First we compute the covariant derivatives of R%,.q in terms of its partial derivatives.
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In the second part of this notebook we will compute the partial derivatives in terms of the covariant derivatives.

We find a curious result. For the first four derivatives the results are identical under the following changes : d — V (on the R’s only) and I' — —T'. For the fifth
derivative the terms of the form R.dGamma.d”2Gamma are not equivalent under this change. You can spot these terms, there are just two of them and the have the
numerical coefficient 6.

The computations for the first four derivatives are quick — about 15 sec. But adding in just one more derivative, the fifth derivative, blows this out to about 10 mins.
# -

: :KeepHistory(false).
: :PostDefaultRules( @@collect_terms! (%) ).
{a,b,c,d,e,f,g,h,i,j,k,1,m,n,0,p,q,r,s,t,u,v,w#}: :Indices.

# we can get away with using PartialDerivative for \nabla because we are computing
# symmetrised derivatives, this makes Cadabra’s job much easier

\nabla{#}::PartialDerivative.
\partial{#}::PartialDerivative.

R~ {a}_{b c d}::RiemannTensor.
\delta"{a}_{b}: :KroneckerDelta.
A~{a}::Depends(\partial).

B {a u}_{b v}::Depends(\partial).
R"{a}_{b c d}::Depends(\partial).



\Gamma~{a}_{b c}::Depends(\partial).
\Gamma~{a}_{b c}::TableauSymmetry(shape={2}, indices={1,2}).

# —-—— construct the first four symmetrised partial derivatives of the Riemann tensor ---————-------

cderiv00:=R"{a}_{b c¢ d} A~{b} A~ {c} B~"{d u}_{a v}:

cderiv0l:=A"{c}\partial_{c}{@(cderiv00)}:

@distribute! (%) :

@prodrule! (%) :

@distribute! (%) :

@substitute! (%) (A~{a}\partial_{a}{A~{b}} -> 0):

osubstitute! (%) (A~{a}\partial {a}{B"{d u}_{c v}} -> \Gamma~{e}_{c a}B"{d u}_{e v}A~{a}
-\Gamma~{d}_{e a}B~{e u}_{c v}A~{a}):

@distribute! (%) :

@prodsort! (%) :

@rename_dummies! (%) :

cderiv02:=A"{c}\partial_{c}{@(cderiv01)}:

@distribute! (%) :

@prodrule! (%) :

@distribute! (%) :

@substitute! (%) (A~{a}\partial_{a}{A"{b}} -> 0):

osubstitute! (%) (A~{a}\partial {a}{B"{d u}_{c v}} -> \Gamma~{e}_{c a}B"{d u}_{e v}A~{a}
-\Gamma“~{d}_{e a}B~{e u}_{c v}A~{a}):

@distribute! (%) :

@prodsort! (%) :

@rename_dummies' (%) :

cderiv03:=A"{c}\partial_{c}{@(cderiv02)}:

@distribute! (%) :

@prodrule! (%) :

@distribute! (%) :

@substitute! (%) (A~{a}\partial_{a}{A~{b}} -> 0):

@substitute! (%) (A°{a}\partial_{a}{B"{d u}_{c v}} -> \Gamma~{e}_{c a}B"{d u}_{e v}A~{a}
-\Gamma“~{d}_{e a}B~{e u}_{c v}A~{a}):

@distribute! (%) :

@prodsort! (%) :

@rename_dummies' (%) :



cderiv04:=A"{c}\partial_{c}{@(cderiv03)}:

@distribute! (%) :

@prodrule! (%) :

@distribute! (%) :

@substitute! (%) (A"{a}\partial_{a}{A~{b}} -> 0):

osubstitute! (%) (A~{a}\partial {a}{B"{d u}_{c v}} -> \Gamma~{e}_{c a}B"{d u}_{e v}A~{a}
-\Gamma“~{d}_{e a}B~{e u}_{c v}A~{a}):

@distribute! (%) :

@prodsort! (%) :

@rename_dummies! (%) :

cderiv05:=A"{c}\partial_{c}{@(cderiv04)}:

@distribute! (%) :

@prodrule! (%) :

@distribute! (%) :

@substitute! (%) (A~{a}\partial_{a}{A~{b}} -> 0):

@substitute! (%) (A°{a}\partial_{a}{B"{d u}_{c v}} -> \Gamma~{e}_{c a}B"{d u}_{e v}A~{a}
-\Gamma~{d}_{e a}B~{e u}_{c viA~{a}):

@distribute! (%) :

@prodsort! (%) :

@rename_dummies' (%) :

# --- now turn to Riemann normal coordinates, defined by O:::F&CQ) ——————————————

# —--- temporarily replace all derivatives of \Gamma with derivatives of T —-—-—————————————————-——-

@substitute! (cderiv02) (\partial_{d}{\Gamma~{a}_{b c}} -> T_{d}"{a}_{b c}):
@substitute! (cderiv03) (\partial_{d}{\Gamma~{a}_{b c}} -> T_{d}"{a}_{b c}):
@substitute! (cderiv04) (\partial_{d}{\Gamma~{a}_{b c}} -> T_{d}"{a}_{b c}):
@substitute! (cderiv05) (\partial_{d}{\Gamma~{a}_{b c}} -> T_{d}"{a}_{b c}):

@substitute! (cderiv03) (\partial_{d e}{\Gamma~{a}_{b c}} -> T_{d e} {a}t_{b c}):
@substitute! (cderiv04) (\partial_{d e}{\Gamma~{a}_{b c}} -> T_{d e} {at_{b c}):
O@substitute! (cderiv05) (\partial_{d e}{\Gamma~{a}_{b c}} -> T_{d e} {at_{b c}):

@substitute! (cderiv04) (\partial_{d e f}{\Gamma"{a}_{b c}} -> T_{d e £} "{a}_{b c}):
@substitute! (cderiv05) (\partial_{d e f}{\Gamma"{a}_{b c}} -> T_{d e £} "{a}_{b c}):



@substitute! (cderiv05) (\partial_{d e f gr{\Gamma~{a}_{b c}} -> T_{d e £ g} {a}_{b c}):

# —-—— now set \Gamma to zero

@substitute!!(cderiv01l) (\Gamma~{a}_{b c} -> 0):

@substitute!! (cderiv02) (\Gamma~{a}_{b c} -> 0):

@substitute!! (cderiv03) (\Gamma~{a}_{b c} -> 0):

@substitute!! (cderiv04) (\Gamma~{a}_{b c} -> 0):

@substitute!! (cderiv05) (\Gamma~{a}_{b c} -> 0):

# --- now re-introduce the derivatives of \Gamma

@substitute! (cderiv02) (T_{d}"{a}_{b c} -> \partial_{d}{\Gamma~{a}_{b
@substitute! (cderiv03) (T_{d}"{a}_{b c} -> \partial_{d}{\Gamma~{a}_{b
@substitute! (cderiv04) (T_{d}"{a}t_{b c} -> \partial_{d}{\Gamma~{a}_{b
@substitute! (cderiv05) (T_{d}"{a}_{b c} -> \partial_{d}{\Gamma"{al}_{b

O@substitute! (cderiv03) (T_{d
O@substitute! (cderiv04) (T_{d
@substitute! (cderiv05) (T_{d

O@substitute! (cderiv04) (T_{d
@substitute! (cderiv05) (T_{d

@substitute! (cderiv05) (T_{d

e}"{ar_{b c} -> \partial_{d e}{\Gamma~{a}_{b c}}):
e} {ar_{b ¢} -> \partial_{d e}{\Gamma~{a}_{b c}}):
e} {ar_{b ¢} -> \partial_{d e}{\Gamma~{a}_{b c}}):

e £} {a}_{b c} -> \partial_{d e £}{\Gamma"{a}_{b c}}):
e £} {a}_{b c} -> \partial_{d e £}{\Gamma"{a}_{b c}}):

e f gt {a}t_{b c} -> \partial_{d e f gr{\Gamma~{a}_{b c}}):

# —-—— done with B, so get rid of it
O@substitute! (cderiv01l) (B"{a u}_{b v} —>
O@substitute! (cderiv02) (B~{a u}_{b v} —>
Osubstitute! (cderiv03) (B~{a u}_{b v} ->
O@substitute! (cderiv04) (B"{a u}_{b v} —>
@substitute! (cderiv05) (B"{a u}_{b v} —>
# —-—— tidy up and display the results

tmp01:=@(cderiv0l):
tmp02:=@(cderiv02) :
tmp03:=Q@(cderiv03):
tmp04:=@(cderiv04) :
tmp05:=Q@(cderiv05) :

Qcanonicalise! (%) :
Qcanonicalise! (%) :
@canonicalise! (%) :
Q@canonicalise! (%) :
Qcanonicalise! (%) :

\delta~{a}_{v}\delta~{u}_{b}):
\delta~{a}_{v}\delta~{u}_{b}):
\delta"{a}_{v}\delta"{u}_{b}):
\delta"{a}_{vi\delta"{u}_{b}):
\delta~{a}_{v}\delta~{u}_{b}):

@distribute! (%) :
@distribute! (%) :
@distribute! (%) :
@distribute! (%) :
@distribute! (%) :

Qeliminate_kr! (%) :
Qeliminate_kr! (%) :
Qeliminate_kr! (%) :
Q@eliminate_kr! (%) :
Qeliminate_kr! (%) :

@factor_out!! (%) {A~{a}}:
@factor_out!! (%) {A~{a}}:
@factor_out!! (%) {A{a}}:
@factor_out!! (%) {A~{a}}:
@factor_out!! (%) {A~{a}}:



@substitute! (tmp01) (\partial {p}{R"{a}_{b d c}} -> - \partial_{pHHR"{a}_{b c d}}):
@substitute! (tmp02) (\partial_{p q*{R"{a}_{b d c}} -> - \partial_{p g}{R"{a}_{b c d}}):
@substitute! (tmp03) (\partial_{p q rHR " {a}_{b d c}} -> - \partial_{p q rHR " {a}_{b c d}}):
@substitute! (tmp04) (\partial {p q r sHR {a}_{b d c}} -> - \partial {p q r sHR {a}_{b c d}}):
@substitute! (tmp05) (\partial {p q r s t}H{R"{a}_{b d c}} -> - \partial {p q r s tHR {a}_{b c d}}):

@print ["\cderivA=""@(tmp01) ""?"];
@print ["\cderivB=""Q@(tmp02) ~""?"];
@print ["\cderivC=""@(tmp03)~"7"];
@print ["\cderivD=""0(tmp04) ~"7"];
@print ["\cderivE=""@(tmp05) ~"?"];



The first five symmetrised covariant derivatives of R{.; in a Riemann normal coordinate frame.

A“APA°RY oy = A“APA°O, R b

AaAbACAdRucdv;ab = AaAbAcAd (aabRu cdv Rvabgacru dg — R" abgacrg vd)

AaAbACAdAeRudev;abc = AaAbACAdAe (3 8avachadFu eh — 3 8aRu bchadrh ve T aabcRu dev T+ Rvabhacdl—‘u eh — R abhacdrh ve)

AaAbACAdAeAfRuefv;abcd = AaAbACAdAeAf (6 8aFu biacdeefi +4 8avaciadeFu fi— 6 8aFi vbacdRu efi — 4 811Ru bciadeFi vf + 8abcdRu efv +3 Rvabiﬁcru dj aerj fi
+6 R® ibjacru diaerj vf + Rvabiacderu fi +3 R abiacl_‘j vdaeri fi — R abiacderi vf)

A" APACAT A AT ATRY 4oy apeq = A®APA°ATA° AT A9 (15 0y Rypej 0aT™ enOT" g + 30 0o RY jek 0aT™ ¢j0TF g + 10 Oup RycdjOe T g5 + 10 0aT™ 1 Ocde Ru f4;
+5 aG,vacjadef]j‘u gj +15 aaRu bcjadrk veafrj gk — 10 8abRu cdjaefrj vg 10 8aFj vbacdeRu fgi — 5 aaRu bcjadefrj vg + aabcdeRu fgv
+4 R’uabjacrk djﬁefru gk +6 Rvabjacru dkaefrk g7 +10 R jbkacrj vdaefru gk + 10 R* jbkacru djaefrk vg + Rvabjacdefru qgj
+6 R abjacl_‘k vdaefrj gk +4 R abjacrj dkaefrk vg R abjacdefrj vg)



Now we compute the partial derivatives of R%,.q in terms of its covariant derivatives.
We do this by swapping term across the equal sign in the previous result followed by substitutions of lower oder partial derivatives from previous results. Huh?

A typical result of the previous calculations will be of the form
a _ Ra, . + Qa
(bed;pg) — " (bed,pq) bedpq

where () contains lower oder partial derivatives of R (and various derivatives of the connections). We rewrite this as

a _ pa _Qa
(bed,pg) — ' (bed;pq) bedpg

The lower order partial derivatives of R that appear on the right hand side can be eliminated by substituitions from previous results.

# -—— now re-arrange equations to give partial derivs in terms of covariant derivs ------————-—------
tmpOl:= - @(cderivO01l):
tmp02:= - @(cderiv02):
tmp03:= - @(cderiv03):
tmp04:= - @(cderiv04):
tmp05:= - @(cderiv05):
# --- replace highest order \partial with \nabla ---—-------—————————————————

@substitute! (tmp01) (\partial_ {p}{R"{a}_{b ¢ d}} -> - \nabla_{p}{R"{a}_{b c d}}):

@substitute! (tmp02) (\partial_{p gq}{R"{a}_{b ¢ d}} -> - \nabla_{p g}{R"{a}_{b c d}}):
@substitute! (tmp03) (\partial {p q r}R" {a}_{b c d}} -> - \nabla_{p q r}HR {a}_{b c d}}):
@substitute! (tmp04) (\partial_{p q r sHR {a}_{b ¢ d}} -> - \nabla_{p q r sHR {a}_{b c d}}):
@substitute! (tmp05) (\partial_{p q r s t}HR {a}_{b ¢ d}} -> - \nabla_{p q r s tHR " {a}_{b c d}}):

# —-—- use previous results to eliminate lower oder \partial’s ——-——-—-————-—————————————————————————

@substitute! (tmp02) (A~{a} A~{b} A~{c}\partial {cHR" {u}_{a b v}} -> @(tmp01)):
@substitute! (tmp03) (A~{a} A~{b} A~{c}\partial_{cHR" {u}_{a b v}} -> @(tmp01)):
@substitute! (tmp04) (A~{a} A~{b} A~{c}\partial_{cHR"{u}_{a b v}} -> @(tmp01)):
@substitute! (tmp05) (A~{a} A~{b} A~{cF\partial_{cHR {u}_{a b v}} -> @(tmp01)):

@substitute! (tmp03) (A~{a} A~{b} A~{c} A~{d}\partial_{c dHR {u}_{a b v}} -> @(tmp02)):
@substitute! (tmp04) (A~{a} A~{b} A~{c} A~{d}\partial {c d}{R"{u}_{a b v}} -> @(tmp02)):
@substitute! (tmp05) (A~{a} A~{b} A~{c} A~{d}\partial {c d}{R"{u}_{a b v}} -> @(tmp02)):

@substitute! (tmp04) (A~{a} A~{b} A~{c} A~{d} A~{e}\partial_{c d e}R"{u}_{a b v}} -> @(tmp03)):
@substitute! (tmp05) (A~{a} A~{b} A~{c} A~{d} A~{e}\partial_{c d e}R"{u}_{a b v}} -> @(tmp03)):



O@substitute! (tmp05) (A~{a} A~{b} A~{c} A~{d} A~{e} A~{f}\partial_{c d e f}{R"{u}_{a b v}} -> @(tmp04)):

@distribute! (tmp01):
@distribute! (tmp02) :
@distribute! (tmp03):
@distribute! (tmp04) :
@distribute! (tmp05) :

# —-—— tidy up and display the results ---———""---"""""""""""""""""——————————————————————————————————

pderiv01:=@(tmp01) : @prodsort! (%) : @rename_dummies!(%): Q@canonicalise!(%): @factor_out!!(%){A~{a}}:
pderiv02:=@(tmp02) : @prodsort! (%) : @rename_dummies!(%): Qcanonicalise!(%): @factor_out!!(%){A~{a}}:
pderiv03:=@(tmp03) : @prodsort! (%): @rename_dummies!(%): Qcanonicalise!(%): @factor_out!! (%){A~{a}}:
pderiv04:=@(tmp04): @prodsort!(%): @rename_dummies! (%): @canonicalise! (%): @factor_out!! (%){A {a}}:
pderiv05:=@(tmp05) : @prodsort!(%): @rename_dummies!(%): Qcanonicalise!(%): @factor_out!!(%){A~{a}}:

@substitute! (pderiv01l) (\nabla_{p}{R"{a}_{b d c}} -> - \nabla_{p}{R"{a}_{b c d}}):

@substitute! (pderiv02) (\nabla_{p gq}{R"{a}_{b d c}} -> - \nabla_{p g} {R"{a}_{b c d}}):
@substitute! (pderiv03) (\nabla_{p q r}{R"{a}_{b d c}} -> - \nabla_{p q r}HR"{a}_{b c d}}):
@substitute! (pderiv04) (\nabla_{p q r s}R"{a}_{b d c}} -> - \nabla_{p q r sHR {a}_{b c d}}):
@substitute! (pderiv05) (\nabla_{p q r s t}{R"{a}_{b d c}} -> - \nabla_{p q r s tHR {a}_{b c d}}):

@print ["\pderivA=""@(pderiv01) ""?"];
@print ["\pderivB=""@(pderiv02) ~"?"];
@print ["\pderivC=""@(pderiv03)~"7"];
@print ["\pderivD=""0(pderiv04)~"7"];
@print ["\pderivE=""@(pderiv05) ""7"];



The first five symmetrised partial derivatives of Rf.; in a Riemann normal coordinate frame.

A"AP ARy 0 = AT AP AV R e,y
AaAbACAdRucdv,ab — AaAbACAd (VabRu cdv — R’uabeacru de + Ru abeacre vd)
AaAbAcAdAeRudemabc = AaAbACAdAe (_3 vavacfadFu ef +3 vaRu bcfadrf ve T VabcRu dev — R’uabfacdru ef + R abfacdrf 'ue)

A*APAC AT A AT RY o4y abea = AT APACATACAT (=6 Vb RocagOel™ £ + 3 RuabgOc ™ anOel" £g 4+ 6 R gpn 0T 4g0eI" 1p — AV RupegOael™ fg + 6 VapR" cag0c T o f
+3 R abgacrh vdaerg fh +4 vaRu bcgaderg vf + vabcdRu efv — Rvabgacderu fg + R abgacderg vf)

A AP A AT A AT AIRY 1oy apeq = A APAATA° AT A9 (15 Vo RupenOal™ ¢i05T gh + 30 Vo R? 1 0al™ cn 0T 1y — 10 Vap RucanOe T g + 6 Ruabh0cT" andes T 4
+ 10 R 1y 0" 1400 ;T 45 — 10 Vape RpaenOr T gi + 4 Rpaph 0T 0i0e T g1y + 10 R 1i0c T 4n0e T 0y — 5 VaRupenOe t T gh
+ 15 Vo R" 4 0al" 0e0sT" i + 10 Vo RY cgnOe T 1y + 6 R 04 0™ 430 T g 4+ 10 Ve R 4en 0T g + 4 R* 0pn 0L a0 T o
+5 VR 4enOue I vg + Vavede B g0 — RoavhOcdetT™ gh + R abhOcdes T 1g)



