: :KeepHistory(false) .
: :PostDefaultRules( ©@Qcollect_terms! (%), Q@@sumflatten! (%) ).

{a,b,c,d,e,f,g,h,i,j,k,1,m,n,0,p,q,r,s,t,u#t,v#}: :Indices.
\nabla_{#}::PartialDerivative.

g_{a b}::Metric.

R_{a b ¢ d}::RiemannTensor.
R"{a}_{b ¢ d}::RiemannTensor.
R"{a}_{b c}"{d}::RiemannTensor.
R~{a}_{b}"{c d}::RiemannTensor.

# --- imported from geodesic-bvp.lib --------——---————————— e
# --- the Q are shorthand for the genGamma, saves typing --—-——————--——--——-————————————————————————

Q~{a}_{b c}::TableauSymmetry(shape={2}, indices={1,2}).

Q~{a}_{b ¢ d}::TableauSymmetry(shape={3}, indices={1,2,33}).
Q~{a}_{b c d e}::TableauSymmetry(shape={4}, indices={1,2,3,4}).

Q {ar_{b ¢ d e f}::TableauSymmetry(shape={5}, indices={1,2,3,4,5}).

yGamma:="import geodesic-bvp.lib yO5Gamma":

@run (yGamma){"/Users/leo/local/sh/cdbfile"}:

# --- imported from metric.lib -------------------- - - - - - - - - - - - - - - - - - - - - - -\ - -\ -~ —\—\—\ """\ "~~~
gabcd:="import metric.lib gabcd":

@run(gabcd){"/Users/leo/local/sh/cdbfile"}:

gabcde:="import metric.lib gabcde":
@run(gabcde){"/Users/leo/local/sh/cdbfile"}:

gabcdef :="import metric.lib gabcdef":
@run(gabcdef){"/Users/leo/local/sh/cdbfile"}:

gabcdefg:="import metric.lib gabcdefg":
@run(gabcdefg){"/Users/leo/local/sh/cdbfile"}:

g_{a b ¢ d}::TableauSymmetry(shape={2}, indices={2,3}).



g_{a b c d e}::TableauSymmetry(shape={3}, indices={2,3,4}).
g_{a b c d e f}::TableauSymmetry(shape={4}, indices={2,3,4,5}).
g {a b cdef g}r::TableauSymmetry(shape={5}, indices={2,3,4,5,6}).

metric:=g_{a b} + g_{a b ¢ d} x"c x°d
+ g {abcdelxcx'dxTe
+g{abcdef} x"c x°d x"e x°f
+g{abcdef glxicx™dx"ex"fxg:
# ——— compute 1sq ————————————————- -

{g_{a v},g {a bcdlt,g{abcder,g{abcdefr,g{abcdeff g},
Q~{a}_{b c},Q"{a}_{b c d},Q"{a}_{b c d e},Q"{a}_{b ¢ d e f},x"{a},Dx"{a}}::SortOrder.

1sq:=g_{a b} y~{a} y {bl}:

@substitute! (1sq) (y"{a} -> @(yGamma)):
@substitute! (1sq) (g_{a b} -> @(metric)):
@distribute! (1sq):

FE okookookok ok ok okok ok ok sk ok ok ok ok ok ok ok ok ok ok ok ok ok ok sk ok ok ok sk ok ok ok ok ok ok ok ok ok ok sk ok ok ok sk ok ok ok sk ok ok ok ok ok ok ok ok ok ok sk ok ok ok sk ok ok sk sk ok ok ok ok ok ok sk ok ok ok sk ok ok ok sk ok ok ok ok ok ok ok ok ok ok sk ok ok ok

# LCB : I use "s s s" for s**3 etc. otherwise Qkeep_weight returns zero (see bugl3.cdbp)
#skokoksrokokokok stk ki sk ok sk ok sk ok sk sk sk ks e sksk ok sk s ok sk sk ok sk sk sk sk ek sk ok sk sk ok sk sk ok sk sk sk sk ek sk ok sk sk ok sk ok sk sk sk sk sk ek sk ok sk ok
#

--- truncate lsq to include all terms up to 0(\eps”™5) ——————————————————————————

poly:=@(1lsq):

# LCB : I’m too lazy to write \eps so I’1ll use "s

@substitute! (poly) (Q"{a}_{b c} -> s s Q"{a}_{b c},
Q {a}_{b c d} -> s s s Q°{a}_{b c d},
Q°{a}_ {bcdet >sss s Q{a}_{b cd e},
Q{ay {bcdef} >sssssQ{at{bcdef}):

@substitute! (poly)(g_{a b ¢ d} -> s s g_{a b c d},
g{abcdet >sssg{abcdel,
g{abcdef} >ssssg{abcdef},
g{abcdefgr->sssssgfabcdefgh:

@distribute! (poly):



s::Weight(label=epsterms,value=1).

term00:=0(poly): Q@keep_weight! (term00){epsterms}{03}:
term01:=0(poly): Qkeep_weight! (term01){epsterms}{1}:
term02:=0(poly): Qkeep_weight! (term02){epsterms}{2}:
term03:=Q(poly): Qkeep_weight! (term03){epsterms}{3}:
term04:=Q(poly): Qkeep_weight! (term04){epsterms}{4}:
term05:=0(poly) : Q@keep_weight! (term05){epsterms}{5}:

# -—— done with "s", set it equal to 1
@substitute! (term00) (s -> 1):
@substitute! (term01) (s -> 1):
@substitute! (term02) (s -> 1):
@substitute! (term03) (s -> 1):
@substitute! (term04) (s -> 1):
@substitute! (term05) (s -> 1):

1sq:=@(term00) + @(term01) + Q@(term02) + Q@(term03) + @(term04) + @(term05):

@distribute! (1sq):
@prodsort! (1sq):
@rename_dummies! (1sq):
Qcanonicalise! (1sq):

By inspection of 1sq we see that there eleven quadratic terms, five of the form Q.Q
and six of the form g.Q Following the method used in gedodesic-bvp we will process each

Note : these Q.Q terms maye be the same as those used in geodesic-bvp but rather than importing
those Q.Qs that are the same I will simply re-compute all of them here. Hang the cost!

#

#
#
#
# quadratic term separately.
#
#
#

QQ1:
QQ2:
QQ3:
QQ4:
QQ5:

=Q"{a}_{c d} Q°{c}t_{e
=Q"{a}_{c d} Q~{b}_{e
=Q~{a}t_{c d} Q {c}_{e
=Q"{c}_{d e} Q{a}_{c
=Q~{a}_{c d} Q" {b}_{e

f}:
f}:
f g}:
f g}:
f gk:



gQl:=g_{a b c d} Q {b}_{e £f}:
gQ2:=g_{a b c d} Q~{a}_{e f}:
gQ3:=g_{a b c d} Q"{b}_{e £ g}:
gQ4:=g_{a b c d} Q"{a}_{e £ g}:
gQ5:=g_{a b c d e} Q {b}_{f g}:
gQ6:=g_{a b c d e} Q" {a}_{f g}:

# replace quadratic terms with "simple" terms, drop repeated dummy indices

@substitute! (1sq) (Q"{a}_{c d} Q"{c}_{e £} > QQ1~{a}_{d e £} ,
Q {a}_{c d} Q" {v}_{e £} -> QQ2~{a}_{c d}"{b}_{e £} ,
Q {a}_{c d} Q@ {c}_{e £ g} -> QQ3~{a}_{d e £ g},
Q°{c}r_{d e} Q°{a}_{c £ g} -> QQ4_{d e} "{a}_{f g},
Q"{a}r_{c d} Q"{v}_{e £ g} -> QQ5°{a}t_{c a}"{v}_{e £ gh:

O@substitute! (1sq) (g_{a b ¢ d} Q" {b}_{e £} > gQi_{a c d e £} ,
g_{abcdrQ{ar_{e £+ > gQ2_{b cde f} |,
g {abcd}r Q{br_{e fg}->gQ3 {acdef g},
g {abcd}rQ{ar_{e fgr->gQd {bcdef g},
g {abcde}l Q{b}_{f g} > gQ5_{a c d e £ g},
g {abcde}l Q{ar_{f gtz > gl6_{b cde f g}):

# --- imported from geodesic-ivp.lib -------------------------————
genGammaO2:="import geodesic-ivp.lib genGamma02":
@run(genGamma02) {"/Users/leo/local/sh/cdbfile"}:

genGammaO3:="import geodesic-ivp.lib genGamma03":
@run (genGamma03) {"/Users/leo/local/sh/cdbfile"}:

genGammaO4:="import geodesic-ivp.lib genGamma04":
@run(genGamma04){"/Users/leo/local/sh/cdbfile"}:

genGammaO5:="import geodesic-ivp.lib genGamma05":
@run (genGamma05) {"/Users/leo/local/sh/cdbfile"}:

genGammaO6:="import geodesic-ivp.lib genGamma06":
@run(genGamma06) {"/Users/leo/local/sh/cdbfile"}:



# clear the factor B"{a} in the genGammOx*

@substitute! (genGamma02) (B~{a} -> 1):
@substitute! (genGamma03) (B~ {a} -> 1):
Osubstitute! (genGamma04) (B~ {a} -> 1):
@substitute! (genGammaO5) (B"{a} -> 1):

# the genGammaO* imported from geodesic-ivp.cdbp are not symmetrised, do so now

Osym(genGamma02) {_{b}, _{c}}:
Osym(genGamma03){_{b}, _{c}, _{d}}:

@substitute! (QQ1) (Q"{a}_{b c} -> @(genGammal2)):
@substitute! (QQ2) (Q~{a}_{b c} -> @(genGamma02)):
@substitute! (QQ3) (Q"{a}t_{b c} -> @(genGamma02), Q~{a}_{b c d} -> @(genGammal3)):
@substitute! (QQ4) (Q~{a}_{b c} -> @(genGamma02), Q" {a}_{b c d} -> @(genGamma03)):
@substitute! (QQ5) (Q~{a}_{b c} -> @(genGamma02), Q" {a}_{b c d} -> @(genGamma03)):

@substitute! (gQ1) (Q"{a}r_{b c} -> Q@(genGamma02), g_{a
@substitute! (gQ2) (Q"{a}r_{b c} -> Q@(genGamma02), g_{a
@substitute! (gQ3) (Q"{a}_{b ¢ d} -> @(genGammal3), g_{a
@substitute! (gQ4) (Q~{a}_{b ¢ d} -> @(genGamma03), g_{a d} -> @(gabcd)):

@substitute! (gQ5) (Q"{a}r_{b ¢} -> @(genGamma02), g_{a b c d e} -> @(gabcde)):
@substitute! (gQ6) (A"{a}t_{b c} -> @(genGammal02), g_{a b c d e} -> @(gabcde)):

d} -> @e(gabcd)):
d} -> @(gabcd)):
d} -> @(gabcd)):

o o T T o
o o oo

# --- to retain 5-th order curvature terms, we can truncate QQ1,QQ2 at 0(x"3) and QQ3,QQ4,QQ5 at 0(x~2) ---
# —-—— truncate QQ1 to include 0(x"3)

poly:=0(QQ1):

@distribute! (%) :

x"{a}: :Weight (label=xterms,value=1).

term00:=0(poly): Qkeep_weight! (term00){xterms}{0}:
term01:=Q@(poly): Qkeep_weight! (term01){xterms}{1}:
term02:=Q(poly): Qkeep_weight! (term02){xterms}{2}:
term03:=Q(poly): Qkeep_weight! (term03){xterms}{3}:

QQ1:=0(term00) + @(term01) + @(term02) + @(term03):



# —-—— truncate QQ2 to include 0(x"3)
poly:=0(QQ2):
@distribute! (%) :

x"{a}: :Weight (label=xterms,value=1).

term00:=Q@(poly): Qkeep_weight! (term00){xterms}{0}:
term01:=0(poly): Qkeep_weight! (term01){xterms}{1}:
term02:=0(poly): Qkeep_weight! (term02){xterms}{2}:
term03:=0(poly): Q@keep_weight! (term03){xterms}{3}:
QQ2:=@(term00) + @(term01) + @(term02) + @(term03):
# --- truncate QQ3 to include 0(x"2)

poly:=0(QQ3):

@distribute! (%) :

x"{a}: :Weight (label=xterms,value=1).

term00:=0(poly): Qkeep_weight! (term00){xterms}{0}:
term01:=0@(poly): Qkeep_weight! (term01){xterms}{1}:
term02:=0(poly): Qkeep_weight! (term02){xterms}{2}:
QQ3:=@(term00) + @(term01) + @(term02):

# —-—— truncate QQ4 to include 0(x"2)

poly:=0(QQ4) :

@distribute! (%) :

x"{a}::Weight (label=xterms,value=1).

term00:=Q(poly): Qkeep_weight! (term00){xterms}{0}:
term01:=Q@(poly): Qkeep_weight! (term01){xterms}{1}:
term02:=Q(poly): Qkeep_weight! (term02){xterms}{2}:
QQ4:=0@(term00) + @(term01) + @(term02):

# -—— truncate QQ5 to include 0(x"2)



poly:=@(QQ5) :
@distribute! (%) :

x"{a}::Weight (label=xterms,value=1).

term00:=Q@(poly): Qkeep_weight! (term00){xterms}{0}:

term01:=Q@(poly): Qkeep_weight! (term01){xterms}{1}:

term02:=Q(poly): Qkeep_weight! (term02){xterms}{2}:

QQ5:=C@(term00) + @(term01) + @(term02):

# --- to retain 5-th order curvature terms, we can truncate gQ1,2,3,4 at 0(x"2) and gQ5,6 at 0(x"1) ---
# --- truncate qQ1 to include 0(x~2)

poly:=0@(gQ1):

@distribute! (%) :

x"{a}::Weight (label=xterms,value=1).

term00:=0(poly): Q@keep_weight! (term00){xterms}{03}:
term01:=0(poly): Qkeep_weight! (term01){xterms}{1}:
term02:=0(poly): Qkeep_weight! (term02){xterms}{2}:
gQ1:=0(term00) + Q@(term01) + @(term02):

# --- truncate qQ2 to include 0(x"2)

poly:=0(gQ2):

@distribute! (%) :

x"{a}: :Weight (label=xterms,value=1).

term00:=0(poly): Q@keep_weight! (term00){xterms}{03}:
term01:=Q@(poly): Qkeep_weight! (term01){xterms}{1}:
term02:=Q(poly): Qkeep_weight! (term02){xterms}{2}:
gQ2:=0@(term00) + @(term01) + @(term02):

# —--- truncate qQ3 to include 0(x"2)



poly:=@(gQ3):
@distribute! (%) :

x"{a}::Weight (label=xterms,value=1).

term00:=Q@(poly): Qkeep_weight! (term00){xterms}{0}:
term01:=Q@(poly): Qkeep_weight! (term01){xterms}{1}:
term02:=Q(poly): Qkeep_weight! (term02){xterms}{2}:
gQ3:=0(term00) + @(term01) + Q@(term02):

# --- truncate qQ4 to include 0(x"2)

poly:=@(gQ4) :

@distribute! (%) :

x"{a}: :Weight (label=xterms,value=1).

term00:=Q(poly): Qkeep_weight! (term00){xterms}{0}:
term01:=Q(poly): Qkeep_weight! (term01){xterms}{1}:
term02:=0(poly): Qkeep_weight! (term02){xterms}{2}:
gQ4:=0(term00) + Q@(term01) + @(term02):

# --- truncate qQ5 to include 0(x~1)

poly:=@(gQ5) :

@distribute! (%) :

x"{a}: :Weight (label=xterms,value=1).

term00:=Q(poly): Q@keep_weight! (term00){xterms}{03}:
term01:=0(poly): Qkeep_weight! (term01){xterms}{1}:
gQ5:=0(term00) + Q@(term01):

# --- truncate qQ6 to include 0(x~1)

poly:=Q(gQ6) :
@distribute! (%) :



x"{a}::Weight (label=xterms,value=1).

term00:=@(poly) : Q@keep_weight! (term00){xterms}{03}:
term01:=0(poly): Qkeep_weight! (term01){xterms}{1}:

gQ6:=0(term00) + Q@(term01):

# -—— return to lsq, substitute and simplify

{R_{a b ¢ d},\nabla_{e}{R_{a b ¢ d}},
\nabla_{e f}{R_{a b c d}},
\nabla_{e f g}{R_{a b ¢ d}},x"{a},Dx"{a}}::SortOrder.

@substitute! (1sq) (Q"{a}_{b c} -> @(genGammal2),

Q" {a}_{b ¢ d} -> @(genGammal3),

Q" {a}_{b ¢ d e} > @(genGamma0d4),

Q {a}_{b c d e £} -> @(genGammaO5),
g_{a b c d} -> @(gabcd),

g_{a b cd e} -> @(gabcde),
g_{abcde f} -> @(gabcdef),

g {abcdef gr->0(gabcdefg),
QQ1~{a}r_{d e £} -> @(QQ1),
QQ2~{a}_{c d}"{b}_{e £} > @(QQ2),
QQ3~{a}r_{d e £ g} -> @(QQ3),
QQ4_{d e} {ar_{f g} -> @(QQ4),
QQ5~{a}_{c d}r"{v}_{e £ g} -> @(QQ5),
gQli_{a c d e £} -> @(gQ1),
gQ2_{b c d e f} -> 0(gQ2),
gQ3_{a cde f g} -> 0(gQ3),
gQd_{b cdef g} -> @(gl4),
gQ5_{a c de f g} -> @(gQ5),
gQ6_{b c d e £ g} -> 0(gl6)):

@distribute! (%) : Qeliminate_metric!(): @prodsort!(%): Qrename_dummies! (%): @canonicalise! (%):

# -—— reorder 1lsq into successively higher orders in the curvatures

poly:=0@(1lsq):

@substitute! (poly) (R"{a}_{b ¢ d} -> R_{a b ¢ d}):



x"{a}::Weight (label=xDxterms,value=1).
Dx"{a}::Weight (label=xDxterms,value=1).

term00:=0(poly): Qkeep_weight! (term00){xDxterms}{03}:
term01:=Q@(poly): Qkeep_weight! (term01){xDxterms}{1}:
term02:=Q(poly): Qkeep_weight! (term02){xDxterms}{2}:
term03:=Q(poly): Qkeep_weight! (term03){xDxterms}{3}:
term04:=0(poly): Qkeep_weight! (term04){xDxterms}{4}:
term05:=0(poly): Qkeep_weight! (term05){xDxterms}{5}:
term06:=0(poly): Qkeep_weight! (term06){xDxterms}{6}:
term07:=Q@(poly): Qkeep_weight! (term07){xDxterms}{7}:

@prodsort! (term00) :
@prodsort! (term01) :
@prodsort! (term02) :
@prodsort! (term03) :
@prodsort! (term04) :
@prodsort! (term05) :
@prodsort! (term06) :
@prodsort! (term07) :

1sq:=0(term00) + @(termO01) + @(term02) + Q(term03) + @(term04) + @(term05) + @(term06) + Q@(term07):

Orename_dummies! (%) :
@rename_dummies! (%) :
@rename_dummies' (%) :
@rename_dummies' (%) :
@rename_dummies' (%) :
Orename_dummies! (%) :
@rename_dummies! (%) :
@rename_dummies' (%) :

@canonicalise! (%) :
@canonicalise! (%) :
Qcanonicalise! (%) :
Qcanonicalise! (%) :
Qcanonicalise! (%) :
@canonicalise! (%) :
@canonicalise! (%) :
Qcanonicalise! (%) :

@substitute! (1sq) (Dx"{a} -> \Delta{x}"{a}):
@substitute! (1sq) (Dx_{a} -> g_{b a} \Delta{x}"{b}):
@rename_dummies! (1sq); "lsq.trn"

@print ["\Btag{01}\intPQ=""0(1lsq) “"+\BigO{\eps~6}\Etag{01}"];
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The squared geodesic length

H H R

The squared geodesic length between the points P and ) with coordinates z* and z® + Axz®

2
Q 1 1 1 2
(/ ds) = (gabe “Ag? — 3 Ropear®zcAxbAx® — 2 VaRpeder?r Az *Az Az ¢ — G VaRpeager ozt Az Az ¢ + — RabcdRaequ 2zl Ar Az Az 9

b 45

— 2—10 VapRedesrxxAx Az AT — 1—; RabcdRaefgxc:rfo Az ?Az Az — 6710 VapRedesra® Az Ax Az AT + 435 RadeRaefgxbmcwefo:c dNg 9
- % VabRedepralza® Az Azl + % RapeaVeRaponraal 29 Az Az 'Axh + 415 RapedVeRapgnazal 29 Az * Az A ™
+ 4i5 RabcheRafghxbxcmengx dIANg T Az — % VabeRaefqgr®a bpldyf A ¢ Ax € Ax 9 227 RabcheRafghxcxf:ch:c bAz Az AL
— % RapeaVaRepgnataa? Ax Az Az T Azl — 237 RadeVeRafghxcxengx PAziAz Az + 514 RaveaVeRafgnara? Az Az Az Az Az"
+ % RabcheRafghmbxcngx Nz AT Azl + = 45 RapedVeRafgnt bopcalrl I Az AL — % VabcRdefgxaxbxcxdfom ¢Ax 9) + 0O (66)
: export 1lsq for use by truncate.cdbp
#

com:="open geodesic-1lsq.lib":
@run(com){"/Users/leo/local/sh/cdbfile"}:

com:="export geodesic-1lsq.lib 1lsq.trn":
@run(com){"/Users/leo/local/sh/cdbfile"}:
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