Covariant differentiation

Suppose we wish to compute the covariant derivative vgy, of v,. Here is a well known and useful (for us) variation on an otherwise standard computation.

First construct the scalar v,A% and then compute its derivative along some geodesic curve with tangent vector D? and parametrised by arc length s. So
we have

d (v, A%)

= (vaA"),, D = (v,A%) , D

We are free to make any choice we like for the field A% so let us demand that A® is parallel transported along the curve, 0 = A“;bDb. We can use this to
expand the above equation, leading to

VapA*DP = (v,A%) , D°
= va,bA“Db -+ UaAa’bDb
= 0gp A D’ — T 40 A DP

Now since A and D are arbitrary we can easily read off the familar expression
Va;b = Va,b — szvc
What is the point of all this? Simply, it gives us a way to use Cadabra to compute higher order covariant derivatives (by n-rounds of d/ds on v, A%). It

also allows us to compute the symmetrised higher order covariant derivatives of any object, such as v(,,;) where a and b are any set of indices (by setting
A* = D%).

Our first task is to train Cadabra to do these computations (well what else would we be doing?)

# --- some basic declarations —————————-——————————oo oo

: :PostDefaultRules( @@collect_terms! (%) ).
{a,b,c,d,e,f,g,h,i,j,k,1,m,n,0,p,q,r,s,t}: :Indices(position=Ffixed) .

\partial{#}: :PartialDerivative.



A~{a}: :Depends(\partial).

B~{a}: :Depends(\partial).

D~{a}: :Depends (\partial) .

v_{a b}::Depends(\partial).

\Gamma~{a}_{b c}::Depends(\partial).

\Gamma~{a}_{b c}::TableauSymmetry(shape={2}, indices={1,2}).

# --- compute the first 3 covariant derivatives -———————————————--—--——————————————————

eq00:=v_{a b} A~{a} B~{b}:

eq01:=D"{c}\partial_{c}{@(eq00)}:

@distribute! (%) :

@prodrule! (%) :

@distribute! (%) :

@substitute! (%) (D" {a}\partial_{a}{A"{b}} -> -\Gamma~{b}_{a c}A~{a}D"{c}):
@substitute! (%) (D"{a}\partial_{a}{B~{b}} -> -\Gamma~{b}_{a c}B"{a}D"{c}):
@substitute! (%) (D" {a}\partial_{a}{D"{b}} -> -\Gamma~{b}_{a c}D"{a}D"{c}):
@prodsort! (%) :

@rename_dummies! (%) :

Qcanonicalise! (%):

eq02:=D"{c}\partial_{c}{@(eq01)}:

@distribute! (%) :

@prodrule! (%) :

@distribute! (%) :

@substitute! (%) (D" {a}\partial_{a}{A"{b}} -> -\Gamma~{b}_{a c}A~{a}D"{c}):
@substitute! (%) (D"{a}\partial_{a}{B~{b}} -> -\Gamma~{b}_{a c}B~{a}D"{c}):
@substitute! (%) (D" {a}\partial_{a}{D"{b}} -> -\Gamma~{b}_{a c}D"{a}D"{c}):
@prodsort! (%) :

@rename_dummies! (%) :

Q@canonicalise! (%):



eq03:=D"{c}\partial_{c}{@(eq02)}:

@distribute! (%) :

@prodrule! (%):

@distribute! (%) :

@substitute! (%) (D~ {a}\partial_{a}{A~{b}} -> -\Gamma~{b}_{a c}A~{a}D"{c}H):
@substitute! (%) (D"{a}\partial_{a}{B"{b}} -> -\Gamma~{b}_{a c}B~{a}D"{c}):
@substitute! (%) (D" {a}\partial_{a}{D"{b}} -> -\Gamma~{b}_{a c}D"{a}D"{c}):
@prodsort! (%) :

@rename_dummies! (%) :

@canonicalise! (%) :

tmp00:=v_{a} A~{a}:

tmp01:=D"{c}\partial_{c}{@(tmp00)}:

@distribute! (%) :

@prodrule! (%) :

@distribute! (%) :

@substitute! (%) (D"{a}\partial_{a}{A"{b}} -> -\Gamma~{b}_{a c}A~{a}D"{c}):
@substitute! (%) (D"{a}\partial_{a}{D"{b}} -> -\Gamma~{b}_{a c}D"{a}D"{c}):
@prodsort! (%) :

@rename_dummies! (%) :

Q@canonicalise! (%):

tmp02:=D"{c}\partial_{c}H@(tmpO1)}:

@distribute! (%) :

@prodrule! (%) :

@distribute! (%) :

@substitute! (%) (D" {a}\partial_{a}{A"{b}} -> -\Gamma~{b}_{a c}A~{a}D"{c}):
@substitute! (%) (D"{a}\partial_{a}{D"{b}} -> -\Gamma~{b}_{a c}D"{a}D"{c}):
@prodsort! (%) :

@rename_dummies! (%) :

@canonicalise! (%) :

# --- tidy up and display the results ----——-"""""""""""--—————————————————————————————————————————



@factor_out!!(eq00){A~{a}}:
@factor_out!!(eq00){B~{a}t}:
@factor_out!!(eq00){D"{a}};

@factor_out!! (eq01){A~{a}}:
@factor_out!!(eq01){B~{a}t}:
@factor_out!!(eq01){D"{a}};

@factor_out!!(eq02){A~{a}}:
@factor_out!!(eq02){B"{a}t}:
@factor_out!! (eq02){D"{a}};
@factor_out!!(eq03){A~{a}}:
@factor_out!!(eq03){B~{a}}:
@factor_out!!(eq03){D"{a}};

@factor_out!! (tmp00){A~{al}}:
@factor_out!! (tmp00){D"{al}};

@factor_out!! (tmp01) {A~{a}}:
@factor_out!! (tmp01){D~{al}};

@factor_out!! (tmp02){A~{a}}:
@factor_out!! (tmp02){D~{al}};

@depprint! (tmp01) ;
@depprint! (tmp02) ;

eq00 := Vap A BY

eq01 := A*B*D(0.vap — T acvap — T pevaa)



eq02 := AaBbDCDd(_2 I 40qvety — 2T pe0qvae — I' caOeVap + OcqVap + ' acrf deVfp + 2T° ach bdVef + re afrf cdVeb — 01 qqvep + ¢ bcrf deVaf
+ I bef cdVae — 0L bdvae)

eq03 := A*B*DDID*(3T 1,19 4y0evgp + 6 T 4T padev g + 3T 0T caBevpy + 3T 419 4o0yvpp — 3017 0aBev sy, — 3T 4eaev sy + 3T 4T 4 Oevay
+ 3T 3,19 c40evar + 3T 419 4e0gvaf — 301 1a0evar — 3T 4eOaevas + 217 cal9 o 10yvap — 0T 4edpvat, — 3T cadefvap + Oedevap
— T 0 D9 T ony — 3T 0 D9 T popg — T 019 " oy — 217 419 4 T poonp + T 000009 qev gy + 2T 08T cpvgy — 3T 409 pal" v
— 3T 19 al" pevpn — 3T (9 TP govgy + 3T 4300009 wevgr + 3T 40T pev g — 217 (19 TP govgy + 2T 40T o pogy + T 0019 gev e
+ 17 040519 aevgy — Oeal? aevpy — T 49 4T cgvan, — T g1 cal? pvan — 217 3109 g T povan + T 00T pevas + 217 13,047 ¢ vag
— 2T 4 19 TP gevar + 217 4019 4 pvag + T 40009 gevas + T 04079 4evag — Oeal’ pevay)

tmp00 = v, A?

tmp0l := A“Db(abva — T ue)

tmp02 = AanDc(—Q r abOcVg — e bc0dVa + OpeVa + re b€ cqVe + r ael'¢ belg — 8de acvd)



