
::KeepHistory(false).
::PostDefaultRules( @@collect_terms!(%), @@sumflatten!(%) ).

{a,b,c,d,e,f,g,h,i,j,k,l,m,n,o,p,q,r,t,u#,v#}::Indices.

\nabla{#}::PartialDerivative.
\partial{#}::PartialDerivative.

{g_{a b},x^{a},\Delta{x}^{a},R_{a b c d},
\nabla_{a}{R_{p q r s}},\nabla_{a b}{R_{p q r s}},\nabla_{a b c}{R_{p q r s}},
\partial_{a}{R_{p q r s}},\partial_{a b}{R_{p q r s}},\partial_{a b c}{R_{p q r s}}}::SortOrder.

# === metric ======================================================================================

metric:="import metric.lib metric":
@run(metric){"/Users/leo/local/sh/cdbfile"}:

poly:=@(metric):

x^{a}::Weight(label=myterms,value=1).
\Delta{x}^{a}::Weight(label=myterms,value=1).

term00:=@(poly): @keep_weight!(term00){myterms}{0}:
term01:=@(poly): @keep_weight!(term01){myterms}{1}:
term02:=@(poly): @keep_weight!(term02){myterms}{2}:
term03:=@(poly): @keep_weight!(term03){myterms}{3}:
term04:=@(poly): @keep_weight!(term04){myterms}{4}:
term05:=@(poly): @keep_weight!(term05){myterms}{5}:

tmp:=@(term00) + @(term01) + @(term02) + @(term03) + @(term04) + @(term05):
@prodsort!(%): @rename_dummies!(%):
metric:= 180 @(tmp):

@print["\Btag{01a}180g_{ab}(x)=\killL"~@(metric)~"\killR+\BigO{\eps^6}\Etag{01a}"];

180gab (x) = 180 gab − 60xcxdRacbd − 30xcxdxe∇cRadbe + 8xcxdxexfRacgdRbegf − 9xcxdxexf∇cdRaebf

+ 4xcxdxexfxgRachd∇eRbfhg + 4xcxdxexfxgRbchd∇eRafhg − 2xcxdxexfxg∇cdeRafbg +O
(
ε6

)



# === inverse metric ==============================================================================

metric:="import metric-inv.lib metric":
@run(metric){"/Users/leo/local/sh/cdbfile"}:

poly:=@(metric):

x^{a}::Weight(label=myterms,value=1).
\Delta{x}^{a}::Weight(label=myterms,value=1).

term00:=@(poly): @keep_weight!(term00){myterms}{0}:
term01:=@(poly): @keep_weight!(term01){myterms}{1}:
term02:=@(poly): @keep_weight!(term02){myterms}{2}:
term03:=@(poly): @keep_weight!(term03){myterms}{3}:
term04:=@(poly): @keep_weight!(term04){myterms}{4}:
term05:=@(poly): @keep_weight!(term05){myterms}{5}:

tmp:=@(term00) + @(term01) + @(term02) + @(term03) + @(term04) + @(term05):
@prodsort!(%): @rename_dummies!(%):
metric:= 180 @(tmp):

@print["\Btag{02a}180g^{ab}(x)=\killL"~@(metric)~"\killR+\BigO{\eps^6}\Etag{02a}"];

180gab (x) = 180 gab + 60xcxdRa
c

b
d + 30xcxdxe∇cR

a
d

b
e + 12xcxdxexfRa

cdgR
b

efg + 9xcxdxexf∇cdR
a

e
b

f

+ 6xcxdxexfxgRa
cdh∇eR

b
fgh + 6xcxdxexfxgRb

cdh∇eR
a

fgh + 2xcxdxexfxg∇cdeR
a

f
b

g +O
(
ε6

)
# === generalised gamma in rnc ====================================================================

genx2rnc:="import gen-gamma.lib genx2rnc":
@run(genx2rnc){"/Users/leo/local/sh/cdbfile"}:

poly:=@(genx2rnc):

x^{a}::Weight(label=myterms,value=1).
\Delta{x}^{a}::Weight(label=myterms,value=1).

term00:=@(poly): @keep_weight!(term00){myterms}{0}:
term01:=@(poly): @keep_weight!(term01){myterms}{1}:
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term02:=@(poly): @keep_weight!(term02){myterms}{2}:
term03:=@(poly): @keep_weight!(term03){myterms}{3}:
term04:=@(poly): @keep_weight!(term04){myterms}{4}:
term05:=@(poly): @keep_weight!(term05){myterms}{5}:

tmp:= 2 @(term02):
term02:=@(tmp):

tmp:= 6 @(term03): @distribute!(%):
@factor_out!!(tmp)(\Delta{x}^{a}):
term03:=@(tmp):

tmp:= 24 @(term04): @distribute!(%):
@factor_out!!(tmp)(\Delta{x}^{a}):
term04:=@(tmp):

tmp:= 360 @(term05): @distribute!(%):
@factor_out!!(tmp)(\Delta{x}^{a}):
term05:=@(tmp):

genx2rnc:=@(term00) + @(term01) + (1/2) @(term02) + (1/6) @(term03) + (1/24) @(term04) + (1/360) @(term05):
@print["\Btag{03a}y^a(x)="~@(genx2rnc)~"+\BigO{\eps^6}\Etag{03a}"];

ya (x) =
(

∆x a +
1
2

∆x b∆x cΓa
bc +

1
6

∆x b∆x c∆x d (Γa
beΓe

cd + ∂bΓa
cd) +

1
24

∆x b∆x c∆x d∆x e
(
2 Γa

bf∂cΓf
de + Γa

fgΓf
bcΓg

de + Γf
bc∂f Γa

de + ∂bcΓa
de

)
+

1
360

∆x b∆x c∆x d∆x e∆x f
(
−4 Γa

bgΓg
chΓh

diΓi
ef + 2 Γa

bgΓg
ch∂dΓh

ef + 3 Γa
bgΓg

hiΓh
cdΓi

ef + 6 Γa
bgΓh

cd∂hΓg
ef − 6 Γa

bgΓh
cd∂eΓg

fh + 9 Γa
bg∂cdΓg

ef

+ 4 Γa
ghΓg

bcΓh
diΓi

ef + 13 Γa
ghΓg

bc∂dΓh
ef + Γg

bcΓh
dg∂hΓa

ef − 4 Γg
bcΓh

dg∂eΓa
fh + 7 ∂gΓa

bc∂dΓg
ef + 2 ∂bΓa

cg∂dΓg
ef + 3 Γg

bcΓh
de∂gΓa

fh

+ 3 Γg
bcΓh

de∂f Γa
gh + 6 Γg

bc∂dgΓa
ef − 3 Γg

bc∂deΓa
fg + 3 ∂bcdΓa

ef

))
+O

(
ε6

)
# -------------------------------------------------------------------------------------------------

@substitute!(term02)(\Delta{x}^a -> 1):
@substitute!(term03)(\Delta{x}^a -> 1):
@substitute!(term04)(\Delta{x}^a -> 1):
@substitute!(term05)(\Delta{x}^a -> 1):
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@print["\Btag{03b}
y^a= \Delta x^a

+ y^a_{bc}\Delta x^b\Delta x^c
+ y^a_{bcd}\Delta x^b\Delta x^c\Delta x^d
+ y^a_{bcde}\Delta x^b\Delta x^c\Delta x^d\Delta x^e
+ y^a_{bcdef}\Delta x^b\Delta x^c\Delta x^d\Delta x^e\Delta x^f
+ \BigO{\eps^6}\Etag{03b}"];

@print["\Btag{03c}\phantom{00}2y^a_{bc}="~@(term02)~"\Etag{03c}"];
@print["\Btag{03d}\phantom{00}6y^a_{bcd}=\killL"~@(term03)~"\killR\Etag{03d}"];
@print["\Btag{03e}\phantom{0}24y^a_{bcde}=\killL"~@(term04)~"\killR\Etag{03e}"];
@print["\Btag{03f}360y^a_{bcdef}=\killL"~@(term05)~"\killR\Etag{03f}"];

ya = ∆xa + ya
bc∆xb∆xc + ya

bcd∆xb∆xc∆xd + ya
bcde∆xb∆xc∆xd∆xe + ya

bcdef ∆xb∆xc∆xd∆xe∆xf +O
(
ε6

)
2ya

bc = Γa
bc

6ya
bcd = Γa

beΓe
cd + ∂bΓa

cd

24ya
bcde = 2 Γa

bf∂cΓf
de + Γa

fgΓf
bcΓg

de + Γf
bc∂f Γa

de + ∂bcΓa
de

360ya
bcdef = −4 Γa

bgΓg
chΓh

diΓi
ef + 2 Γa

bgΓg
ch∂dΓh

ef + 3 Γa
bgΓg

hiΓh
cdΓi

ef + 6 Γa
bgΓh

cd∂hΓg
ef − 6 Γa

bgΓh
cd∂eΓg

fh

+ 9 Γa
bg∂cdΓg

ef + 4 Γa
ghΓg

bcΓh
diΓi

ef + 13 Γa
ghΓg

bc∂dΓh
ef + Γg

bcΓh
dg∂hΓa

ef − 4 Γg
bcΓh

dg∂eΓa
fh + 7 ∂gΓa

bc∂dΓg
ef

+ 2 ∂bΓa
cg∂dΓg

ef + 3 Γg
bcΓh

de∂gΓa
fh + 3 Γg

bcΓh
de∂f Γa

gh + 6 Γg
bc∂dgΓa

ef − 3 Γg
bc∂deΓa

fg + 3 ∂bcdΓa
ef

# -------------------------------------------------------------------------------------------------
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genGamma02:="import gen-gamma.lib genGamma02":
@run(genGamma02){"/Users/leo/local/sh/cdbfile"}:

poly:=@(genGamma02):

x^{a}::Weight(label=myterms,value=1).
\Delta{x}^{a}::Weight(label=myterms,value=1).

term00:=@(poly): @keep_weight!(term00){myterms}{0}:
term01:=@(poly): @keep_weight!(term01){myterms}{1}:
term02:=@(poly): @keep_weight!(term02){myterms}{2}:
term03:=@(poly): @keep_weight!(term03){myterms}{3}:
term04:=@(poly): @keep_weight!(term04){myterms}{4}:

tmp:= 12 @(term02):
@factor_out!!(tmp)(x^{a}):
term02:=@(tmp):

tmp:= 180 @(term03):
@factor_out!!(tmp)(x^{a}):
term03:=@(tmp):

tmp:= 180 @(term04):
@factor_out!!(tmp)(x^{a}):
term04:=@(tmp):

tmp:=@(term00) + @(term01) + (1/12) @(term02) + (1/180) @(term03) + (1/180) @(term04):
genGamma02:= 180 @(tmp):

@print["\Btag{04a}180\genGammaA=\killL"~@(genGamma02)~"\killR+\BigO{\eps^6}\Etag{04a}"];

# -------------------------------------------------------------------------------------------------

genGamma03:="import gen-gamma.lib genGamma03":
@run(genGamma03){"/Users/leo/local/sh/cdbfile"}:

poly:=@(genGamma03):

x^{a}::Weight(label=myterms,value=1).
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\Delta{x}^{a}::Weight(label=myterms,value=1).

term00:=@(poly): @keep_weight!(term00){myterms}{0}:
term01:=@(poly): @keep_weight!(term01){myterms}{1}:
term02:=@(poly): @keep_weight!(term02){myterms}{2}:
term03:=@(poly): @keep_weight!(term03){myterms}{3}:

tmp:= 60 @(term02):
@factor_out!!(tmp)(x^{a}):
term02:=@(tmp):

tmp:= 18 @(term03):
@factor_out!!(tmp)(x^{a}):
term03:=@(tmp):

tmp:=@(term00) + @(term01) + (1/60) @(term02) + (1/18) @(term03):
genGamma03:= 180 @(tmp):

@print["\Btag{04b}180\genGammaB=\killL"~@(genGamma03)~"\killR+\BigO{\eps^6}\Etag{04b}"];

# -------------------------------------------------------------------------------------------------

genGamma04:="import gen-gamma.lib genGamma04":
@run(genGamma04){"/Users/leo/local/sh/cdbfile"}:

poly:=@(genGamma04):

x^{a}::Weight(label=myterms,value=1).
\Delta{x}^{a}::Weight(label=myterms,value=1).

term00:=@(poly): @keep_weight!(term00){myterms}{0}:
term01:=@(poly): @keep_weight!(term01){myterms}{1}:
term02:=@(poly): @keep_weight!(term02){myterms}{2}:

tmp:= 18 @(term02):
@factor_out!!(tmp)(x^{a}):
term02:=@(tmp):

tmp:=@(term00) + @(term01) + (1/18) @(term02):
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genGamma04:= 18 @(tmp):

@print["\Btag{04c}\phantom{0}18\genGammaC=\killL"~@(genGamma04)~"\killR+\BigO{\eps^6}\Etag{04c}"];

# -------------------------------------------------------------------------------------------------

genGamma05:="import gen-gamma.lib genGamma05":
@run(genGamma05){"/Users/leo/local/sh/cdbfile"}:

poly:=@(genGamma05):

x^{a}::Weight(label=myterms,value=1).
\Delta{x}^{a}::Weight(label=myterms,value=1).

term00:=@(poly): @keep_weight!(term00){myterms}{0}:
term01:=@(poly): @keep_weight!(term01){myterms}{1}:

tmp:= 3 @(term01):
@factor_out!!(tmp)(x^{a}):
term01:=@(tmp):

tmp:=@(term00) + (1/3) @(term01):
genGamma05:= 3 @(tmp):

@print["\Btag{04d}\phantom{00}3\genGammaD="~@(genGamma05)~"+\BigO{\eps^6}\Etag{04d}"];

@print["\Btag{04e}\phantom{000}\genGammaE=\BigO{\eps^6}\Etag{04e}"];

180Γa
(bc)(x) = 120xdRa

bdc + 15xdxe (2∇bR
a

dec + 4∇dR
a

bec +∇aRdbec)

+ xdxexf (32Ra
degRfbcg − 16Ra

bdgRecfg − 8Ra
dbgRecfg + 18∇dbR

a
efc + 18∇deR

a
bfc − 8Ra

gdbRecfg + 9∇a
dRebfc)

+ xdxexfxg (16Rdbch∇eR
a

fgh + 6Ra
deh∇bRfcgh + 16Ra

deh∇fRgbch − 8Ra
bdh∇eRfcgh − 4Ra

dbh∇eRfcgh − 4Rdbeh∇cR
a

fgh − 8Rdbeh∇fR
a

cgh

− 4Rdbeh∇fR
a

gch + 6∇debR
a

fgc + 4∇defR
a

bgc − 5Ra
deh∇hRfbgc − 4Ra

hdb∇eRfcgh − 4Rdbeh∇aRfcgh − 4Rdbeh∇fR
a

hgc + 3∇a
deRfbgc) +O

(
ε6

)
180Γa

(bcd)(x) = 90xe∇bR
a

ced + 3xexf (8Ra
ebgRfcdg + 32Ra

begRfcdg − 8Ra
bcgRedfg + 18∇ebR

a
cfd + 6∇bcR

a
efd + 24Ra

gebRfcdg + 3∇a
bRecfd)

+ 10xexfxg (2Rebch∇dR
a

fgh + 2Rebch∇hR
a

fgd + 4Rebch∇fR
a

dgh + 4Rebch∇fR
a

hgd + 2Rebch∇aRfdgh + 2Ra
beh∇cRfdgh + 4Ra

beh∇fRgcdh

−Ra
beh∇hRfcgd + 2Ra

heb∇cRfdgh + 4Ra
heb∇fRgcdh −Ra

heb∇hRfcgd) +O
(
ε6

)
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18Γa
(bcde)(x) = 8xfRa

bcgRfdeg + xfxg (2Ra
bch∇dRfegh + 4Ra

bch∇fRgdeh −Ra
bch∇hRfdge + 2Rfbch∇dR

a
geh + 10Rfbch∇dR

a
hge + 4Rfbch∇gR

a
deh

+ 8Rfbch∇hR
a

dge + 2Rfbch∇aRgdeh + 12Rfbch∇dR
a

egh + 6Ra
bfh∇cRgdeh + 6Ra

hfb∇cRgdeh) +O
(
ε6

)
3Γa

(bcdef)(x) = xg (2Ra
bch∇dRgefh + 3Rgbch∇dR

a
efh) +O

(
ε6

)

Γa
(bcdefg)(x) = O

(
ε6

)
# === geodesic ivp ================================================================================

ivp:="import geodesic-ivp.lib sol":
@run(ivp){"/Users/leo/local/sh/cdbfile"}:

poly:=@(ivp):
@distribute!(%):

x^{a}::Weight(label=myterms,value=1).
\thedotx^{a}::Weight(label=myterms,value=1).

term00:=@(poly): @keep_weight!(term00){myterms}{0}:
term01:=@(poly): @keep_weight!(term01){myterms}{1}:
term02:=@(poly): @keep_weight!(term02){myterms}{2}:
term03:=@(poly): @keep_weight!(term03){myterms}{3}:
term04:=@(poly): @keep_weight!(term04){myterms}{4}:
term05:=@(poly): @keep_weight!(term05){myterms}{5}:
term06:=@(poly): @keep_weight!(term06){myterms}{6}:

ivp:=@(term00) + @(term01) + @(term02) + @(term03) + @(term04) + @(term05) + @(term06):
@print["\Btag{06}x^{a}(s)="~@(ivp)~"+\BigO{\eps^6}\Etag{06}"];

poly:=@(ivp):
@distribute!(%):
@substitute!(%)(s -> 1):

\thedotx^{a}::Weight(label=sterms,value=1).
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term00:=@(poly): @keep_weight!(term00){sterms}{0}:
term01:=@(poly): @keep_weight!(term01){sterms}{1}:
term02:=@(poly): @keep_weight!(term02){sterms}{2}:
term03:=@(poly): @keep_weight!(term03){sterms}{3}:
term04:=@(poly): @keep_weight!(term04){sterms}{4}:
term05:=@(poly): @keep_weight!(term05){sterms}{5}:

tmp:= -360 @(term02):
@factor_out!!(tmp)(\thedotx^{a}):
term02:=@(tmp):

tmp:= -1080 @(term03):
@factor_out!!(tmp)(\thedotx^{a}):
term03:=@(tmp):

tmp:= -432 @(term04):
@factor_out!!(tmp)(\thedotx^{a}):
term04:=@(tmp):

tmp:= -360 @(term05):
@factor_out!!(tmp)(\thedotx^{a}):
term05:=@(tmp):

ivp:=@(term00) + s @(term01) - (1/360) s**2 @(term02)
- (1/1080) s**3 @(term03)
- (1/432) s**4 @(term04)
- (1/360) s**5 @(term05):

@print["\Btag{07}x^{a}(s)="~@(ivp)~"+\BigO{\eps^6}\Etag{07}"];
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xa (s) =
(
xa + sẋa − 1

3
s2ẋbẋcxdRa

bdc −
1
12
s2ẋbẋcxdxe∇bR

a
dec −

1
6
s2ẋbẋcxdxe∇dR

a
bec −

1
24
s2ẋbẋcxdxe∇aRdbec −

1
12
s3ẋbẋcẋdxe∇bR

a
ced

− 4
45
s2ẋbẋcxdxexfRa

degRfbcg +
2
45
s2ẋbẋcxdxexfRa

bdgRecfg +
1
45
s2ẋbẋcxdxexfRa

dbgRecfg −
1
20
s2ẋbẋcxdxexf∇dbR

a
efc −

1
20
s2ẋbẋcxdxexf∇deR

a
bfc

+
1
45
s2ẋbẋcxdxexfRa

gdbRecfg −
1
40
s2ẋbẋcxdxexf∇a

dRebfc −
1
45
s3ẋbẋcẋdxexfRa

ebgRfcdg −
4
45
s3ẋbẋcẋdxexfRa

begRfcdg +
1
45
s3ẋbẋcẋdxexfRa

bcgRedfg

− 1
20
s3ẋbẋcẋdxexf∇ebR

a
cfd −

1
60
s3ẋbẋcẋdxexf∇bcR

a
efd −

1
15
s3ẋbẋcẋdxexfRa

gebRfcdg −
1

120
s3ẋbẋcẋdxexf∇a

bRecfd −
1
54
s4ẋbẋcẋdẋexfRa

bcgRfdeg

− 2
45
s2ẋbẋcxdxexfxgRdbch∇eR

a
fgh −

1
60
s2ẋbẋcxdxexfxgRa

deh∇bRfcgh −
2
45
s2ẋbẋcxdxexfxgRa

deh∇fRgbch +
1
45
s2ẋbẋcxdxexfxgRa

bdh∇eRfcgh

+
1
90
s2ẋbẋcxdxexfxgRa

dbh∇eRfcgh +
1
90
s2ẋbẋcxdxexfxgRdbeh∇cR

a
fgh +

1
45
s2ẋbẋcxdxexfxgRdbeh∇fR

a
cgh +

1
90
s2ẋbẋcxdxexfxgRdbeh∇fR

a
gch

− 1
60
s2ẋbẋcxdxexfxg∇debR

a
fgc −

1
90
s2ẋbẋcxdxexfxg∇defR

a
bgc +

1
72
s2ẋbẋcxdxexfxgRa

deh∇hRfbgc +
1
90
s2ẋbẋcxdxexfxgRa

hdb∇eRfcgh

+
1
90
s2ẋbẋcxdxexfxgRdbeh∇aRfcgh +

1
90
s2ẋbẋcxdxexfxgRdbeh∇fR

a
hgc −

1
120

s2ẋbẋcxdxexfxg∇a
deRfbgc −

1
54
s3ẋbẋcẋdxexfxgRebch∇dR

a
fgh

− 1
54
s3ẋbẋcẋdxexfxgRebch∇hR

a
fgd −

1
27
s3ẋbẋcẋdxexfxgRebch∇fR

a
dgh −

1
27
s3ẋbẋcẋdxexfxgRebch∇fR

a
hgd −

1
54
s3ẋbẋcẋdxexfxgRebch∇aRfdgh

− 1
54
s3ẋbẋcẋdxexfxgRa

beh∇cRfdgh −
1
27
s3ẋbẋcẋdxexfxgRa

beh∇fRgcdh +
1

108
s3ẋbẋcẋdxexfxgRa

beh∇hRfcgd −
1
54
s3ẋbẋcẋdxexfxgRa

heb∇cRfdgh

− 1
27
s3ẋbẋcẋdxexfxgRa

heb∇fRgcdh +
1

108
s3ẋbẋcẋdxexfxgRa

heb∇hRfcgd −
1

216
s4ẋbẋcẋdẋexfxgRa

bch∇dRfegh −
1

108
s4ẋbẋcẋdẋexfxgRa

bch∇fRgdeh

+
1

432
s4ẋbẋcẋdẋexfxgRa

bch∇hRfdge −
1

216
s4ẋbẋcẋdẋexfxgRfbch∇dR

a
geh −

5
216

s4ẋbẋcẋdẋexfxgRfbch∇dR
a

hge −
1

108
s4ẋbẋcẋdẋexfxgRfbch∇gR

a
deh

− 1
54
s4ẋbẋcẋdẋexfxgRfbch∇hR

a
dge −

1
216

s4ẋbẋcẋdẋexfxgRfbch∇aRgdeh −
1
36
s4ẋbẋcẋdẋexfxgRfbch∇dR

a
egh −

1
72
s4ẋbẋcẋdẋexfxgRa

bfh∇cRgdeh

− 1
72
s4ẋbẋcẋdẋexfxgRa

hfb∇cRgdeh −
1

180
s5ẋbẋcẋdẋeẋfxgRa

bch∇dRgefh −
1

120
s5ẋbẋcẋdẋeẋfxgRgbch∇dR

a
efh

)
+O

(
ε6

)
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xa (s) =
(
xa + sẋa − 1

360
s2ẋbẋc

(
120xdRa

bdc + 30xdxe∇bR
a

dec + 60xdxe∇dR
a

bec + 15xdxe∇aRdbec + 32xdxexfRa
degRfbcg − 16xdxexfRa

bdgRecfg

− 8xdxexfRa
dbgRecfg + 18xdxexf∇dbR

a
efc + 18xdxexf∇deR

a
bfc − 8xdxexfRa

gdbRecfg + 9xdxexf∇a
dRebfc + 16xdxexfxgRdbch∇eR

a
fgh

+ 6xdxexfxgRa
deh∇bRfcgh + 16xdxexfxgRa

deh∇fRgbch − 8xdxexfxgRa
bdh∇eRfcgh − 4xdxexfxgRa

dbh∇eRfcgh − 4xdxexfxgRdbeh∇cR
a

fgh

− 8xdxexfxgRdbeh∇fR
a

cgh − 4xdxexfxgRdbeh∇fR
a

gch + 6xdxexfxg∇debR
a

fgc + 4xdxexfxg∇defR
a

bgc − 5xdxexfxgRa
deh∇hRfbgc

− 4xdxexfxgRa
hdb∇eRfcgh − 4xdxexfxgRdbeh∇aRfcgh − 4xdxexfxgRdbeh∇fR

a
hgc + 3xdxexfxg∇a

deRfbgc

)
− 1

1080
s3ẋbẋcẋd

(
90xe∇bR

a
ced + 24xexfRa

ebgRfcdg + 96xexfRa
begRfcdg − 24xexfRa

bcgRedfg + 54xexf∇ebR
a

cfd + 18xexf∇bcR
a

efd

+ 72xexfRa
gebRfcdg + 9xexf∇a

bRecfd + 20xexfxgRebch∇dR
a

fgh + 20xexfxgRebch∇hR
a

fgd + 40xexfxgRebch∇fR
a

dgh + 40xexfxgRebch∇fR
a

hgd

+ 20xexfxgRebch∇aRfdgh + 20xexfxgRa
beh∇cRfdgh + 40xexfxgRa

beh∇fRgcdh − 10xexfxgRa
beh∇hRfcgd + 20xexfxgRa

heb∇cRfdgh

+ 40xexfxgRa
heb∇fRgcdh − 10xexfxgRa

heb∇hRfcgd

)
− 1

432
s4ẋbẋcẋdẋe

(
8xfRa

bcgRfdeg + 2xfxgRa
bch∇dRfegh + 4xfxgRa

bch∇fRgdeh − xfxgRa
bch∇hRfdge + 2xfxgRfbch∇dR

a
geh + 10xfxgRfbch∇dR

a
hge

+ 4xfxgRfbch∇gR
a

deh + 8xfxgRfbch∇hR
a

dge + 2xfxgRfbch∇aRgdeh + 12xfxgRfbch∇dR
a

egh + 6xfxgRa
bfh∇cRgdeh + 6xfxgRa

hfb∇cRgdeh

)
− 1

360
s5ẋbẋcẋdẋeẋf (2xgRa

bch∇dRgefh + 3xgRgbch∇dR
a

efh)
)

+O
(
ε6

)
# === geodesic bvp ================================================================================

@print["\Btag{08a}x^a(s) = x^a + s x_1^a + s^2 x_2^a + s^3 x_3^a + \BigO{\eps^4}\Btag{08a}"];

# -------------------------------------------------------------------------------------------------

x1:="import geodesic-bvp.lib term01":
@run(x1){"/Users/leo/local/sh/cdbfile"}:

poly:=@(x1):
@distribute!(%):

x^{a}::Weight(label=myterms,value=1).
\Delta{x}^{a}::Weight(label=myterms,value=1).

term00:=@(poly): @keep_weight!(term00){myterms}{0}:
term01:=@(poly): @keep_weight!(term01){myterms}{1}:
term02:=@(poly): @keep_weight!(term02){myterms}{2}:
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term03:=@(poly): @keep_weight!(term03){myterms}{3}:
term04:=@(poly): @keep_weight!(term04){myterms}{4}:
term05:=@(poly): @keep_weight!(term05){myterms}{5}:
term06:=@(poly): @keep_weight!(term06){myterms}{6}:

x1:=@(term00) + @(term01) + @(term02) + @(term03) + @(term04) + @(term05) + @(term06):
@prodsort!(%): @rename_dummies!(%):
@print["\Btag{08b}x_1^a(s)="~@(x1)~"\Etag{08b}"];

# -------------------------------------------------------------------------------------------------

x2:="import geodesic-bvp.lib term02":
@run(x2){"/Users/leo/local/sh/cdbfile"}:

poly:=@(x2):
@distribute!(%):

x^{a}::Weight(label=myterms,value=1).
\Delta{x}^{a}::Weight(label=myterms,value=1).

term00:=@(poly): @keep_weight!(term00){myterms}{0}:
term01:=@(poly): @keep_weight!(term01){myterms}{1}:
term02:=@(poly): @keep_weight!(term02){myterms}{2}:
term03:=@(poly): @keep_weight!(term03){myterms}{3}:
term04:=@(poly): @keep_weight!(term04){myterms}{4}:
term05:=@(poly): @keep_weight!(term05){myterms}{5}:
term06:=@(poly): @keep_weight!(term06){myterms}{6}:

x2:=@(term00) + @(term01) + @(term02) + @(term03) + @(term04) + @(term05) + @(term06):
@prodsort!(%): @rename_dummies!(%):
@print["\Btag{08c}x_2^a(s)="~@(x2)~"\Etag{08c}"];

# -------------------------------------------------------------------------------------------------

x3:="import geodesic-bvp.lib term03":
@run(x3){"/Users/leo/local/sh/cdbfile"}:

poly:=@(x3):
@distribute!(%):
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x^{a}::Weight(label=myterms,value=1).
\Delta{x}^{a}::Weight(label=myterms,value=1).

term00:=@(poly): @keep_weight!(term00){myterms}{0}:
term01:=@(poly): @keep_weight!(term01){myterms}{1}:
term02:=@(poly): @keep_weight!(term02){myterms}{2}:
term03:=@(poly): @keep_weight!(term03){myterms}{3}:
term04:=@(poly): @keep_weight!(term04){myterms}{4}:
term05:=@(poly): @keep_weight!(term05){myterms}{5}:
term06:=@(poly): @keep_weight!(term06){myterms}{6}:

x3:=@(term00) + @(term01) + @(term02) + @(term03) + @(term04) + @(term05) + @(term06):
@prodsort!(%): @rename_dummies!(%):
@print["\Btag{08d}x_3^a(s)="~@(x3)~"\Etag{08d}"];

xa (s) = xa + sxa
1 + s2xa

2 + s3xa
3 +O

(
ε4

)
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xa
1 (s) =

(
∆x a +

1
3
xb∆x c∆x dRa

cbd +
1
12
xbxc∆x d∆x e∇dR

a
bce +

1
6
xbxc∆x d∆x e∇bR

a
dce +

1
24
xbxc∆x d∆x e∇aRbdce +

1
12
xb∆x c∆x d∆x e∇cR

a
dbe

+
4
45
xbxcxd∆x e∆x fRa

bgcRgedf −
2
45
xbxcxd∆x e∆x fRa

egbRgcdf −
1
45
xbxcxd∆x e∆x fRa

bgeRgcdf +
1
20
xbxcxd∆x e∆x f∇beR

a
cdf

+
1
20
xbxcxd∆x e∆x f∇bcR

a
edf +

1
45
xbxcxd∆x e∆x fRa

gbeRgcdf +
1
40
xbxcxd∆x e∆x f∇a

bRcedf +
1
45
xbxc∆x d∆x e∆x fRa

bgdRgecf

+
4
45
xbxc∆x d∆x e∆x fRa

dgbRgecf −
1
45
xbxc∆x d∆x e∆x fRa

dgeRgbcf +
1
20
xbxc∆x d∆x e∆x f∇bdR

a
ecf +

1
60
xbxc∆x d∆x e∆x f∇deR

a
bcf

+
7
45
xbxc∆x d∆x e∆x fRa

gbdRgecf +
1

120
xbxc∆x d∆x e∆x f∇a

dRbecf +
1
54
xb∆x c∆x d∆x e∆x fRa

cgdRgebf +
2
45
xbxcxdxe∆x f ∆x gRhfbg∇cR

a
dhe

+
1
60
xbxcxdxe∆x f ∆x gRa

bhc∇fRhdeg +
2
45
xbxcxdxe∆x f ∆x gRa

bhc∇dRhfeg −
1
45
xbxcxdxe∆x f ∆x gRa

fhb∇cRhdeg −
1
90
xbxcxdxe∆x f ∆x gRa

bhf∇cRhdeg

− 1
90
xbxcxdxe∆x f ∆x gRhbcf∇gR

a
dhe −

1
45
xbxcxdxe∆x f ∆x gRhbcf∇dR

a
ghe −

1
90
xbxcxdxe∆x f ∆x gRhbcf∇dR

a
ehg +

1
60
xbxcxdxe∆x f ∆x g∇bcfR

a
deg

+
1
90
xbxcxdxe∆x f ∆x g∇bcdR

a
feg +

1
72
xbxcxdxe∆x f ∆x gRa

bhc∇hRdfeg +
1
90
xbxcxdxe∆x f ∆x gRa

hbf∇cRhdeg −
1
90
xbxcxdxe∆x f ∆x gRhbcf∇aRhdeg

+
1
90
xbxcxdxe∆x f ∆x gRhbcf∇dR

a
heg +

1
120

xbxcxdxe∆x f ∆x g∇a
bcRdfeg +

1
54
xbxcxd∆x e∆x f ∆x gRhebf∇gR

a
chd +

1
27
xbxcxd∆x e∆x f ∆x gRhebf∇hR

a
cdg

+
1
27
xbxcxd∆x e∆x f ∆x gRhebf∇cR

a
ghd +

2
27
xbxcxd∆x e∆x f ∆x gRhebf∇cR

a
hdg −

1
108

xbxcxd∆x e∆x f ∆x gRhebf∇aRhcdg

+
1
54
xbxcxd∆x e∆x f ∆x gRa

ehb∇fRhcdg +
1
27
xbxcxd∆x e∆x f ∆x gRa

ehb∇cRhfdg +
1

108
xbxcxd∆x e∆x f ∆x gRa

ehb∇hRcfdg

+
1
27
xbxcxd∆x e∆x f ∆x gRa

hbe∇fRhcdg +
2
27
xbxcxd∆x e∆x f ∆x gRa

hbe∇cRhfdg +
1
54
xbxcxd∆x e∆x f ∆x gRa

hbe∇hRcfdg

+
1

216
xbxc∆x d∆x e∆x f ∆x gRa

dhe∇fRhbcg +
1

108
xbxc∆x d∆x e∆x f ∆x gRa

dhe∇bRhfcg +
1

432
xbxc∆x d∆x e∆x f ∆x gRa

dhe∇hRbfcg

+
1

216
xbxc∆x d∆x e∆x f ∆x gRhdbe∇fR

a
chg −

5
216

xbxc∆x d∆x e∆x f ∆x gRhdbe∇fR
a

hcg +
1

108
xbxc∆x d∆x e∆x f ∆x gRhdbe∇cR

a
fhg

+
7

108
xbxc∆x d∆x e∆x f ∆x gRhdbe∇hR

a
fcg +

1
216

xbxc∆x d∆x e∆x f ∆x gRhdbe∇aRhfcg +
1
36
xbxc∆x d∆x e∆x f ∆x gRhdbe∇fR

a
ghc

+
1
72
xbxc∆x d∆x e∆x f ∆x gRa

dhb∇eRhfcg +
1
24
xbxc∆x d∆x e∆x f ∆x gRa

hbd∇eRhfcg +
1

180
xb∆x c∆x d∆x e∆x f ∆x gRa

chd∇eRhfbg

+
1

120
xb∆x c∆x d∆x e∆x f ∆x gRhcbd∇eR

a
fhg

)
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xa
2 (s) =

(
−1

3
xb∆x c∆x dRa

cbd −
1
12
xbxc∆x d∆x e∇dR

a
bce −

1
6
xbxc∆x d∆x e∇bR

a
dce −

1
24
xbxc∆x d∆x e∇aRbdce −

4
45
xbxcxd∆x e∆x fRa

bgcRgedf

+
2
45
xbxcxd∆x e∆x fRa

egbRgcdf +
1
45
xbxcxd∆x e∆x fRa

bgeRgcdf −
1
20
xbxcxd∆x e∆x f∇beR

a
cdf −

1
20
xbxcxd∆x e∆x f∇bcR

a
edf

− 1
45
xbxcxd∆x e∆x fRa

gbeRgcdf −
1
40
xbxcxd∆x e∆x f∇a

bRcedf −
2
9
xbxc∆x d∆x e∆x fRa

gbdR
g

ecf −
2
45
xbxcxdxe∆x f ∆x gRhfbg∇cR

a
dhe

− 1
60
xbxcxdxe∆x f ∆x gRa

bhc∇fRhdeg −
2
45
xbxcxdxe∆x f ∆x gRa

bhc∇dRhfeg +
1
45
xbxcxdxe∆x f ∆x gRa

fhb∇cRhdeg +
1
90
xbxcxdxe∆x f ∆x gRa

bhf∇cRhdeg

+
1
90
xbxcxdxe∆x f ∆x gRhbcf∇gR

a
dhe +

1
45
xbxcxdxe∆x f ∆x gRhbcf∇dR

a
ghe +

1
90
xbxcxdxe∆x f ∆x gRhbcf∇dR

a
ehg −

1
60
xbxcxdxe∆x f ∆x g∇bcfR

a
deg

− 1
90
xbxcxdxe∆x f ∆x g∇bcdR

a
feg −

1
72
xbxcxdxe∆x f ∆x gRa

bhc∇hRdfeg −
1
90
xbxcxdxe∆x f ∆x gRa

hbf∇cRhdeg +
1
90
xbxcxdxe∆x f ∆x gRhbcf∇aRhdeg

− 1
90
xbxcxdxe∆x f ∆x gRhbcf∇dR

a
heg −

1
120

xbxcxdxe∆x f ∆x g∇a
bcRdfeg −

1
18
xbxcxd∆x e∆x f ∆x gRa

hbe∇fR
h

cdg −
1
9
xbxcxd∆x e∆x f ∆x gRa

hbe∇cR
h

fdg

− 1
36
xbxcxd∆x e∆x f ∆x gRa

hbe∇hRcfdg −
1
18
xbxcxd∆x e∆x f ∆x gRh

ebf∇hR
a

cdg −
1
9
xbxcxd∆x e∆x f ∆x gRh

ebf∇cR
a

hdg

+
1
36
xbxcxd∆x e∆x f ∆x gRh

ebf∇aRhcdg −
1
18
xbxc∆x d∆x e∆x f ∆x gRa

hbd∇eR
h

fcg

)

xa
3 (s) =

(
− 1

12
xb∆x c∆x d∆x e∇cR

a
dbe −

1
45
xbxc∆x d∆x e∆x fRa

bgdRgecf −
4
45
xbxc∆x d∆x e∆x fRa

dgbRgecf +
1
45
xbxc∆x d∆x e∆x fRa

dgeRgbcf

− 1
20
xbxc∆x d∆x e∆x f∇bdR

a
ecf −

1
60
xbxc∆x d∆x e∆x f∇deR

a
bcf +

1
15
xbxc∆x d∆x e∆x fRa

gbdRgecf −
1

120
xbxc∆x d∆x e∆x f∇a

dRbecf

− 1
54
xbxcxd∆x e∆x f ∆x gRhebf∇gR

a
chd +

1
54
xbxcxd∆x e∆x f ∆x gRhebf∇hR

a
cdg −

1
27
xbxcxd∆x e∆x f ∆x gRhebf∇cR

a
ghd

+
1
27
xbxcxd∆x e∆x f ∆x gRhebf∇cR

a
hdg −

1
54
xbxcxd∆x e∆x f ∆x gRhebf∇aRhcdg −

1
54
xbxcxd∆x e∆x f ∆x gRa

ehb∇fRhcdg

− 1
27
xbxcxd∆x e∆x f ∆x gRa

ehb∇cRhfdg −
1

108
xbxcxd∆x e∆x f ∆x gRa

ehb∇hRcfdg +
1
54
xbxcxd∆x e∆x f ∆x gRa

hbe∇fRhcdg

+
1
27
xbxcxd∆x e∆x f ∆x gRa

hbe∇cRhfdg +
1

108
xbxcxd∆x e∆x f ∆x gRa

hbe∇hRcfdg −
1
12
xbxc∆x d∆x e∆x f ∆x gRh

dbe∇hR
a

fcg

)

# === translated rnc ==============================================================================
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y05:="import geodesic-rnc.lib y05":
@run(y05){"/Users/leo/local/sh/cdbfile"}:

poly:=@(y05):
@distribute!(%):

x^{a}::Weight(label=myterms,value=1).
\Delta{x}^{a}::Weight(label=myterms,value=1).

term00:=@(poly): @keep_weight!(term00){myterms}{0}:
term01:=@(poly): @keep_weight!(term01){myterms}{1}:
term02:=@(poly): @keep_weight!(term02){myterms}{2}:
term03:=@(poly): @keep_weight!(term03){myterms}{3}:
term04:=@(poly): @keep_weight!(term04){myterms}{4}:
term05:=@(poly): @keep_weight!(term05){myterms}{5}:
term06:=@(poly): @keep_weight!(term06){myterms}{6}:

y05:=@(term00) + @(term01) + @(term02) + @(term03) + @(term04) + @(term05) + @(term06):
@prodsort!(%): @rename_dummies!(%):
@print["\Btag{12a}y^a="~@(y05)~"+\BigO{\eps^6}\Etag{12a}"];
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ya =
(

∆x a +
1
3
xb∆x c∆x dRa

cbd +
1
12
xbxc∆x d∆x e∇dR

a
bce +

1
6
xbxc∆x d∆x e∇bR

a
dce +

1
24
xbxc∆x d∆x e∇aRbdce +

1
12
xb∆x c∆x d∆x e∇cR

a
dbe

+
4
45
xbxcxd∆x e∆x fRa

bgcRgedf −
2
45
xbxcxd∆x e∆x fRa

egbRgcdf −
1
45
xbxcxd∆x e∆x fRa

bgeRgcdf +
1
20
xbxcxd∆x e∆x f∇beR

a
cdf +

1
20
xbxcxd∆x e∆x f∇bcR

a
edf

+
1
45
xbxcxd∆x e∆x fRa

gbeRgcdf +
1
40
xbxcxd∆x e∆x f∇a

bRcedf +
1
45
xbxc∆x d∆x e∆x fRa

bgdRgecf +
4
45
xbxc∆x d∆x e∆x fRa

dgbRgecf

− 1
45
xbxc∆x d∆x e∆x fRa

dgeRgbcf +
1
20
xbxc∆x d∆x e∆x f∇bdR

a
ecf +

1
60
xbxc∆x d∆x e∆x f∇deR

a
bcf +

7
45
xbxc∆x d∆x e∆x fRa

gbdRgecf

+
1

120
xbxc∆x d∆x e∆x f∇a

dRbecf +
1
54
xb∆x c∆x d∆x e∆x fRa

cgdRgebf +
2
45
xbxcxdxe∆x f ∆x gRhfbg∇cR

a
dhe +

1
60
xbxcxdxe∆x f ∆x gRa

bhc∇fRhdeg

+
2
45
xbxcxdxe∆x f ∆x gRa

bhc∇dRhfeg −
1
45
xbxcxdxe∆x f ∆x gRa

fhb∇cRhdeg −
1
90
xbxcxdxe∆x f ∆x gRa

bhf∇cRhdeg −
1
90
xbxcxdxe∆x f ∆x gRhbcf∇gR

a
dhe

− 1
45
xbxcxdxe∆x f ∆x gRhbcf∇dR

a
ghe −

1
90
xbxcxdxe∆x f ∆x gRhbcf∇dR

a
ehg +

1
60
xbxcxdxe∆x f ∆x g∇bcfR

a
deg +

1
90
xbxcxdxe∆x f ∆x g∇bcdR

a
feg

+
1
72
xbxcxdxe∆x f ∆x gRa

bhc∇hRdfeg +
1
90
xbxcxdxe∆x f ∆x gRa

hbf∇cRhdeg −
1
90
xbxcxdxe∆x f ∆x gRhbcf∇aRhdeg +

1
90
xbxcxdxe∆x f ∆x gRhbcf∇dR

a
heg

+
1

120
xbxcxdxe∆x f ∆x g∇a

bcRdfeg +
1
54
xbxcxd∆x e∆x f ∆x gRhebf∇gR

a
chd +

1
27
xbxcxd∆x e∆x f ∆x gRhebf∇hR

a
cdg +

1
27
xbxcxd∆x e∆x f ∆x gRhebf∇cR

a
ghd

+
2
27
xbxcxd∆x e∆x f ∆x gRhebf∇cR

a
hdg −

1
108

xbxcxd∆x e∆x f ∆x gRhebf∇aRhcdg +
1
54
xbxcxd∆x e∆x f ∆x gRa

ehb∇fRhcdg

+
1
27
xbxcxd∆x e∆x f ∆x gRa

ehb∇cRhfdg +
1

108
xbxcxd∆x e∆x f ∆x gRa

ehb∇hRcfdg +
1
27
xbxcxd∆x e∆x f ∆x gRa

hbe∇fRhcdg

+
2
27
xbxcxd∆x e∆x f ∆x gRa

hbe∇cRhfdg +
1
54
xbxcxd∆x e∆x f ∆x gRa

hbe∇hRcfdg +
1

216
xbxc∆x d∆x e∆x f ∆x gRa

dhe∇fRhbcg

+
1

108
xbxc∆x d∆x e∆x f ∆x gRa

dhe∇bRhfcg +
1

432
xbxc∆x d∆x e∆x f ∆x gRa

dhe∇hRbfcg +
1

216
xbxc∆x d∆x e∆x f ∆x gRhdbe∇fR

a
chg

− 5
216

xbxc∆x d∆x e∆x f ∆x gRhdbe∇fR
a

hcg +
1

108
xbxc∆x d∆x e∆x f ∆x gRhdbe∇cR

a
fhg +

7
108

xbxc∆x d∆x e∆x f ∆x gRhdbe∇hR
a

fcg

+
1

216
xbxc∆x d∆x e∆x f ∆x gRhdbe∇aRhfcg +

1
36
xbxc∆x d∆x e∆x f ∆x gRhdbe∇fR

a
ghc +

1
72
xbxc∆x d∆x e∆x f ∆x gRa

dhb∇eRhfcg

+
1
24
xbxc∆x d∆x e∆x f ∆x gRa

hbd∇eRhfcg +
1

180
xb∆x c∆x d∆x e∆x f ∆x gRa

chd∇eRhfbg +
1

120
xb∆x c∆x d∆x e∆x f ∆x gRhcbd∇eR

a
fhg

)
+O

(
ε6

)
poly:=@(y05):

\Delta{x}^{a}::Weight(label=y05terms,value=1).
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term00:=@(poly): @keep_weight!(term00){y05terms}{0}:
term01:=@(poly): @keep_weight!(term01){y05terms}{1}:
term02:=@(poly): @keep_weight!(term02){y05terms}{2}:
term03:=@(poly): @keep_weight!(term03){y05terms}{3}:
term04:=@(poly): @keep_weight!(term04){y05terms}{4}:
term05:=@(poly): @keep_weight!(term05){y05terms}{5}:

# I couldn’t get SortOrder to get all of the \Delta{x} to the front of every term, so
# I resorted to this kludge, using A and B an relying on the default lexicographic ordering.

@substitute!(term02)(\Delta{x}^a -> A^a, x^a -> B^a):
@substitute!(term03)(\Delta{x}^a -> A^a, x^a -> B^a):
@substitute!(term04)(\Delta{x}^a -> A^a, x^a -> B^a):
@substitute!(term05)(\Delta{x}^a -> A^a, x^a -> B^a):

y0502:=@(term02): @prodsort!!(%): @rename_dummies!(%):
y0503:=@(term03): @prodsort!!(%): @rename_dummies!(%):
y0504:=@(term04): @prodsort!!(%): @rename_dummies!(%):
y0505:=@(term05): @prodsort!!(%): @rename_dummies!(%):

@substitute!(y0502)(A^{a} -> 1, B^a -> x^a):
@substitute!(y0503)(A^{a} -> 1, B^a -> x^a):
@substitute!(y0504)(A^{a} -> 1, B^a -> x^a):
@substitute!(y0505)(A^{a} -> 1, B^a -> x^a):

# -------------------------------------------------------------------------------------------------

poly:=@(y0502):

x^{a}::Weight(label=xterms,value=1).

term00:=@(poly): @keep_weight!(term00){xterms}{0}:
term01:=@(poly): @keep_weight!(term01){xterms}{1}:
term02:=@(poly): @keep_weight!(term02){xterms}{2}:
term03:=@(poly): @keep_weight!(term03){xterms}{3}:
term04:=@(poly): @keep_weight!(term04){xterms}{4}:

tmp:= 24 @(term02):
@factor_out!!(tmp)(x^{a}):
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term02:=@(tmp):

tmp:= 360 @(term03):
@factor_out!!(tmp)(x^{a}):
term03:=@(tmp):

tmp:= 360 @(term04):
@factor_out!!(tmp)(x^{a}):
term04:=@(tmp):

tmp:=@(term00) + @(term01) + (1/24) @(term02) + (1/360) @(term03) + (1/360) @(term04):
y0502:= 360 @(tmp):

# -------------------------------------------------------------------------------------------------

poly:=@(y0503):

x^{a}::Weight(label=xterms,value=1).

term00:=@(poly): @keep_weight!(term00){xterms}{0}:
term01:=@(poly): @keep_weight!(term01){xterms}{1}:
term02:=@(poly): @keep_weight!(term02){xterms}{2}:
term03:=@(poly): @keep_weight!(term03){xterms}{3}:

tmp:= 360 @(term02):
@factor_out!!(tmp)(x^{a}):
term02:=@(tmp):

tmp:= 108 @(term03):
@factor_out!!(tmp)(x^{a}):
term03:=@(tmp):

tmp:=@(term00) + @(term01) + (1/360) @(term02) + (1/108) @(term03):
y0503:= 1080 @(tmp):

# -------------------------------------------------------------------------------------------------

poly:=@(y0504):

x^{a}::Weight(label=xterms,value=1).
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term00:=@(poly): @keep_weight!(term00){xterms}{0}:
term01:=@(poly): @keep_weight!(term01){xterms}{1}:
term02:=@(poly): @keep_weight!(term02){xterms}{2}:

tmp:= 432 @(term02):
@factor_out!!(tmp)(x^{a}):
term02:=@(tmp):

tmp:=@(term00) + @(term01) + (1/432) @(term02):
y0504:= 432 @(tmp):

# -------------------------------------------------------------------------------------------------

poly:=@(y0505):

x^{a}::Weight(label=xterms,value=1).

term00:=@(poly): @keep_weight!(term00){xterms}{0}:
term01:=@(poly): @keep_weight!(term01){xterms}{1}:

tmp:= 360 @(term01):
@factor_out!!(tmp)(x^{a}):
term01:=@(tmp):

tmp:=@(term00) + (1/360) @(term01):
y0505:= 360 @(tmp):

# -------------------------------------------------------------------------------------------------

@print["\Btag{12b}
y^a= \Delta x^a

+ y^a_{bc}\Delta x^b\Delta x^c
+ y^a_{bcd}\Delta x^b\Delta x^c\Delta x^d
+ y^a_{bcde}\Delta x^b\Delta x^c\Delta x^d\Delta x^e
+ y^a_{bcdef}\Delta x^b\Delta x^c\Delta x^d\Delta x^e\Delta x^f
+ \BigO{\eps^6}\Etag{12b}"];

@print["\Btag{12c}\phantom{0}360y^a_{bc}=\killL"~@(y0502)~"\killR\Etag{12c}"];
@print["\Btag{12d}1080y^a_{bcd}=\killL"~@(y0503)~"\killR\Etag{12d}"];
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@print["\Btag{12e}\phantom{0}432y^a_{bcde}=\killL"~@(y0504)~"\killR\Etag{12e}"];
@print["\Btag{12f}\phantom{0}360y^a_{bcdef}="~@(y0505)~"\Etag{12f}"];

ya = ∆xa + ya
bc∆xb∆xc + ya

bcd∆xb∆xc∆xd + ya
bcde∆xb∆xc∆xd∆xe + ya

bcdef ∆xb∆xc∆xd∆xe∆xf +O
(
ε6

)
360ya

bc = 120xdRa
bdc + 15xdxe (2∇bR

a
dec + 4∇dR

a
bec +∇aRdbec)

+ xdxexf (32Ra
dgeRgbfc − 16Ra

bgdRgefc − 8Ra
dgbRgefc + 18∇dbR

a
efc + 18∇deR

a
bfc + 8Ra

gdbRgefc + 9∇a
dRebfc)

+ xdxexfxg (16Rhbdc∇eR
a

fhg + 6Ra
dhe∇bRhfgc + 16Ra

dhe∇fRhbgc − 8Ra
bhd∇eRhfgc − 4Ra

dhb∇eRhfgc − 4Rhdeb∇cR
a

fhg − 8Rhdeb∇fR
a

chg

− 4Rhdeb∇fR
a

ghc + 6∇debR
a

fgc + 4∇defR
a

bgc + 5Ra
dhe∇hRfbgc + 4Ra

hdb∇eRhfgc − 4Rhdeb∇aRhfgc + 4Rhdeb∇fR
a

hgc + 3∇a
deRfbgc)

1080ya
bcd = 90xe∇bR

a
ced + 3xexf (8Ra

egbRgcfd + 32Ra
bgeRgcfd − 8Ra

bgcRgefd + 18∇ebR
a

cfd + 6∇bcR
a

efd + 56Ra
gebRgcfd + 3∇a

bRecfd)

+ 10xexfxg (2Rhbec∇dR
a

fhg + 4Rhbec∇hR
a

fgd + 4Rhbec∇fR
a

dhg + 8Rhbec∇fR
a

hgd −Rhbec∇aRhfgd + 2Ra
bhe∇cRhfgd + 4Ra

bhe∇fRhcgd

+Ra
bhe∇hRfcgd + 4Ra

heb∇cRhfgd + 8Ra
heb∇fRhcgd + 2Ra

heb∇hRfcgd)

432ya
bcde = 8xfRa

bgcRgdfe + xfxg (2Ra
bhc∇dRhfge + 4Ra

bhc∇fRhdge +Ra
bhc∇hRfdge + 2Rhbfc∇dR

a
ghe − 10Rhbfc∇dR

a
hge + 4Rhbfc∇gR

a
dhe

+ 28Rhbfc∇hR
a

dge + 2Rhbfc∇aRhdge + 12Rhbfc∇dR
a

ehg + 6Ra
bhf∇cRhdge + 18Ra

hfb∇cRhdge)

360ya
bcdef = xg (2Ra

bhc∇dRhegf + 3Rhbgc∇dR
a

ehf )

# === geodesic lsq ================================================================================

{g_{a b},x^{a},\Delta{x}^{a},R_{a b c d},
\nabla_{a}{R_{p q r s}},\nabla_{a b}{R_{p q r s}},\nabla_{a b c}{R_{p q r s}},
\partial_{a}{R_{p q r s}},\partial_{a b}{R_{p q r s}},\partial_{a b c}{R_{p q r s}}}::SortOrder.

lsq:="import geodesic-lsq.lib lsq":
@run(lsq){"/Users/leo/local/sh/cdbfile"}:

poly:=@(lsq):

x^{a}::Weight(label=myterms,value=1).
\Delta{x}^{a}::Weight(label=myterms,value=1).
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term00:=@(poly): @keep_weight!(term00){myterms}{0}:
term01:=@(poly): @keep_weight!(term01){myterms}{1}:
term02:=@(poly): @keep_weight!(term02){myterms}{2}:
term03:=@(poly): @keep_weight!(term03){myterms}{3}:
term04:=@(poly): @keep_weight!(term04){myterms}{4}:
term05:=@(poly): @keep_weight!(term05){myterms}{5}:
term06:=@(poly): @keep_weight!(term06){myterms}{6}:
term07:=@(poly): @keep_weight!(term07){myterms}{7}:

lsq:=@(term00) + @(term01) + @(term02) + @(term03) + @(term04) + @(term05) + @(term06) + @(term07):
@prodsort!(%): @rename_dummies!(%):
@print["\Btag{13a}L^2_{PQ}="~@(lsq)~"+\BigO{\eps^6}\Etag{13a}"];

L2
PQ =

(
gab∆x a∆x b − 1

3
xaxb∆x c∆x dRacbd −

1
12
xaxb∆x c∆x d∆x e∇cRadbe −

1
6
xaxbxc∆x d∆x e∇aRbdce +

2
45
xaxbxc∆x d∆x e∆x fRgabdRgecf

− 1
20
xaxbxc∆x d∆x e∆x f∇adRbecf −

11
45
xaxb∆x c∆x d∆x e∆x fRgcadRgebf −

1
60
xaxb∆x c∆x d∆x e∆x f∇cdRaebf +

2
45
xaxbxcxd∆x e∆x fRgabeRgcdf

− 1
20
xaxbxcxd∆x e∆x f∇abRcedf +

1
45
xaxbxcxd∆x e∆x f ∆x gRheaf∇bRhcdg +

1
45
xaxbxcxd∆x e∆x f ∆x gRhabe∇fRhcdg

+
1
45
xaxbxcxd∆x e∆x f ∆x gRhabe∇cRhfdg −

1
60
xaxbxcxd∆x e∆x f ∆x g∇abeRcfdg −

2
27
xaxbxc∆x d∆x e∆x f ∆x gRhdae∇fRhbcg

− 1
12
xaxbxc∆x d∆x e∆x f ∆x gRhdae∇hRbfcg −

5
27
xaxbxc∆x d∆x e∆x f ∆x gRhdae∇bRhfcg +

1
54
xaxb∆x c∆x d∆x e∆x f ∆x gRhcad∇eRhfbg

+
1
18
xaxbxc∆x d∆x e∆x f ∆x gRhabd∇eRhfcg +

2
45
xaxbxcxdxe∆x f ∆x gRhabf∇cRhdeg −

1
90
xaxbxcxdxe∆x f ∆x g∇abcRdfeg

)
+O

(
ε6

)
poly:=@(lsq):

\Delta{x}^{a}::Weight(label=Dxterms,value=1).

term00:=@(poly): @keep_weight!(term00){Dxterms}{0}:
term01:=@(poly): @keep_weight!(term01){Dxterms}{1}:
term02:=@(poly): @keep_weight!(term02){Dxterms}{2}:
term03:=@(poly): @keep_weight!(term03){Dxterms}{3}:
term04:=@(poly): @keep_weight!(term04){Dxterms}{4}:
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term05:=@(poly): @keep_weight!(term05){Dxterms}{5}:

{g_{a b},\Delta{x}^{a},x^{a},R_{a b c d},
\nabla_{a}{R_{p q r s}},\nabla_{a b}{R_{p q r s}},\nabla_{a b c}{R_{p q r s}},
\partial_{a}{R_{p q r s}},\partial_{a b}{R_{p q r s}},\partial_{a b c}{R_{p q r s}}}::SortOrder.

lsq02:=@(term02): @prodsort!(%): @rename_dummies!(%): @substitute!!(%)(\Delta{x}^{a} -> 1):
lsq03:=@(term03): @prodsort!(%): @rename_dummies!(%): @substitute!!(%)(\Delta{x}^{a} -> 1):
lsq04:=@(term04): @prodsort!(%): @rename_dummies!(%): @substitute!!(%)(\Delta{x}^{a} -> 1):
lsq05:=@(term05): @prodsort!(%): @rename_dummies!(%): @substitute!!(%)(\Delta{x}^{a} -> 1):

# -------------------------------------------------------------------------------------------------

poly:=@(lsq02):

x^{a}::Weight(label=xterms,value=1).

term00:=@(poly): @keep_weight!(term00){xterms}{0}:
term01:=@(poly): @keep_weight!(term01){xterms}{1}:
term02:=@(poly): @keep_weight!(term02){xterms}{2}:
term03:=@(poly): @keep_weight!(term03){xterms}{3}:
term04:=@(poly): @keep_weight!(term04){xterms}{4}:
term05:=@(poly): @keep_weight!(term05){xterms}{5}:

tmp:= 180 @(term04):
@factor_out!!(tmp)(x^{a}):
term04:=@(tmp):

tmp:= 90 @(term05):
@factor_out!!(tmp)(x^{a}):
term05:=@(tmp):

tmp:=@(term00) + @(term01) + @(term02) + @(term03) + (1/180) @(term04) + (1/90) @(term05):
lsq02:= 180 @(tmp):

# -------------------------------------------------------------------------------------------------

poly:=@(lsq03):

x^{a}::Weight(label=xterms,value=1).
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term00:=@(poly): @keep_weight!(term00){xterms}{0}:
term01:=@(poly): @keep_weight!(term01){xterms}{1}:
term02:=@(poly): @keep_weight!(term02){xterms}{2}:
term03:=@(poly): @keep_weight!(term03){xterms}{3}:
term04:=@(poly): @keep_weight!(term04){xterms}{4}:

tmp:= 180 @(term03):
@factor_out!!(tmp)(x^{a}):
term03:=@(tmp):

tmp:= 180 @(term04):
@factor_out!!(tmp)(x^{a}):
term04:=@(tmp):

tmp:=@(term00) + @(term01) + @(term02) + (1/180) @(term03) + (1/180) @(term04):
lsq03:= 180 @(tmp):

# -------------------------------------------------------------------------------------------------

poly:=@(lsq04):

x^{a}::Weight(label=xterms,value=1).

term00:=@(poly): @keep_weight!(term00){xterms}{0}:
term01:=@(poly): @keep_weight!(term01){xterms}{1}:
term02:=@(poly): @keep_weight!(term02){xterms}{2}:
term03:=@(poly): @keep_weight!(term03){xterms}{3}:

tmp:= -180 @(term02):
@factor_out!!(tmp)(x^{a}):
term02:=@(tmp):

tmp:= -108 @(term03):
@factor_out!!(tmp)(x^{a}):
term03:=@(tmp):

tmp:=@(term00) + @(term01) - (1/180) @(term02) - (1/108) @(term03):
lsq04:=540 @(tmp):
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# -------------------------------------------------------------------------------------------------

tmp:=@(lsq05):
lsq05:= 54 @(tmp):

# -------------------------------------------------------------------------------------------------

@print["\Btag{13b}L^2_{PQ}
= f_{ab}\Delta x^a\Delta x^b
+ f_{abc}\Delta x^a\Delta x^b\Delta x^c
+ f_{abcd}\Delta x^a\Delta x^b\Delta x^c\Delta x^d
+ f_{abcde}\Delta x^a\Delta x^b\Delta x^c\Delta x^d\Delta x^e +\BigO{\eps^6}\Etag{13b}"];

@print["\Btag{13c}180f_{ab}=\killL"~@(lsq02)~"\killR\Etag{13c}"];
@print["\Btag{13d}180f_{abc}=\killL"~@(lsq03)~"\killR\Etag{13d}"];
@print["\Btag{13e}540f_{abcd}=\killL"~@(lsq04)~"\killR\Etag{13e}"];
@print["\Btag{13f}\phantom{0}54f_{abcde}="~@(lsq05)~"\Etag{13f}"];

L2
PQ = fab∆xa∆xb + fabc∆xa∆xb∆xc + fabcd∆xa∆xb∆xc∆xd + fabcde∆xa∆xb∆xc∆xd∆xe +O

(
ε6

)

180fab = 180 gab − 60xcxdRcadb − 30xcxdxe∇cRdaeb + xcxdxexf (8RgcdaRgefb − 9∇cdReafb) + 2xcxdxexfxg (4Rhcda∇eRhfgb −∇cdeRfagb)

180fabc = −15xdxe∇aRdbec + xdxexf (8RgdeaRgbfc − 9∇daRebfc) + xdxexfxg (4Rhadb∇eRhfgc + 4Rhdea∇bRhfgc + 4Rhdea∇fRhbgc − 3∇deaRfbgc)

540fabcd = −3xexf (44RgaebRgcfd + 3∇abRecfd)− 5xexfxg (8Rhaeb∇cRhfgd + 9Rhaeb∇hRfcgd + 20Rhaeb∇fRhcgd − 6Rhefa∇bRhcgd)

54fabcde = xfxgRhafb∇cRhdge
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