
# =================================================================================================
# Compute the generalised connection, for later use in series expansion of xa(s)
# =================================================================================================

::KeepHistory(false).
::PostDefaultRules( @@collect_terms!(%), @@sumflatten!(%) ).

{a,b,c,d,e,f,g,h,i,j,k,l,m,n,o,p,q,r,s,t,u#,v#}::Indices.

\nabla_{#}::PartialDerivative.
\partial_{#}::PartialDerivative.

g_{a b}::Metric.
g^{a b}::Metric.
\delta^{a}_{b}::KroneckerDelta.

R_{a b c d}::RiemannTensor.
R^{a}_{b c d}::RiemannTensor.

# --- the genQ are shorthand for the genGamma, saves typing ---------------------------------------

{genQ^{a}_{b c},genQ^{a}_{b c d},genQ^{a}_{b c d e},genQ^{a}_{b c d e f},Dx^{a}}::SortOrder.

genQ^{a}_{b c}::TableauSymmetry(shape={2}, indices={1,2}).
genQ^{a}_{b c d}::TableauSymmetry(shape={3}, indices={1,2,3}).
genQ^{a}_{b c d e}::TableauSymmetry(shape={4}, indices={1,2,3,4}).
genQ^{a}_{b c d e f}::TableauSymmetry(shape={5}, indices={1,2,3,4,5}).
genQ^{a}_{b c d e f g}::TableauSymmetry(shape={6}, indices={1,2,3,4,5,6}).

\Gamma^{a}_{b c}::TableauSymmetry(shape={2}, indices={1,2}).

# =================================================================================================
# recursively compute dnxa/dsn at s = 0
# =================================================================================================

# --- Aa = xa, Ba = dxa/ds at s = 0

deriv00:=A^{a}:
deriv01:=B^{a}:

deriv02:=-\Gamma^{a}_{b c} B^{b} B^{c}:



deriv03:=\nabla{@(deriv02)}:
@prodrule!(%):
@substitute!(%)(\nabla{B^{a}}->@(deriv02)):
@substitute!(%)(\nabla{\Gamma^{m}_{s t}}->B^{d}\partial_{d}{\Gamma^{m}_{s t}}):
@prodsort!(%): @rename_dummies!(%): @canonicalise!(%):

deriv04:=\nabla{@(deriv03)}:
@distribute!(%):
@prodrule!(%):
@substitute!(%)(\nabla{B^{a}}->@(deriv02)):
@substitute!(%)(\nabla{\Gamma^{m}_{s t}}->B^{d}\partial_{d}{\Gamma^{m}_{s t}}):
@substitute!(%)(\nabla{\partial_{e}{\Gamma^{m}_{s t}}}->B^{d}\partial_{d e}{\Gamma^{m}_{s t}}):
@prodsort!(%): @rename_dummies!(%): @canonicalise!(%):

deriv05:=\nabla{@(deriv04)}:
@distribute!(%):
@prodrule!(%):
@substitute!(%)(\nabla{B^{a}}->@(deriv02)):
@substitute!(%)(\nabla{\Gamma^{m}_{s t}}->B^{d}\partial_{d}{\Gamma^{m}_{s t}}):
@substitute!(%)(\nabla{\partial_{e}{\Gamma^{m}_{s t}}}->B^{d}\partial_{d e}{\Gamma^{m}_{s t}}):
@substitute!(%)(\nabla{\partial_{e f}{\Gamma^{m}_{s t}}}->B^{d}\partial_{d e f}{\Gamma^{m}_{s t}}):
@prodsort!(%): @rename_dummies!(%): @canonicalise!(%):

# --- deriv06 to leading order in s equals −Γa
bcdefg which vanishes only in RNC

deriv06:=\nabla{@(deriv05)}:
@distribute!(%):
@prodrule!(%):
@substitute!(%)(\nabla{B^{a}}->@(deriv02)):
@substitute!(%)(\nabla{\Gamma^{m}_{s t}}->B^{d}\partial_{d}{\Gamma^{m}_{s t}}):
@substitute!(%)(\nabla{\partial_{e}{\Gamma^{m}_{s t}}}->B^{d}\partial_{d e}{\Gamma^{m}_{s t}}):
@substitute!(%)(\nabla{\partial_{e f}{\Gamma^{m}_{s t}}}->B^{d}\partial_{d e f}{\Gamma^{m}_{s t}}):
@substitute!(%)(\nabla{\partial_{e f g}{\Gamma^{m}_{s t}}}->B^{d}\partial_{d e f g}{\Gamma^{m}_{s t}}):
@prodsort!(%): @rename_dummies!(%): @canonicalise!(%):

genGamma02:= - @(deriv02)): @substitute!(%)(B^a -> 1):
genGamma03:= - @(deriv03)): @substitute!(%)(B^a -> 1):
genGamma04:= - @(deriv04)): @substitute!(%)(B^a -> 1):
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genGamma05:= - @(deriv05)): @substitute!(%)(B^a -> 1):
genGamma06:= - @(deriv06)): @substitute!(%)(B^a -> 1):

@print["\Btag{01}\genGammaA="~@(genGamma02)~"\Etag{01}"];
@print["\Btag{02}\genGammaB=\killL"~@(genGamma03)~"\killR\Etag{02}"];
@print["\Btag{03}\genGammaC=\killL"~@(genGamma04)~"\killR\Etag{03}"];
@print["\Btag{04}\genGammaD=\killL"~@(genGamma05)~"\killR\Etag{04}"];
@print["\Btag{05}\genGammaE=\killL"~@(genGamma06)~"\killR\Etag{05}"];
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# --- the generalised connections in arbitrary coordinates ----------------------------------------

Γa
(bc)(x) = Γa

bc

Γa
(bcd)(x) = ∂bΓa

cd − 2 Γa
beΓe

cd

Γa
(bcde)(x) = −Γf

bc∂f Γa
de − 4 Γf

bc∂dΓa
ef + ∂bcΓa

de + 2 Γa
fgΓf

bcΓg
de + 4 Γa

bf Γf
cgΓg

de − 2 Γa
bf∂cΓf

de

Γa
(bcdef)(x) = 2 Γg

bcΓh
dg∂hΓa

ef + 6 Γg
bcΓh

de∂gΓa
fh − ∂gΓa

bc∂dΓg
ef − 3 Γg

bc∂dgΓa
ef + 12 Γg

bcΓh
dg∂eΓa

fh + 6 Γg
bcΓh

de∂f Γa
gh

− 6 ∂bΓa
cg∂dΓg

ef − 6 Γg
bc∂deΓa

fg + ∂bcdΓa
ef − 12 Γa

ghΓg
bcΓh

diΓi
ef + 6 Γa

ghΓg
bc∂dΓh

ef − 4 Γa
bgΓg

hiΓh
cdΓi

ef

− 8 Γa
bgΓg

chΓh
diΓi

ef + 8 Γa
bgΓh

cd∂eΓg
fh + 4 Γa

bgΓg
ch∂dΓh

ef + 2 Γa
bgΓh

cd∂hΓg
ef − 2 Γa

bg∂cdΓg
ef

Γa
(bcdefg)(x) = −4 Γh

bcΓi
dhΓj

ei∂jΓa
fg − 2 Γh

bcΓi
deΓj

hi∂jΓa
fg − 16 Γh

bcΓi
deΓj

fh∂jΓa
gi + 2 Γh

bi∂hΓa
cd∂eΓi

fg + 4 Γh
bc∂iΓa

de∂f Γi
gh + 8 Γh

bcΓi
dh∂eiΓa

fg

− 24 Γh
bcΓi

deΓj
fh∂iΓa

gj − 12 Γh
bcΓi

deΓj
fg∂hΓa

ij + 8 Γh
bc∂iΓa

dh∂eΓi
fg + 12 Γh

bc∂hΓa
di∂eΓi

fg + 24 Γh
bcΓi

de∂fhΓa
gi

+ Γh
bc∂iΓa

de∂hΓi
fg − 4 ∂bΓh

cd∂ehΓa
fg − ∂hΓa

bc∂deΓh
fg + 3 Γh

bcΓi
de∂hiΓa

fg − 6 Γh
bc∂dehΓa

fg − 32 Γh
bcΓi

dhΓj
ei∂f Γa

gj

− 16 Γh
bcΓi

deΓj
hi∂f Γa

gj − 48 Γh
bcΓi

deΓj
fh∂gΓa

ij + 16 Γh
bi∂cΓa

dh∂eΓi
fg + 32 Γh

bc∂dΓa
ei∂f Γi

gh + 24 Γh
bcΓi

dh∂ef Γa
gi

+ 24 Γh
bc∂dΓa

hi∂eΓi
fg + 12 Γh

bcΓi
de∂fgΓa

hi + 8 Γh
bc∂dΓa

ei∂hΓi
fg − 12 ∂bΓh

cd∂ef Γa
gh − 8 ∂bΓa

ch∂deΓh
fg − 8 Γh

bc∂def Γa
gh + ∂bcdeΓa

fg

+ 24 Γa
hiΓh

bjΓi
ckΓj

deΓk
fg + 16 Γa

hiΓh
bcΓi

jkΓj
deΓk

fg + 32 Γa
hiΓh

bcΓi
djΓj

ekΓk
fg − 24 Γa

hiΓh
bjΓj

cd∂eΓi
fg − 32 Γa

hiΓh
bcΓj

de∂f Γi
gj

− 16 Γa
hiΓh

bcΓi
dj∂eΓj

fg − 8 Γa
hiΓh

bcΓj
de∂jΓi

fg + 6 Γa
hi∂bΓh

cd∂eΓi
fg + 8 Γa

hiΓh
bc∂deΓi

fg + 24 Γa
bhΓh

ijΓi
cdΓj

ekΓk
fg

− 12 Γa
bhΓi

cdΓj
ef∂gΓh

ij − 12 Γa
bhΓh

ijΓi
cd∂eΓj

fg + 8 Γa
bhΓh

ciΓi
jkΓj

deΓk
fg + 16 Γa

bhΓh
ciΓi

djΓj
ekΓk

fg − 24 Γa
bhΓi

cdΓj
ei∂f Γh

gj

− 16 Γa
bhΓh

ciΓj
de∂f Γi

gj − 8 Γa
bhΓh

ciΓi
dj∂eΓj

fg − 12 Γa
bhΓi

cdΓj
ef∂iΓh

gj + 12 Γa
bh∂cΓh

di∂eΓi
fg + 12 Γa

bhΓi
cd∂ef Γh

gi

− 4 Γa
bhΓh

ciΓj
de∂jΓi

fg + 4 Γa
bhΓh

ci∂deΓi
fg − 4 Γa

bhΓi
cdΓj

ei∂jΓh
fg + 2 Γa

bh∂cΓi
de∂iΓh

fg + 6 Γa
bhΓi

cd∂eiΓh
fg − 2 Γa

bh∂cdeΓh
fg
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genQ02:=@(genGamma02): @sym!(%){_b,_c}:
genQ03:=@(genGamma03): @sym!(%){_b,_c,_d}:
genQ04:=@(genGamma04): @sym!(%){_b,_c,_d,_e}:
genQ05:=@(genGamma05): @sym!(%){_b,_c,_d,_e,_f}:

# --- compute coordinate transforms from any x^a to rnc y^a ---------------------------------------

y1:=Dx^a;
y2:=Dx^a + (1/2) genQ^{a}_{b c} y1^b y1^c;
y3:=Dx^a + (1/2) genQ^{a}_{b c} y2^b y2^c

+ (1/6) genQ^{a}_{b c d} y1^b y1^c y1^d;
y4:=Dx^a + (1/2) genQ^{a}_{b c} y3^b y3^c

+ (1/6) genQ^{a}_{b c d} y2^b y2^c y2^d
+ (1/24) genQ^{a}_{b c d e} y1^b y1^c y1^d y1^e;

y5:=Dx^a + (1/2) genQ^{a}_{b c} y4^b y4^c
+ (1/6) genQ^{a}_{b c d} y3^b y3^c y3^d
+ (1/24) genQ^{a}_{b c d e} y2^b y2^c y2^d y2^e
+ (1/120) genQ^{a}_{b c d e f} y1^b y1^c y1^d y1^e y1^f;

@substitute!(y2)(y1^a -> @(y1));

# --- truncate y3 to 2nd order in \eps ------------------------------------------------------------

@substitute!(y3)(y2^a -> @(y2)):
@substitute!(y3)(y1^a -> @(y1)):
@distribute!(%):
@prodsort!(%):
@rename_dummies!(%):
@canonicalise!(%):

poly:=@(y3):

genQ^{a}_{b c}::Weight(label=Qterms,value=1).
genQ^{a}_{b c d}::Weight(label=Qterms,value=2).

term00:=@(poly): @keep_weight!(term00){Qterms}{0}:
term01:=@(poly): @keep_weight!(term01){Qterms}{1}:
term02:=@(poly): @keep_weight!(term02){Qterms}{2}:

y3:=@(term00) + @(term01) + @(term02):
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# --- tidy up -------------------------------------------------------------------------------------

@prodsort!(%):
@rename_dummies!(%):
@canonicalise!(%);

# --- truncate y4 to 3rd order in \eps ------------------------------------------------------------

@substitute!(y4)(y3^a -> @(y3)):
@substitute!(y4)(y2^a -> @(y2)):
@substitute!(y4)(y1^a -> @(y1)):
@distribute!(%):
@prodsort!(%):
@rename_dummies!(%):
@canonicalise!(%):

poly:=@(y4):

genQ^{a}_{b c}::Weight(label=Qterms,value=1).
genQ^{a}_{b c d}::Weight(label=Qterms,value=2).
genQ^{a}_{b c d e}::Weight(label=Qterms,value=3).

term00:=@(poly): @keep_weight!(term00){Qterms}{0}:
term01:=@(poly): @keep_weight!(term01){Qterms}{1}:
term02:=@(poly): @keep_weight!(term02){Qterms}{2}:
term03:=@(poly): @keep_weight!(term03){Qterms}{3}:

y4:=@(term00) + @(term01) + @(term02) + @(term03):

# --- tidy up -------------------------------------------------------------------------------------

@prodsort!(%):
@rename_dummies!(%):
@canonicalise!(%);

# --- truncate y5 to 4th order in \eps ------------------------------------------------------------

@substitute!(y5)(y4^a -> @(y4)):
@substitute!(y5)(y3^a -> @(y3)):
@substitute!(y5)(y2^a -> @(y2)):
@substitute!(y5)(y1^a -> @(y1)):
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@distribute!(%):
@prodsort!(%):
@rename_dummies!(%):
@canonicalise!(%):

poly:=@(y5):

genQ^{a}_{b c}::Weight(label=Qterms,value=1).
genQ^{a}_{b c d}::Weight(label=Qterms,value=2).
genQ^{a}_{b c d e}::Weight(label=Qterms,value=3).
genQ^{a}_{b c d e f}::Weight(label=Qterms,value=4).

term00:=@(poly): @keep_weight!(term00){Qterms}{0}:
term01:=@(poly): @keep_weight!(term01){Qterms}{1}:
term02:=@(poly): @keep_weight!(term02){Qterms}{2}:
term03:=@(poly): @keep_weight!(term03){Qterms}{3}:
term04:=@(poly): @keep_weight!(term04){Qterms}{4}:

y5:=@(term00) + @(term01) + @(term02) + @(term03) + @(term04):

# --- tidy up -------------------------------------------------------------------------------------

@prodsort!(%):
@rename_dummies!(%):
@canonicalise!(%);

y1 := Dxa

y2 := Dxa +
1
2
genQa

bcy1by1c

y3 := Dxa +
1
2
genQa

bcy2by2c +
1
6
genQa

bcdy1by1cy1d

y4 := Dxa +
1
2
genQa

bcy3by3c +
1
6
genQa

bcdy2by2cy2d +
1
24
genQa

bcdey1by1cy1dy1e
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y5 := Dxa +
1
2
genQa

bcy4by4c +
1
6
genQa

bcdy3by3cy3d +
1
24
genQa

bcdey2by2cy2dy2e +
1

120
genQa

bcdefy1by1cy1dy1ey1f

y2 := Dxa +
1
2
genQa

bcDx
bDxc

y3 := Dxa +
1
2
genQa

bcDx
bDxc +

1
2
genQa

bcgenQ
b

deDx
cDxdDxe +

1
6
genQa

bcdDx
bDxcDxd

y4 := Dxa +
1
2
genQa

bcDx
bDxc +

1
2
genQa

bcgenQ
b

deDx
cDxdDxe +

1
6
genQa

bcdDx
bDxcDxd +

1
2
genQa

bcgenQ
b

degenQ
d

fgDx
cDxeDxfDxg

+
1
6
genQa

bcgenQ
b

defDx
cDxdDxeDxf +

1
8
genQa

bcgenQ
b

degenQ
c

fgDx
dDxeDxfDxg +

1
4
genQb

cdgenQ
a

befDx
cDxdDxeDxf +

1
24
genQa

bcdeDx
bDxcDxdDxe

y5 := Dxa +
1
2
genQa

bcDx
bDxc +

1
2
genQa

bcgenQ
b

deDx
cDxdDxe +

1
6
genQa

bcdDx
bDxcDxd +

1
2
genQa

bcgenQ
b

degenQ
d

fgDx
cDxeDxfDxg

+
1
6
genQa

bcgenQ
b

defDx
cDxdDxeDxf +

1
8
genQa

bcgenQ
b

degenQ
c

fgDx
dDxeDxfDxg +

1
4
genQb

cdgenQ
a

befDx
cDxdDxeDxf

+
1
24
genQa

bcdeDx
bDxcDxdDxe +

1
2
genQa

bcgenQ
b

degenQ
d

fggenQ
f

hiDx
cDxeDxgDxhDxi +

1
6
genQa

bcgenQ
b

degenQ
d

fghDx
cDxeDxfDxgDxh

+
1
8
genQa

bcgenQ
b

degenQ
d

fggenQ
e

hiDx
cDxfDxgDxhDxi +

1
4
genQa

bcgenQ
d

efgenQ
b

dghDx
cDxeDxfDxgDxh

+
1
24
genQa

bcgenQ
b

defgDx
cDxdDxeDxfDxg +

1
4
genQa

bcgenQ
b

degenQ
c

fggenQ
d

hiDx
eDxfDxgDxhDxi

+
1
12
genQa

bcgenQ
b

degenQ
c

fghDx
dDxeDxfDxgDxh +

1
4
genQb

cdgenQ
c

efgenQ
a

bghDx
dDxeDxfDxgDxh +

1
12
genQa

bcdgenQ
b

efgDx
cDxdDxeDxfDxg

+
1
8
genQb

cdgenQ
e

fggenQ
a

behDx
cDxdDxfDxgDxh +

1
12
genQb

cdgenQ
a

befgDx
cDxdDxeDxfDxg +

1
120

genQa
bcdefDx

bDxcDxdDxeDxf
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# --- y^a in terms of \Gamma and its derivatives --------------------------------------------------

@substitute!(y2)(genQ^{a}_{b c} -> @(genQ02)):
@distribute!(%):
@prodsort!(%):
@rename_dummies!(%):
@canonicalise!(%):

@substitute!(y3)(genQ^{a}_{b c} -> @(genQ02)):
@substitute!(y3)(genQ^{a}_{b c d} -> @(genQ03)):
@distribute!(%):
@prodsort!(%):
@rename_dummies!(%):
@canonicalise!(%):

@substitute!(y4)(genQ^{a}_{b c} -> @(genQ02)):
@substitute!(y4)(genQ^{a}_{b c d} -> @(genQ03)):
@substitute!(y4)(genQ^{a}_{b c d e} -> @(genQ04)):
@distribute!(%):
@prodsort!(%):
@rename_dummies!(%):
@canonicalise!(%):

@substitute!(y5)(genQ^{a}_{b c} -> @(genQ02)):
@substitute!(y5)(genQ^{a}_{b c d} -> @(genQ03)):
@substitute!(y5)(genQ^{a}_{b c d e} -> @(genQ04)):
@substitute!(y5)(genQ^{a}_{b c d e f} -> @(genQ05)):
@distribute!(%):
@prodsort!(%):
@rename_dummies!(%):
@canonicalise!(%):

tmp00:=@(y1):
@substitute!(tmp00)(Dx^{a} -> \Delta{x}^{a}):

tmp01:=@(y2)-@(y1):
@factor_out!!(tmp01)(Dx^{a}):
@substitute!(tmp01)(Dx^{a} -> \Delta{x}^{a}):
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tmp02:=@(y3)-@(y2):
@factor_out!!(tmp02)(Dx^{a}):
@substitute!(tmp02)(Dx^{a} -> \Delta{x}^{a}):

tmp03:=@(y4)-@(y3):
@factor_out!!(tmp03)(Dx^{a}):
@substitute!(tmp03)(Dx^{a} -> \Delta{x}^{a}):

tmp04:=@(y5)-@(y4):
@factor_out!!(tmp04)(Dx^{a}):
@substitute!(tmp04)(Dx^{a} -> \Delta{x}^{a}):

genx2rnc:=@(tmp00)+@(tmp01)+@(tmp02)+@(tmp03)+@(tmp04); "genx2rnc.trn"

# --- y^a in terms of \Gamma and its derivatives --------------------------------------------------

@print["\Btag{20}y^a_5="~@(genx2rnc)~"\Etag{20}"];

ya
5 =

(
∆x a +

1
2

∆x b∆x cΓa
bc + ∆x b∆x c∆x d

(
1
6

Γa
beΓe

cd +
1
6
∂bΓa

cd

)
+ ∆x b∆x c∆x d∆x e

(
1
12

Γa
bf∂cΓf

de +
1
24

Γa
fgΓf

bcΓg
de +

1
24

Γf
bc∂f Γa

de +
1
24
∂bcΓa

de

)
+ ∆x b∆x c∆x d∆x e∆x f

(
− 1

90
Γa

bgΓg
chΓh

diΓi
ef +

1
180

Γa
bgΓg

ch∂dΓh
ef +

1
120

Γa
bgΓg

hiΓh
cdΓi

ef +
1
60

Γa
bgΓh

cd∂hΓg
ef −

1
60

Γa
bgΓh

cd∂eΓg
fh

+
1
40

Γa
bg∂cdΓg

ef +
1
90

Γa
ghΓg

bcΓh
diΓi

ef +
13
360

Γa
ghΓg

bc∂dΓh
ef +

1
360

Γg
bcΓh

dg∂hΓa
ef −

1
90

Γg
bcΓh

dg∂eΓa
fh +

7
360

∂gΓa
bc∂dΓg

ef +
1

180
∂bΓa

cg∂dΓg
ef

+
1

120
Γg

bcΓh
de∂gΓa

fh +
1

120
Γg

bcΓh
de∂f Γa

gh +
1
60

Γg
bc∂dgΓa

ef −
1

120
Γg

bc∂deΓa
fg +

1
120

∂bcdΓa
ef

))
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# =================================================================================================
# From here on we are adapting the genGamma’s to RNC
# =================================================================================================
#
# Now we need to expand deriv0* as a Taylor series around x=0
# These will be used in constructing the general solution of the geodesic equation near x=0, i.e. x^a(s)
# To obtain a series accurate to terms including O(L^6) we will need the following derivatives at x=0
#
# deriv02,a deriv02,ab deriv02,abc deriv02,abcd
# deriv03,a deriv03,ab deriv03,abc
# deriv04,a deriv04,ab
# deriv05,a
#
# The Q^{a}_{b c d e f\cdots} are the partial derivatives of \Gamma^{a}_{b c}
#
# =================================================================================================

# --- Taylor series for deriv02 -------------------------------------------------------------------

@distribute!(deriv02):
term00:=@(deriv02):

tmp:=A^{a} \partial_{a}{@(term00)}:
@distribute!(tmp): @prodrule!(tmp): @distribute!(tmp):
@substitute!(tmp)(\partial_{a}{B^{b}} -> 0):
term01:=@(tmp):

tmp:=A^{a} \partial_{a}{@(term01)}:
@distribute!(tmp): @prodrule!(tmp): @distribute!(tmp):
@substitute!(tmp)(\partial_{a}{B^{b}} -> 0, \partial_{a}{A^{b}} -> 0):
term02:=@(tmp):

tmp:=A^{a} \partial_{a}{@(term02)}:
@distribute!(tmp): @prodrule!(tmp): @distribute!(tmp):
@substitute!(tmp)(\partial_{a}{B^{b}} -> 0, \partial_{a}{A^{b}} -> 0):
term03:=@(tmp):

tmp:=A^{a} \partial_{a}{@(term03)}:
@distribute!(tmp): @prodrule!(tmp): @distribute!(tmp):
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@substitute!(tmp)(\partial_{a}{B^{b}} -> 0, \partial_{a}{A^{b}} -> 0):
term04:=@(tmp):

@substitute!(term00)(\partial_{a b c d}{\Gamma^{p}_{m n}} -> Q^{p}_{m n a b c d}):
@substitute!(term00)(\partial_{a b c}{\Gamma^{p}_{m n}} -> Q^{p}_{m n a b c}):
@substitute!(term00)(\partial_{a b}{\Gamma^{p}_{m n}} -> Q^{p}_{m n a b}):
@substitute!(term00)(\partial_{a}{\Gamma^{p}_{m n}} -> Q^{p}_{m n a}):
@substitute!(term00)(\Gamma^{p}_{m n} -> Q^{p}_{m n}):

@substitute!(term01)(\partial_{a b c d}{\Gamma^{p}_{m n}} -> Q^{p}_{m n a b c d}):
@substitute!(term01)(\partial_{a b c}{\Gamma^{p}_{m n}} -> Q^{p}_{m n a b c}):
@substitute!(term01)(\partial_{a b}{\Gamma^{p}_{m n}} -> Q^{p}_{m n a b}):
@substitute!(term01)(\partial_{a}{\Gamma^{p}_{m n}} -> Q^{p}_{m n a}):
@substitute!(term01)(\Gamma^{p}_{m n} -> Q^{p}_{m n}):

@substitute!(term02)(\partial_{a b c d}{\Gamma^{p}_{m n}} -> Q^{p}_{m n a b c d}):
@substitute!(term02)(\partial_{a b c}{\Gamma^{p}_{m n}} -> Q^{p}_{m n a b c}):
@substitute!(term02)(\partial_{a b}{\Gamma^{p}_{m n}} -> Q^{p}_{m n a b}):
@substitute!(term02)(\partial_{a}{\Gamma^{p}_{m n}} -> Q^{p}_{m n a}):
@substitute!(term02)(\Gamma^{p}_{m n} -> Q^{p}_{m n}):

@substitute!(term03)(\partial_{a b c d}{\Gamma^{p}_{m n}} -> Q^{p}_{m n a b c d}):
@substitute!(term03)(\partial_{a b c}{\Gamma^{p}_{m n}} -> Q^{p}_{m n a b c}):
@substitute!(term03)(\partial_{a b}{\Gamma^{p}_{m n}} -> Q^{p}_{m n a b}):
@substitute!(term03)(\partial_{a}{\Gamma^{p}_{m n}} -> Q^{p}_{m n a}):
@substitute!(term03)(\Gamma^{p}_{m n} -> Q^{p}_{m n}):

@substitute!(term04)(\partial_{a b c d}{\Gamma^{p}_{m n}} -> Q^{p}_{m n a b c d}):
@substitute!(term04)(\partial_{a b c}{\Gamma^{p}_{m n}} -> Q^{p}_{m n a b c}):
@substitute!(term04)(\partial_{a b}{\Gamma^{p}_{m n}} -> Q^{p}_{m n a b}):
@substitute!(term04)(\partial_{a}{\Gamma^{p}_{m n}} -> Q^{p}_{m n a}):
@substitute!(term04)(\Gamma^{p}_{m n} -> Q^{p}_{m n}):

# --- rebuild deriv02

deriv02:=@(term00) + @(term01) + (1/2) @(term02) + (1/6) @(term03) + (1/24) @(term04):

# --- impose RNC conditions

@substitute!(deriv02)(Q^{p}_{m n} -> 0):
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@substitute!(deriv02)(B^a B^b Q^{p}_{a b} -> 0);

# --- Taylor series for deriv03 -------------------------------------------------------------------

@distribute!(deriv03):
term00:=@(deriv03):

tmp:=A^{a} \partial_{a}{@(term00)}:
@distribute!(tmp): @prodrule!(tmp): @distribute!(tmp):
@substitute!(tmp)(\partial_{a}{B^{b}} -> 0):
term01:=@(tmp):

tmp:=A^{a} \partial_{a}{@(term01)}:
@distribute!(tmp): @prodrule!(tmp): @distribute!(tmp):
@substitute!(tmp)(\partial_{a}{B^{b}} -> 0, \partial_{a}{A^{b}} -> 0):
term02:=@(tmp):

tmp:=A^{a} \partial_{a}{@(term02)}:
@distribute!(tmp): @prodrule!(tmp): @distribute!(tmp):
@substitute!(tmp)(\partial_{a}{B^{b}} -> 0, \partial_{a}{A^{b}} -> 0):
term03:=@(tmp):

@substitute!(term00)(\partial_{a b c}{\Gamma^{p}_{m n}} -> Q^{p}_{m n a b c}):
@substitute!(term00)(\partial_{a b}{\Gamma^{p}_{m n}} -> Q^{p}_{m n a b}):
@substitute!(term00)(\partial_{a}{\Gamma^{p}_{m n}} -> Q^{p}_{m n a}):
@substitute!(term00)(\Gamma^{p}_{m n} -> Q^{p}_{m n}):

@substitute!(term01)(\partial_{a b c}{\Gamma^{p}_{m n}} -> Q^{p}_{m n a b c}):
@substitute!(term01)(\partial_{a b}{\Gamma^{p}_{m n}} -> Q^{p}_{m n a b}):
@substitute!(term01)(\partial_{a}{\Gamma^{p}_{m n}} -> Q^{p}_{m n a}):
@substitute!(term01)(\Gamma^{p}_{m n} -> Q^{p}_{m n}):

@substitute!(term02)(\partial_{a b c}{\Gamma^{p}_{m n}} -> Q^{p}_{m n a b c}):
@substitute!(term02)(\partial_{a b}{\Gamma^{p}_{m n}} -> Q^{p}_{m n a b}):
@substitute!(term02)(\partial_{a}{\Gamma^{p}_{m n}} -> Q^{p}_{m n a}):
@substitute!(term02)(\Gamma^{p}_{m n} -> Q^{p}_{m n}):

@substitute!(term03)(\partial_{a b c}{\Gamma^{p}_{m n}} -> Q^{p}_{m n a b c}):
@substitute!(term03)(\partial_{a b}{\Gamma^{p}_{m n}} -> Q^{p}_{m n a b}):
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@substitute!(term03)(\partial_{a}{\Gamma^{p}_{m n}} -> Q^{p}_{m n a}):
@substitute!(term03)(\Gamma^{p}_{m n} -> Q^{p}_{m n}):

# --- rebuild deriv03

deriv03:=@(term00) + @(term01) + (1/2) @(term02) + (1/6) @(term03):

# --- impose RNC conditions

@substitute!(deriv03)(Q^{p}_{m n} -> 0):
@substitute!(deriv03)(B^a B^b B^c Q^{p}_{a b c} -> 0);

# --- Taylor series for deriv04 -------------------------------------------------------------------

@distribute!(deriv04):
term00:=@(deriv04):

tmp:=A^{a} \partial_{a}{@(term00)}:
@distribute!(tmp): @prodrule!(tmp): @distribute!(tmp):
@substitute!(tmp)(\partial_{a}{B^{b}} -> 0):
term01:=@(tmp):

tmp:=A^{a} \partial_{a}{@(term01)}:
@distribute!(tmp): @prodrule!(tmp): @distribute!(tmp):
@substitute!(tmp)(\partial_{a}{B^{b}} -> 0, \partial_{a}{A^{b}} -> 0):
term02:=@(tmp):

@substitute!(term00)(\partial_{a b}{\Gamma^{p}_{m n}} -> Q^{p}_{m n a b}):
@substitute!(term00)(\partial_{a}{\Gamma^{p}_{m n}} -> Q^{p}_{m n a}):
@substitute!(term00)(\Gamma^{p}_{m n} -> Q^{p}_{m n}):

@substitute!(term01)(\partial_{a b}{\Gamma^{p}_{m n}} -> Q^{p}_{m n a b}):
@substitute!(term01)(\partial_{a}{\Gamma^{p}_{m n}} -> Q^{p}_{m n a}):
@substitute!(term01)(\Gamma^{p}_{m n} -> Q^{p}_{m n}):

@substitute!(term02)(\partial_{a b}{\Gamma^{p}_{m n}} -> Q^{p}_{m n a b}):
@substitute!(term02)(\partial_{a}{\Gamma^{p}_{m n}} -> Q^{p}_{m n a}):
@substitute!(term02)(\Gamma^{p}_{m n} -> Q^{p}_{m n}):

# --- rebuild deriv04

deriv04:=@(term00) + @(term01) + (1/2) @(term02):
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# --- impose RNC conditions

@substitute!(deriv04)(Q^{p}_{m n} -> 0):
@substitute!(deriv04)(B^a B^b B^c Q^{p}_{a b c} -> 0):
@substitute!(deriv04)(B^a B^b B^c B^d Q^{p}_{a b c d} -> 0);

# --- Taylor series for deriv05 -------------------------------------------------------------------

@distribute!(deriv05):
term00:=@(deriv05):

tmp:=A^{a} \partial_{a}{@(term00)}:
@distribute!(tmp): @prodrule!(tmp): @distribute!(tmp):
@substitute!(tmp)(\partial_{a}{B^{b}} -> 0):
term01:=@(tmp):

@substitute!(term00)(\partial_{a b c}{\Gamma^{p}_{m n}} -> Q^{p}_{m n a b c}):
@substitute!(term00)(\partial_{a b}{\Gamma^{p}_{m n}} -> Q^{p}_{m n a b}):
@substitute!(term00)(\partial_{a}{\Gamma^{p}_{m n}} -> Q^{p}_{m n a}):
@substitute!(term00)(\Gamma^{p}_{m n} -> Q^{p}_{m n}):

@substitute!(term01)(\partial_{a b c}{\Gamma^{p}_{m n}} -> Q^{p}_{m n a b c}):
@substitute!(term01)(\partial_{a b}{\Gamma^{p}_{m n}} -> Q^{p}_{m n a b}):
@substitute!(term01)(\partial_{a}{\Gamma^{p}_{m n}} -> Q^{p}_{m n a}):
@substitute!(term01)(\Gamma^{p}_{m n} -> Q^{p}_{m n}):

# --- rebuild deriv05

deriv05:=@(term00) + @(term01):

# --- impose RNC conditions

@substitute!(deriv05)(Q^{p}_{m n} -> 0):
@substitute!(deriv05)(B^a B^b B^c Q^{p}_{a b c} -> 0):
@substitute!(deriv05)(B^a B^b B^c B^d Q^{p}_{a b c d} -> 0):
@substitute!(deriv05)(B^a B^b B^c B^d B^e Q^{p}_{a b c d e} -> 0);

# --- deriv06 to leading order in s equals −Γa
bcdefg which vanishes only in RNC

deriv06:=0;

deriv02 := −AdQa
bcdB

bBc − 1
2
AeAdQa

bcedB
bBc − 1

6
AfAeAdQa

bcfedB
bBc − 1

24
AgAfAeAdQa

bcgfedB
bBc
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deriv03 := −AfBbBcBdQa
cdfb −

1
2
AgAfBbBcBdQa

cdgfb +AgAfBbBcBdQa
befQ

e
cdg +AgAfBbBcBdQa

begQ
e

cdf

+
1
3
AhAgAfBbBcBdQa

begfQ
e

cdh +
1
3
AhAgAfBbBcBdQa

behfQ
e

cdg +
1
3
AhAgAfBbBcBdQa

befQ
e

cdhg

+
1
3
AhAgAfBbBcBdQa

behgQ
e

cdf +
1
3
AhAgAfBbBcBdQa

begQ
e

cdhf +
1
3
AhAgAfBbBcBdQa

behQ
e

cdgf

deriv04 := AhBbBcBdBeQf
bchQ

a
def + 4AhBbBcBdBeQf

bchQ
a

efd +
1
2
AiAhBbBcBdBeQf

bcihQ
a

def +
1
2
AiAhBbBcBdBeQf

bchQ
a

deif

+
1
2
AiAhBbBcBdBeQf

bciQ
a

dehf + 2AiAhBbBcBdBeQf
bcihQ

a
efd + 2AiAhBbBcBdBeQf

bchQ
a

efid

+ 2AiAhBbBcBdBeQf
bciQ

a
efhd +AiAhBbBcBdBeQa

bfhQ
f

deic +AiAhBbBcBdBeQa
bfiQ

f
dehc

deriv05 := AjBbBcBdBeBfQa
bcgQ

g
efjd + 3AjBbBcBdBeBfQg

bcjQ
a

efdg + 6AjBbBcBdBeBfQa
cgbQ

g
efjd + 6AjBbBcBdBeBfQg

bcjQ
a

fgde

deriv06 := 0
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# --- print the results ---------------------------------------------------------------------------

@print["x^a="~@(deriv00)];
@print["\frac{dx^a}{ds}="~@(deriv01)];
@print["\frac{d^2x^a}{ds^2}="~@(deriv02)~"+\BigO{\eps^6}"];
@print["\frac{d^3x^a}{ds^3}="~@(deriv03)~"+\BigO{\eps^6}"];
@print["\frac{d^4x^a}{ds^4}="~@(deriv04)~"+\BigO{\eps^6}"];
@print["\frac{d^5x^a}{ds^5}="~@(deriv05)~"+\BigO{\eps^6}"];
@print["\frac{d^6x^a}{ds^6}="~@(deriv06)~"+\BigO{\eps^6}"];

xa = Aa

dxa

ds
= Ba

d2xa

ds2
=

(
−AdQa

bcdB
bBc − 1

2
AeAdQa

bcedB
bBc − 1

6
AfAeAdQa

bcfedB
bBc − 1

24
AgAfAeAdQa

bcgfedB
bBc

)
+O

(
ε6

)
d3xa

ds3
=

(
−AfBbBcBdQa

cdfb −
1
2
AgAfBbBcBdQa

cdgfb +AgAfBbBcBdQa
befQ

e
cdg +AgAfBbBcBdQa

begQ
e

cdf +
1
3
AhAgAfBbBcBdQa

begfQ
e

cdh

+
1
3
AhAgAfBbBcBdQa

behfQ
e

cdg +
1
3
AhAgAfBbBcBdQa

befQ
e

cdhg +
1
3
AhAgAfBbBcBdQa

behgQ
e

cdf +
1
3
AhAgAfBbBcBdQa

begQ
e

cdhf

+
1
3
AhAgAfBbBcBdQa

behQ
e

cdgf

)
+O

(
ε6

)
d4xa

ds4
=

(
AhBbBcBdBeQf

bchQ
a

def + 4AhBbBcBdBeQf
bchQ

a
efd +

1
2
AiAhBbBcBdBeQf

bcihQ
a

def +
1
2
AiAhBbBcBdBeQf

bchQ
a

deif

+
1
2
AiAhBbBcBdBeQf

bciQ
a

dehf + 2AiAhBbBcBdBeQf
bcihQ

a
efd + 2AiAhBbBcBdBeQf

bchQ
a

efid + 2AiAhBbBcBdBeQf
bciQ

a
efhd

+AiAhBbBcBdBeQa
bfhQ

f
deic +AiAhBbBcBdBeQa

bfiQ
f

dehc

)
+O

(
ε6

)
d5xa

ds5
=

(
AjBbBcBdBeBfQa

bcgQ
g

efjd + 3AjBbBcBdBeBfQg
bcjQ

a
efdg + 6AjBbBcBdBeBfQa

cgbQ
g

efjd + 6AjBbBcBdBeBfQg
bcjQ

a
fgde

)
+O

(
ε6

)
d6xa

ds6
= 0 +O

(
ε6

)
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# --- imported from connection.lib ----------------------------------------------------------------

# gamma(x) = Gamma00 + x^d Gamma01 + x^d x^e Gamma02 + x^d x^e x^f Gamma03 + ...

# Gamma01 = 1! gamma_{,d} at x=0, symmetrised over {d}
# Gamma02 = 2! gamma_{,de} at x=0, symmetrised over {d,e} = ( de + ed )/2!
# Gamma03 = 3! gamma_{,def} at x=0, symmetrised over {d,e,f} = ( def + edf + dfe + ...)/3!

Gamma01:="import connection.lib Gamma01":
@run(Gamma01){"/Users/leo/local/sh/cdbfile"}:

Gamma02:="import connection.lib Gamma02":
@run(Gamma02){"/Users/leo/local/sh/cdbfile"}:

Gamma03:="import connection.lib Gamma03":
@run(Gamma03){"/Users/leo/local/sh/cdbfile"}:

Gamma04:="import connection.lib Gamma04":
@run(Gamma04){"/Users/leo/local/sh/cdbfile"}:

# --- Gamma0* as imported from connection.lib was *not* symmetrised, do so now --------------------

@sym!(Gamma02){ _{d}, _{e} }: @canonicalise!(%):
@sym!(Gamma03){ _{d}, _{e}, _{f} }: @canonicalise!(%):
@sym!(Gamma04){ _{d}, _{e}, _{f}, _{g} }: @canonicalise!(%):

# --- cancel the 1/n! that comes from @sym(...) ---------------------------------------------------

tmp:=@(Gamma02): Gamma02:= 2 @(tmp):
tmp:=@(Gamma03): Gamma03:= 6 @(tmp):
tmp:=@(Gamma04): Gamma04:= 24 @(tmp):

# --- substitute into the deriv0* -----------------------------------------------------------------

@substitute!(deriv02)(Q^{a}{}_{b c d} -> @(Gamma01)):
@substitute!(deriv02)(Q^{a}{}_{b c d e} -> @(Gamma02)):
@substitute!(deriv02)(Q^{a}{}_{b c d e f} -> @(Gamma03)):
@substitute!(deriv02)(Q^{a}{}_{b c d e f g} -> @(Gamma04)):
@distribute!(%): @prodsort!(%): @rename_dummies!(%): @canonicalise!(%):

@substitute!(deriv03)(Q^{a}{}_{b c d} -> @(Gamma01)):
@substitute!(deriv03)(Q^{a}{}_{b c d e} -> @(Gamma02)):
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@substitute!(deriv03)(Q^{a}{}_{b c d e f} -> @(Gamma03)):
@distribute!(%): @prodsort!(%): @rename_dummies!(%): @canonicalise!(%):

@substitute!(deriv04)(Q^{a}{}_{b c d} -> @(Gamma01)):
@substitute!(deriv04)(Q^{a}{}_{b c d e} -> @(Gamma02)):
@substitute!(deriv04)(Q^{a}{}_{b c d e f} -> @(Gamma03)):
@distribute!(%): @prodsort!(%): @rename_dummies!(%): @canonicalise!(%):

@substitute!(deriv05)(Q^{a}{}_{b c d} -> @(Gamma01)):
@substitute!(deriv05)(Q^{a}{}_{b c d e} -> @(Gamma02)):
@substitute!(deriv05)(Q^{a}{}_{b c d e f} -> @(Gamma03)):
@distribute!(%): @prodsort!(%): @rename_dummies!(%): @canonicalise!(%):

@substitute!(deriv06)(Q^{a}{}_{b c d} -> @(Gamma01)):
@substitute!(deriv06)(Q^{a}{}_{b c d e} -> @(Gamma02)):
@substitute!(deriv06)(Q^{a}{}_{b c d e f} -> @(Gamma03)):
@distribute!(%): @prodsort!(%): @rename_dummies!(%): @canonicalise!(%):

# =================================================================================================
# force all indices on R to be downstairs
# =================================================================================================

@substitute!(deriv02)(R^{a}_{b c d} -> R_{a b c d},
R_{a}^{b}_{c d} -> R_{a b c d},
R^{a}_{b c}^{d} -> R_{a b c d},
R_{a b}^{c}_{d} -> R_{a b c d},
R_{a b c}^{d} -> R_{a b c d},
R^{a}_{b}^{c d} -> R_{a b c d},
R^{a}_{b}^{c}_{d} -> R_{a b c d},
\nabla^{a}{R_{b c d e}} -> \nabla_{a}{R_{b c d e}},
\nabla^{a}_{f}{R_{b c d e}} -> \nabla_{a f}{R_{b c d e}},
\nabla^{a}_{f g}{R_{b c d e}} -> \nabla_{a f g}{R_{b c d e}}):

@substitute!(deriv03)(R^{a}_{b c d} -> R_{a b c d},
R_{a}^{b}_{c d} -> R_{a b c d},
R^{a}_{b c}^{d} -> R_{a b c d},
R_{a b}^{c}_{d} -> R_{a b c d},
R_{a b c}^{d} -> R_{a b c d},
R^{a}_{b}^{c d} -> R_{a b c d},
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R^{a}_{b}^{c}_{d} -> R_{a b c d},
\nabla^{a}{R_{b c d e}} -> \nabla_{a}{R_{b c d e}},
\nabla^{a}_{f}{R_{b c d e}} -> \nabla_{a f}{R_{b c d e}},
\nabla^{a}_{f g}{R_{b c d e}} -> \nabla_{a f g}{R_{b c d e}}):

@substitute!(deriv04)(R^{a}_{b c d} -> R_{a b c d},
R_{a}^{b}_{c d} -> R_{a b c d},
R^{a}_{b c}^{d} -> R_{a b c d},
R_{a b}^{c}_{d} -> R_{a b c d},
R_{a b c}^{d} -> R_{a b c d},
R^{a}_{b}^{c d} -> R_{a b c d},
R^{a}_{b}^{c}_{d} -> R_{a b c d},
\nabla^{a}{R_{b c d e}} -> \nabla_{a}{R_{b c d e}},
\nabla^{a}_{f}{R_{b c d e}} -> \nabla_{a f}{R_{b c d e}},
\nabla^{a}_{f g}{R_{b c d e}} -> \nabla_{a f g}{R_{b c d e}}):

@substitute!(deriv05)(R^{a}_{b c d} -> R_{a b c d},
R_{a}^{b}_{c d} -> R_{a b c d},
R^{a}_{b c}^{d} -> R_{a b c d},
R_{a b}^{c}_{d} -> R_{a b c d},
R_{a b c}^{d} -> R_{a b c d},
R^{a}_{b}^{c d} -> R_{a b c d},
R^{a}_{b}^{c}_{d} -> R_{a b c d},
\nabla^{a}{R_{b c d e}} -> \nabla_{a}{R_{b c d e}},
\nabla^{a}_{f}{R_{b c d e}} -> \nabla_{a f}{R_{b c d e}},
\nabla^{a}_{f g}{R_{b c d e}} -> \nabla_{a f g}{R_{b c d e}}):

@substitute!(deriv06)(R^{a}_{b c d} -> R_{a b c d},
R_{a}^{b}_{c d} -> R_{a b c d},
R^{a}_{b c}^{d} -> R_{a b c d},
R_{a b}^{c}_{d} -> R_{a b c d},
R_{a b c}^{d} -> R_{a b c d},
R^{a}_{b}^{c d} -> R_{a b c d},
R^{a}_{b}^{c}_{d} -> R_{a b c d},
\nabla^{a}{R_{b c d e}} -> \nabla_{a}{R_{b c d e}},
\nabla^{a}_{f}{R_{b c d e}} -> \nabla_{a f}{R_{b c d e}},
\nabla^{a}_{f g}{R_{b c d e}} -> \nabla_{a f g}{R_{b c d e}}):
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# --- compute the generalised connections ---------------------------------------------------------

{B^{a},x^{a},R_{a b c d},R^{a}_{b c d},\nabla_{a}{R_{b c d e}}}::SortOrder.

@prodsort!(deriv02):
@prodsort!(deriv03):
@prodsort!(deriv04):
@prodsort!(deriv05):
@prodsort!(deriv06):

@rename_dummies!(deriv02):
@rename_dummies!(deriv03):
@rename_dummies!(deriv04):
@rename_dummies!(deriv05):
@rename_dummies!(deriv06):

@canonicalise!(deriv02):
@canonicalise!(deriv03):
@canonicalise!(deriv04):
@canonicalise!(deriv05):
@canonicalise!(deriv06):

# --- raise index {a} and set A^a -> x^a

genGamma02:= - @(deriv02)) g^{a u1}:
@distribute!(%): @eliminate_metric!(%):
tmp:=@(genGamma02) \delta^{a}_{u1}: @distribute!(%): @eliminate_kr!(%):
@substitute!(%)(A^{a}->x^{a}): @prodsort!(%): @rename_dummies!(%): @substitute!(%)(B^a -> 1):
genGamma02:= @(tmp); "genGamma02.trn"

genGamma03:= - @(deriv03)) g^{a u1}:
@distribute!(%): @eliminate_metric!(%):
tmp:=@(genGamma03) \delta^{a}_{u1}: @distribute!(%): @eliminate_kr!(%):
@substitute!(%)(A^{a}->x^{a}): @prodsort!(%): @rename_dummies!(%): @substitute!(%)(B^a -> 1):
genGamma03:= @(tmp); "genGamma03.trn"

genGamma04:= - @(deriv04) g^{a u1}:
@distribute!(%): @eliminate_metric!(%):
tmp:=@(genGamma04) \delta^{a}_{u1}: @distribute!(%): @eliminate_kr!(%):
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@substitute!(%)(A^{a}->x^{a}): @prodsort!(%): @rename_dummies!(%): @substitute!(%)(B^a -> 1):
genGamma04:= @(tmp); "genGamma04.trn"

genGamma05:= - @(deriv05)) g^{a u1}:
@distribute!(%): @eliminate_metric!(%):
tmp:=@(genGamma05) \delta^{a}_{u1}: @distribute!(%): @eliminate_kr!(%):
@substitute!(%)(A^{a}->x^{a}): @prodsort!(%): @rename_dummies!(%): @substitute!(%)(B^a -> 1):
genGamma05:= @(tmp); "genGamma05.trn"

genGamma06:= - @(deriv06)) g^{a u1}:
@distribute!(%): @eliminate_metric!(%):
tmp:=@(genGamma06) \delta^{a}_{u1}: @distribute!(%): @eliminate_kr!(%):
@substitute!(%)(A^{a}->x^{a}): @prodsort!(%): @rename_dummies!(%): @substitute!(%)(B^a -> 1):
genGamma06:= @(tmp); "genGamma06.trn"

@print["\Btag{11}\genGammaA=\killL"~@(genGamma02)~"\killR+\BigO{\eps^6}\Etag{11}"];
@print["\Btag{12}\genGammaB=\killL"~@(genGamma03)~"\killR+\BigO{\eps^6}\Etag{12}"];
@print["\Btag{13}\genGammaC=\killL"~@(genGamma04)~"\killR+\BigO{\eps^6}\Etag{13}"];
@print["\Btag{14}\genGammaD=\killL"~@(genGamma05)~"\killR+\BigO{\eps^6}\Etag{14}"];
@print["\Btag{15}\genGammaE=\killL"~@(genGamma06)~"\killR\Etag{15}"];
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# --- the generalised connections in RNC coordinates ----------------------------------------------

Γa
(bc)(x) =

2
3
xdRa

bdc +
1
6
xdxe∇bR

a
dec +

1
3
xdxe∇dR

a
bec +

1
12
xdxe∇aRdbec +

8
45
xdxexfRa

degRfbcg −
4
45
xdxexfRa

bdgRecfg −
2
45
xdxexfRa

dbgRecfg

+
1
10
xdxexf∇dbR

a
efc +

1
10
xdxexf∇deR

a
bfc −

2
45
xdxexfRa

gdbRecfg +
1
20
xdxexf∇a

dRebfc +
4
45
xdxexfxgRdbch∇eR

a
fgh

+
1
30
xdxexfxgRa

deh∇bRfcgh +
4
45
xdxexfxgRa

deh∇fRgbch −
2
45
xdxexfxgRa

bdh∇eRfcgh −
1
45
xdxexfxgRa

dbh∇eRfcgh −
1
45
xdxexfxgRdbeh∇cR

a
fgh

− 2
45
xdxexfxgRdbeh∇fR

a
cgh −

1
45
xdxexfxgRdbeh∇fR

a
gch +

1
30
xdxexfxg∇debR

a
fgc +

1
45
xdxexfxg∇defR

a
bgc −

1
36
xdxexfxgRa

deh∇hRfbgc

− 1
45
xdxexfxgRa

hdb∇eRfcgh −
1
45
xdxexfxgRdbeh∇aRfcgh −

1
45
xdxexfxgRdbeh∇fR

a
hgc +

1
60
xdxexfxg∇a

deRfbgc +O
(
ε6

)

Γa
(bcd)(x) =

1
2
xe∇bR

a
ced +

2
15
xexfRa

ebgRfcdg +
8
15
xexfRa

begRfcdg −
2
15
xexfRa

bcgRedfg +
3
10
xexf∇ebR

a
cfd +

1
10
xexf∇bcR

a
efd

+
2
5
xexfRa

gebRfcdg +
1
20
xexf∇a

bRecfd +
1
9
xexfxgRebch∇dR

a
fgh +

1
9
xexfxgRebch∇hR

a
fgd +

2
9
xexfxgRebch∇fR

a
dgh

+
2
9
xexfxgRebch∇fR

a
hgd +

1
9
xexfxgRebch∇aRfdgh +

1
9
xexfxgRa

beh∇cRfdgh +
2
9
xexfxgRa

beh∇fRgcdh

− 1
18
xexfxgRa

beh∇hRfcgd +
1
9
xexfxgRa

heb∇cRfdgh +
2
9
xexfxgRa

heb∇fRgcdh −
1
18
xexfxgRa

heb∇hRfcgd +O
(
ε6

)

Γa
(bcde)(x) =

4
9
xfRa

bcgRfdeg +
1
9
xfxgRa

bch∇dRfegh +
2
9
xfxgRa

bch∇fRgdeh −
1
18
xfxgRa

bch∇hRfdge +
1
9
xfxgRfbch∇dR

a
geh +

5
9
xfxgRfbch∇dR

a
hge

+
2
9
xfxgRfbch∇gR

a
deh +

4
9
xfxgRfbch∇hR

a
dge +

1
9
xfxgRfbch∇aRgdeh +

2
3
xfxgRfbch∇dR

a
egh +

1
3
xfxgRa

bfh∇cRgdeh +
1
3
xfxgRa

hfb∇cRgdeh +O
(
ε6

)

Γa
(bcdef)(x) =

2
3
xgRa

bch∇dRgefh + xgRgbch∇dR
a

efh +O
(
ε6

)

Γa
(bcdefg)(x) = 0
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# =================================================================================================
# export genGamma for use by truncate.cdbp
# =================================================================================================

com:="open gen-gamma.lib":
@run(com){"/Users/leo/local/sh/cdbfile"}:

com:="export gen-gamma.lib genx2rnc.trn":
@run(com){"/Users/leo/local/sh/cdbfile"}:

com:="export gen-gamma.lib genGamma02.trn":
@run(com){"/Users/leo/local/sh/cdbfile"}:

com:="export gen-gamma.lib genGamma03.trn":
@run(com){"/Users/leo/local/sh/cdbfile"}:

com:="export gen-gamma.lib genGamma04.trn":
@run(com){"/Users/leo/local/sh/cdbfile"}:

com:="export gen-gamma.lib genGamma05.trn":
@run(com){"/Users/leo/local/sh/cdbfile"}:

com:="export gen-gamma.lib genGamma06.trn":
@run(com){"/Users/leo/local/sh/cdbfile"}:
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