"{p}_{m n
@substitute! (term01) (\partial_{a b}{\Gamma~{p}_{m n}} -> Q"{p}_{m n a

@substitute! (term01) (\partial_{a}{\Gamma {p}_{m n}} -> Q" {p}_{m n a}):

@substitute! (term01) (\Gamma"{p}_{m n} -> Q" {p}_{m n}):

@substitute! (term02) (\partial_{a b c}{\Gamma"{p}_{m n}} -> Q"{p}_{m n
@substitute! (term02) (\partial_{a b}{\Gamma~{p}_{m n}} -> Q°{p}_{m n a

@substitute! (term02) (\partial_{a}{\Gamma {p}_{m n}} -> Q" {p}_{m n a}):

@substitute! (term02) (\Gamma"{p}_{m n} -> Q" {p}_{m n}):

@substitute! (term03) (\partial_{a b c}{\Gamma"{p}_{m n}} -> Q"{p}_{m n
@substitute! (term03) (\partial_{a b}{\Gamma~{p}_{m n}} -> Q°{p}_{m n a

O@substitute! (term03) (\partial_{a}{\Gamma{p}_{m n}} -> Q" {pt_{m n a}):

@substitute! (term03) (\Gamma"{p}_{m n} -> Q"{p}_{m n}):
# --- rebuild deriv03
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deriv03:=0@(term00) + @(termO1) + (1/2) @(term02) + (1/6) @(term03):
# —-—— impose RNC conditions

Osubstitute! (deriv03) (Q"{p}_{m n} -> 0):
@substitute! (deriv03) (B"a B"b B"c Q" {p}_{a b c} -> 0);

# -—- Taylor series for deriv04 -——————-—————————————— - -

@distribute! (deriv04):
term00:=0@(deriv04) :

tmp:=A~{a} \partial_{a}{@(term00)}:

@distribute! (tmp): @prodrule! (tmp): @distribute! (tmp):
@substitute! (tmp) (\partial_{a}{B~{b}} -> 0):
term01:=@(tmp) :

tmp:=A~{a} \partial_{a}{@(term01)}:

@distribute! (tmp): @prodrule! (tmp): @distribute! (tmp):
@substitute! (tmp) (\partial_{a}{B~{b}} -> 0, \partial_{a}{A"{b}} -> 0):
term02:=0Q(tmp) :

@substitute! (term00) (\partial_{a b}{\Gamma"{p}_{m n}} -> Q"{p}_{m n a b}):
@substitute! (term00) (\partial_{a}{\Gamma{p}_{m n}} -> Q" {p}_{m n a}):
@substitute! (term00) (\Gamma~{p}_{m n} -> Q {p}_{m n}):

@substitute! (term01) (\partial_{a b}{\Gamma {p}_{m n}} -> Q" {p}_{m n a b}):
@substitute! (term01) (\partial_{a}{\Gamma {p}_{m n}} -> Q"{p}_{m n a}):
@substitute! (term01) (\Gamma"{p}_{m n} -> Q" {p}_{m n}):

@substitute! (term02) (\partial_{a b}{\Gamma~{p}_{m n}} -> Q" {p}_{m n a b}):
@substitute! (term02) (\partial_{a}{\Gamma {p}_{m n}} -> Q" {p}_{m n a}):
@substitute! (term02) (\Gamma"{p}_{m n} -> Q" {p}_{m n}):

# —--- rebuild deriv04
deriv04:=0@(term00) + @(termO1) + (1/2) @(term02):
# -—— impose RNC conditions

@substitute! (deriv04) (" {p}_{m n} -> 0):
@substitute! (deriv04) (B"a B"b B"c Q"{p}_{a b c} -> 0):



@substitute! (deriv04) (B"a B”b B"c B"d Q" {p}_{a b ¢ d} -> 0);
# --- Taylor series for deriv0f ------------ - - - - - - - - - - —— - —————

@distribute! (deriv05):
term00:=0@(deriv05) :

tmp:=A"{a} \partial_{a}{@(term00)}:

@distribute! (tmp): @prodrule! (tmp): @distribute! (tmp):
@substitute! (tmp) (\partial_{a}{B"{b}} -> 0):
term01:=Q(tmp) :

@substitute! (term00) (\partial_{a b c}{\Gamma"{p}_{m n}} -> Q"{p}_{m n a b c}):
@substitute! (term00) (\partial_{a b}{\Gamma {p}_{m n}} -> Q" {p}_{m n a b}):
@substitute! (term00) (\partial_{a}{\Gamma{p}_{m n}} -> Q" {p}_{m n a}):
@substitute! (term00) (\Gamma~{p}_{m n} -> Q {p}_{m n}):

@substitute! (term01) (\partial_{a b c}{\Gamma"{p}_{m n}} -> Q"{p}_{m n a b c}):
@substitute! (term01) (\partial_{a b}{\Gamma"{p}_{m n}} -> Q" {p}_{m n a b}):
@substitute! (term01) (\partial_{a}{\Gamma{p}_{m n}} -> Q" {p}_{m n a}):
@substitute! (term01) (\Gamma~{p}_{m n} -> Q {p}_{m n}):

# —--- rebuild deriv05
deriv05:=@(term00) + @(term0O1):
# -—— impose RNC conditions

@substitute! (deriv05) (A" {p}_{m n} -> 0):

@substitute! (deriv05) (B"a B"b B"c Q" {p}_{a b ¢} -> 0):
@substitute! (deriv05) (B"a B"b B"c B"d Q" {p}_{a b ¢ d} -> 0):
@substitute! (deriv05) (B"a B"b B"c B"d B"e Q" {p}_{a b c d e} -> 0);

1 1 1
deriv02 = —A%Q% ,.qB" B¢ — 5 A°AYQ? peeq BPBE — G AT A°AYQ" opoa BPBE — 51 AIAT A ANQ yoysea B BE
1
deriv03 := —A'B*B°BYQ" .40 — 5 AIATBYBBIQ® cagsp + AIAT BPBEBYQ% 1ot Q° cay + AYAT BB BIQ® 10y Q° cay
1 1 1
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1 1 1
+ § AhAQAfBbBchQa bethe cdf + 5 AhAgAfBbBCBan beng cdhf + g AhAgAfBbBchQa beth cdgf



. c e a c e a 1 1 c e a 1 7 c e a
deriv0d 1= A"B*B°BYB°Q’ yunQ% 4oy + 4 A"BYB°BIB Q7 4, Q% cfa + 5A AMBBeBYBQ peinQ® def + 5 A'A"BYB°BYB°Q7 1, Q% deiy
1. _ _
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# --—— print the results ------—-------"""""———— -

@print["x"a=""@(deriv00)];

@print ["\frac{dx"a}{ds}=""0(deriv01)];

@print ["\frac{d"2x"a}{ds"2}=""0(deriv02) ""+\Big0{\eps~6}"];
@print ["\frac{d"3x"a}{ds"3}=""0(deriv03) ""+\Big0{\eps~6}"];
O@print ["\frac{d"4x"~a}{ds"4}=""0(deriv04) ""+\BigO{\eps~6}"];
Oprint ["\frac{d"5x"a}{ds"5}=""0@(deriv05) ~"+\BigO{\eps~6}"];
@print ["\frac{d"6x"a}{ds"6}=""0(deriv06) ""+\BigO{\eps~6}"];
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# -—- imported from connection.lib ———-==-—-————--——-————o oo
# gamma(x) = GammaOO + x~d GammaOl + x°d x"e GammaO2 + x°d x"e x"f GammaO3 + ...

# GammaOl = 1! gamma_{,d} at x=0, symmetrised over {d}
# Gamma0O2 = 2! gamma_{,de} at x=0, symmetrised over {d,e} =
# GammaO3 = 3! gamma_{,def} at x=0, symmetrised over {d,e,f}

( de + ed )/2!
= ( def + edf + dfe + ...)/3!

GammaOl:="import connection.lib GammaO1":
@run(GammaO1){"/Users/leo/local/sh/cdbfile"}:

GammaO2:="import connection.lib GammaO2":
Orun(Gamma02){"/Users/leo/local/sh/cdbfile"}:

GammaO3:="import connection.lib GammaO3":
@run (Gamma03){"/Users/leo/local/sh/cdbfile"}:

GammaO4:="import connection.lib GammaO4":
Orun(Gamma04){"/Users/leo/local/sh/cdbfile"}:

# —-—— GammaO* as imported from connection.lib was *not* symmetrised, do so now —————————————————---—

@sym! (Gamma02){ _{d}, _{e} }: @canonicalise! (%):
@sym! (GammaO03){ _{d}, _{e}, _{f} }: Q@canonicalise! (%):
@sym! (Gamma04){ _{d}, _{e}, _{f}, _{g} }: Qcanonicalise!(%):

# —-—- cancel the 1/n! that comes from @sym(...) —————————————— oo o—— o

tmp:=0@(Gamma02) : Gamma02:= 2 @(tmp):
tmp:=0(Gamma03) : Gamma03:= 6 Q@(tmp):
tmp:=0(Gamma04) : GammaO4:= 24 Q(tmp) :

# --- substitute into the derivO* -—---————-——————————————

@substitute! (deriv02) (Q"{a}{}_{b ¢ d} -> @(Gamma01)):

O@substitute! (deriv02) (Q"{a}{}_{b c d e} —> @(Gamma02)):

O@substitute! (deriv02) (Q"{a}{}_{b ¢ d e f} -> @(Gamma03)):

@substitute! (deriv02) (Q"{a}{}_{b c d e £ g} -> ©(Gamma04)):
@distribute! (%) : Qprodsort!(%): Orename_dummies! (%): @canonicalise! (%) :

@substitute! (deriv03) (Q"{a}{}_{b ¢ d} -> @(GammaO1)):
O@substitute! (deriv03) (Q"{a}{}_{b ¢ d e} —> @(Gamma02)):



O@substitute! (deriv03) (Q"{a}{}_{b ¢ d e f} -> @(Gamma03)):
@distribute! (%) : Qprodsort!(%): Orename_dummies! (%): @canonicalise! (%):

@substitute! (deriv04) (Q"{a}{}_{b ¢ 4} -> @(Gamma01)):

O@substitute! (deriv04) (Q"{a}{}_{b ¢ d e} —> @(Gamma02)):

O@substitute! (deriv04) (Q"{a}{}_{b ¢ d e f} -> @(Gamma03)):
@distribute! (%) : Qprodsort!(%): @rename_dummies! (%): @canonicalise! (%) :

@substitute! (deriv05) (Q"{a}{}_{b ¢ d} -> @(Gamma01)):

@substitute! (deriv05) (Q"{a}{}_{b ¢ d e} -> @(Gamma02)):

O@substitute! (deriv05) (Q"{a}{}_{b ¢ d e f} -> @(Gamma03)):
@distribute! (%) : Q@prodsort!(%): Orename_dummies! (%): @canonicalise! (%):

@substitute! (deriv06) (Q"{a}{}_{b ¢ d} -> @(Gamma01)):

@substitute! (deriv06) (Q"{a}{}_{b ¢ d e} -> @(Gamma02)):

O@substitute! (deriv06) (Q"{a}{}_{b ¢ d e f} -> @(Gamma03)):
@distribute! (%) : @prodsort!(%): @rename_dummies! (%): @canonicalise! (%) :

#

# force all indices on R to be downstairs

# =

O@substitute! (deriv02) (R"{a}_{b ¢ d} -> R_{a b ¢ d},
R_{a}"{b}_{c d} -> R_{a b ¢ 4},
R°{a}_{b c}"{d} -> R_{a b c d},
R_{a b}"{c}_{d} -> R_{a b c d},
R_{a b c}"{d} -> R_{a b c d},
R~ {a}_{b}"{c d} -> R_{a b c d},

R {a}_{b}"{c}_{d} -> R_{a b c d},

\nabla“{a}{R_{b ¢ d e}} -> \nabla_{a}{R_{b c d e}},
\nabla“{a}_{f}{R_{b c d e}} -> \nabla_{a f}{R_{b c d e}},
\nabla“{a}_{f g}{R_{b c d e}} -> \nabla_{a f g}{R_{b c d e}}):

@substitute! (deriv03) (R"{a}_{b ¢ d} -> R_{a b c d},
R_{a}"{b}_{c d} -> R_{a b ¢ 4},
R{a}_{b c}"{d} -> R_{a b c d},
R_{a b} "{c}_{d} -> R_{a b c d},
R_{a b c}"{d} -> R_{a b c d},
R~ {a}_{b}"{c d} -> R_{a b c d},



R {a}_{b}"{c}_{d} -> R_{a b c d},

\nabla"{a}{R_{b ¢ d e}} -> \nabla_{a}{R_{b c d e}},
\nabla“{a}_{f}{R_{b c d e}} -> \nabla_{a f}{R_{b c d e}},
\nabla"{a}_{f g}{R_{b c d e}} -> \nabla_{a f g}{R_{b c d e}}):

@substitute! (deriv04) (R"{a}_{b ¢ d} -> R_{a b c d},
R_{a}"{b}_{c d} -> R_{a b ¢ 4},
R*{a}_{b c}"{d} -> R_{a b c d},
R_{a b} "{c}_{d} -> R_{a b ¢ d},
R_{a b c}"{d} -> R_{a b c d},
R~{a}_{b}"{c d} -> R_{a b c d},

R {a}_{b}"{c}_{d} -> R_{a b c d},

\nabla"{a}{R_{b ¢ d e}} -> \nabla_{a}{R_{b c d e}},
\nabla“{a}_{f}{R_{b c d e}} -> \nabla_{a f}{R_{b c d e}},
\nabla“{a}_{f g}{R_{b c d e}} -> \nabla_{a f g}{R_{b c d e}}):

@substitute! (deriv05) (R"{a}_{b ¢ d} -> R_{a b c d},
R_{a}"{b}_{c d} -> R_{a b ¢ d},
R*{a}_{b c}"{d} -> R_{a b c d},
R_{a b} "{c}_{d} -> R_{a b c d},
R_{a b c}"{d} -> R_{a b c d},
R {a}_{b}"{c d} -> R_{a b c d},
R {a}_{b}"{c}_{d} -> R_{a b c d},
\nabla“{a}{R_{b ¢ d e}} -> \nabla_{a}{R_{b c d e}},
\nabla“{a}_{f}{R_{b c d e}} -> \nabla_{a f}{R_{b c d e}},
\nabla~{a}_{f g}{R_{b c d e}} -> \nabla_{a f g}{R_{b c d e}}):

@substitute! (deriv06) (R"{a}_{b ¢ d} -> R_{a b c d},
R_{a}"{b}_{c d} -> R_{a b ¢ d},
R {a}_{b c}"{d} -> R_{a b ¢ d},
R_{a b} {c}_{d} -> R_{a b c d},
R_{a b ¢c}"{d} -> R_{a b c d},
R~{a}_{b}"{c d} -> R_{a b c d},
R {a}_{b}"{c}_{d} -> R_{a b c d},
\nabla“{a}{R_{b ¢ d e}} -> \nabla_{a}{R_{b c d e}},
\nabla"{a}_{f}{R_{b ¢ d e}} -> \nabla_{a f}{R_{b c d e}},
\nabla~{a}_{f g}{R_{b ¢ d e}} -> \nabla_{a f g}{R_{b c d e}}):
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# -—- compute the generalised connections —————————————=———--————————————— -

{B"{a},x"{a},R_{a b ¢ d},R"{a}_{b ¢ d},\nabla_{a}{R_{b c d e}}}::SortOrder.

@prodsort! (deriv02) :
@prodsort! (deriv03):
@prodsort! (deriv04) :
@prodsort! (deriv05) :
@prodsort! (deriv06) :

@rename_dummies! (deriv02) :
@rename_dummies! (deriv03) :
@rename_dummies! (deriv04) :
@rename_dummies! (deriv05) :
@rename_dummies! (deriv06) :

@canonicalise! (deriv02):
@canonicalise! (deriv03):
@canonicalise! (deriv04):
@canonicalise! (deriv05):
Q@canonicalise! (deriv06) :

# --— raise index {a} and set A"a -> x"a

genGamma02:= - @(deriv02)) g~{a ul}:
@distribute! (%) : Q@eliminate_metric! (%):
tmp:=Q@(genGamma02) \delta"{a}_{ul}: @distribute!(%): @eliminate_kr! (%) :

@substitute! (%) (A~{a}->x"{a}): @prodsort!(},): @rename_dummies! (%): @factor_out!! (%) (B~{al}):

genGamma02:= @(tmp); "genGamma02.del"

genGamma03:= - @(deriv03)) g~{a ul}:
@distribute! (%): Q@eliminate_metric! (%):
tmp:=Q(genGamma03) \delta"{a}_{ul}: @distribute!(%): @eliminate_kr! (%) :

@substitute! (%) (A~{a}->x"{a}): @prodsort!(},): @rename_dummies! (%): @factor_out!! (%) (B~{al}):

genGamma03:= @(tmp); "genGammaO3.del"

genGammaO4:= - Q@(deriv04) g~{a ul}:
@distribute! (%) : Qeliminate_metric!(%):
tmp:=Q(genGamma04) \delta"{a}_{ul}: @distribute!(%): @eliminate_kr! (%) :
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@substitute! (%) (A~{a}->x"{a}): @prodsort!(},): @rename_dummies! (%): @factor_out!! (%) (B~{al}):

genGammaO4:= @(tmp); "genGammaO4.del"

genGammaO5:= - Q@(deriv05)) g {a ull}:
@distribute! (%): @eliminate_metric! (%) :
tmp:=Q(genGamma05) \delta"{a}_{ul}: @distribute!(%): @eliminate_kr! (%) :

@substitute! (%) (A~{a}->x"{a}): @prodsort!(}): @rename_dummies! (%): @factor_out!! (%) (B"{al}):

genGamma05:= @(tmp); "genGammaO5.del"

genGamma06:= - @(deriv06)) g {a ul}:
@distribute! (%): Qeliminate_metric! (%) :
tmp:=0(genGamma06) \delta"{a}_{ul}: @distribute!(%): Q@eliminate_kr! (%) :

@substitute! (%) (A~{a}->x"{a}): @prodsort!(}): @rename_dummies! (%): @factor_out!! (%) (B"{al}):

genGamma06:= @(tmp); "genGammaO6.del"
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# -—— the generalised connections -—-—--—-———————————————————— - ————————

@print ["\genGammaA=""0(genGamma02)] ;
@print ["\genGammaB=""0(genGamma03)] ;
@print ["\genGammaC=""0(genGamma04)] ;
@print ["\genGammaD=""0(genGamma05)] ;
@print ["\genGammaE=""0(genGamma06)] ;

2 1 1 1 8 4 2
BbBCFZC(x) = BB (3 2R g + 6 240V R goe + 3 240V 4R pee + B 2%V Rapee + 5 2zl RY deg PR fbeg — T 2%xtzf RO bvdgRecrg — v 2%xtzf RO dbgRecrg
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# -—— terms in the series solution of the gedodesic ivp ----—----—""""""""""""""""""""""-———————————

deriv02:= - @(genGamma02): Q@substitute! (deriv02) (x"{a}->A"{al}):
deriv03: Q@(genGamma03) : @substitute!(deriv03) (x"{a}->A"{a}):

deriv04:= - Q@(genGammaO4): @substitute!(deriv04) (x"{a}->A"{a}):
deriv05:= - @(genGamma05): @substitute! (deriv05) (x~{a}->A"{al}):
deriv06:= - @(genGammaO6): Q@substitute! (deriv06) (x~{a}->A"{al}):

@print["x"a=""@(deriv00)];

@print ["\frac{dx"a}{ds}=""0(deriv01)];

@print ["\frac{d"2x"a}{ds"2}=""0(deriv02) ""+\BigO{\eps~6}"];
@print ["\frac{d"3x"a}{ds"3}=""0(deriv03) ""+\Big0{\eps~6}"];
@print ["\frac{d"4x"~a}{ds"4}=""0(deriv04) " "+\BigO{\eps~6}"];
@print ["\frac{d"5x"a}{ds"5}=""0(deriv05) ""+\BigO{\eps~6}"];
@print ["\frac{d"6x"a}{ds"6}=""0(deriv06) “"+\BigO{\eps~6}"];
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# -—— the series solution to the geodesic inital value problem --———-———--—-—————————————————————————

s0l:=0(deriv00) + s @(deriv01) + (1/2) s**2 @(deriv02) + (1/6) s**3 @(deriv03)
+ (1/24) s*x4 @(deriv04) + (1/120) s**x5 @(deriv05) + (1/720) s**x6 Q@(deriv06):

O@substitute! (sol) (A~{a} -> x"a, B~"{a}-> \thedotx~a); "sol.trn"
@print ["\Btag{01}x~{a}(s)=""0(sol) ""+\Big0{\eps~6}\Etag{01}"];

The Taylor series solution to the geodesic equation
d?>z® da® dx¢
0=—% +T1}.(2) ——
ds? + i) ds ds

subject to the initial condtions z%(s) = 2 and dz®/ds = &% at s = 0, is
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#
#  export genGammaO*

#
com:="open geodesic-ivp.lib":

O@run(com){"/Users/leo/local/sh/cdbfile"}:

com:="export geodesic-ivp.lib genGammaO2.del":
@run(com){"/Users/leo/local/sh/cdbfile"}:

com:="export geodesic-ivp.lib genGamma03.del":
Q@run(com){"/Users/leo/local/sh/cdbfile"}:

com:="export geodesic-ivp.lib genGammaO4.del":
@run(com){"/Users/leo/local/sh/cdbfile"}:

com:="export geodesic-ivp.lib genGamma05.del":
@run(com){"/Users/leo/local/sh/cdbfile"}:

com:="export geodesic-ivp.lib genGammaO6.del":
@run(com){"/Users/leo/local/sh/cdbfile"}:

#

#  export the solution of the ivp for use by truncate.cdbp
#

com:="export geodesic-ivp.lib sol.trn":
@run(com){"/Users/leo/local/sh/cdbfile"}:



