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Abstract—Proteins fold into complex three-dimensional shapes. Simplified representations of their shapes are central to rationalise,

compare, classify, and interpret protein structures. Traditional methods to abstract protein folding patterns rely on representing their

standard secondary structural elements (helices and strands of sheet) using line segments. This results in ignoring a significant

proportion of structural information. The motivation of this research is to derive mathematically rigorous and biologically meaningful

abstractions of protein folding patterns that maximize the economy of structural description and minimize the loss of structural

information. We report on a novel method to describe a protein as a non-overlapping set of parametric three dimensional curves of

varying length and complexity. Our approach to this problem is supported by information theory and uses the statistical framework of

minimummessage length (MML) inference. We demonstrate the effectiveness of our non-linear abstraction to support efficient and

effective comparison of protein folding patterns on a large scale.

Index Terms—Protein folding patterns, protein abstractions, minimummessage length
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1 INTRODUCTION

GLOBULAR proteins fold into complex three-dimensional
(3D) shapes [1]. The essence of their folding patterns is

captured by the geometry of their secondary structural ele-
ments—helices and strands of sheet [2], [3].

Simplified representations of folding patterns, like the
ones at the level of secondary structures, are tremendously
useful to understand the architecture and topology of pro-
tein structures.With the rapidly growingworldwide protein
data bank (wwPDB), simplified representations allow effi-
cient and effective methods for large-scale search, alignment
and classification handling thewhole corpus of structures.

Almost universally, current methods to represent protein
folding patterns rely on secondary structural elements,
which are then replaced by line segments or vectors sum-
marizing them [2], [4], [5]. This has resulted in very useful
and compact summaries of protein folding patterns.

Although abstractions at the level of secondary structural
elements are very compact, representations at this level are
inconsistent and lossy in terms of the structural information
they capture. On average, standard secondary structures
account for 60-70 percent of globular protein chains, leaving
the structural information in the remaining 30-40 percent of
the chain entirely ignored [6]. Also, due to the lack of con-
sensus in secondary structure assignment, such abstractions
tend to be inconsistent [6].

A few methods have been proposed to abstract protein
folding patterns that capture their essence without discard-
ing structural information [7], [8]. Mainly, these methods
summarize a given protein backbone using piecewise line

segments. These representations are independent of the
notion of secondary structures and hence, allow for the con-
sideration of regions that do not belong to the conventional
classes of helices and strands [7], the information that is lost
in abstractions at the secondary structure level.

However, the main disadvantage of using piecewise lin-
ear abstractions relates to the fact that structures are flexible
and undergo plastic deformations in protein evolution. Rep-
resenting the protein backbone using rigid lines does not
accommodate for the flexibility and plasticity required to
describe protein folding patterns concisely. Our work
addresses and rectifies this limitation.

The primary goal of any abstraction should be to maxi-
mize the economy of description of a protein structure while
ensuring that the essence of its folding pattern is retained [7],
[8]. We propose here a mathematically rigorous approach to
represent any protein structure using non-linear parametric
curves. Our approach relies on the rigorous information theo-
retic criterion ofminimummessage length (MML) inference.

Here, we investigate the compressibility of protein coor-
dinate data using non-linear parametric curves. While our
method is applicable to any class of parametric curves, this
work specifically employs B�ezier curves for their robustness
in modelling regions of protein structures effectively. B�ezier
curves are smooth and continuous, and easily adapt to the
plasticity commonly observed in proteins. These curves can
be scaled to any size and are simply defined by their control
points. The number of control points determines the degree
(or order) of the curve. A linear B�ezier curve has two control
points and is of degree 1, a quadratic B�ezier curve has three
control points and is of degree 2, a cubic B�ezier curve is of
degree 3 containing four control points and so on. In gen-
eral, the first and last control points of B�ezier curves always
lie on their respective curve. The intermediate control points
(where they exist) lie away from the curve. The freedom to
move the intermediate control points give B�ezier curves
their flexibility and therefore, they are ideal to describe the
observed plasticity in proteins.
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Our method relies on dissecting (or segmenting) any given
protein structure into non-overlapping, variable-length
regions (or segments), each of which is assigned to a B�ezier
curve of an arbitrary degree (or complexity). Each seg-
mented region in the dissection has a statement cost corre-
sponding to the amount of information (measurable in bits)
required to losslessly encode the coordinate information in
that region, using its assigned B�ezier curve as the model for
compression. (Hence, we use the term code length to define
the information cost associatedwith each dissected region.)

Furthermore, we design a search strategy to find the opti-
mal dissection (and its corresponding B�ezier curve assign-
ment) that results in the shortest lossless encoding of
protein coordinates using an ensemble of B�ezier curves,
where each curve in the ensemble defines a particular dis-
sected region in the protein.

The paper is organized as follows. Section 2 introduces the
MML inference framework. Section 3 builds the encoding
schemes to losslessly compress protein coordinates using
B�ezier curves. Section 4 presents the details of our strategy to
search for the optimal dissection under the MML objective
function. Section 5 compares and contrasts the dissection
with various othermethods of structural representation.

2 MINIMUM MESSAGE LENGTH (MML) INFERENCE

2.1 Introduction

Wallace and Boulton [9] developed the first practical crite-
rion for model selection using information theory. The
resulting MML framework provides a statistically rigorous
approach to objectively compare any two competing hypoth-
eses and, hence, choose the best one.

Formally, Bayes’s theorem gives

PrðH&DÞ ¼ PrðHÞ � PrðDjHÞ ¼ PrðDÞ � PrðHjDÞ;
where D denotes some observed data, and H some hypoth-
esis on that data. Further, PrðH &DÞ is the joint probability
of data D and hypothesis H, PrðHÞ is the prior probability
of hypothesis H, PrðDÞ is the prior probability of data D,
PrðHjDÞ is the posterior probability of H given D, and
PrðDjHÞ is the likelihood.

MML uses the following result from Shannon’s informa-
tion theory [10]: given an event or outcome E whose proba-
bility is PrðEÞ, the length of the optimal lossless code IðEÞ
to represent that event requires IðEÞ ¼ �log2ðPrðEÞÞ bits.

Applying Shannon’s insight to Bayes’s theorem, Wallace
and Boulton [9] got the following relationship between con-
ditional probabilities in terms of optimal message (or code)
lengths:

IðH&DÞ ¼ IðHÞ þ IðDjHÞ ¼ IðDÞ þ IðHjDÞ:
As a result, given two competing hypotheses H and H 0, we
know that

IðH &DÞ � IðH 0 &DÞ ¼ IðHÞ þ IðDjHÞ � IðH 0Þ � IðDjH 0Þ:
The framework can be best understood as a communica-

tion process where an imaginary pair of transmitter and
receiver are connected through a Shannon communication
channel. The objective is for a transmitter to send the dataD
across to the receiver. The transmitter and receiver must

have previously agreed on a set of rules (that is, a code book)
of communication, containing no more than what is com-
mon knowledge and prior beliefs. The transmitter chooses a
hypothesis H to fit the data D, and uses H to encode D and
transmitsD to the receiver such that the receiver should then be
able to reconstructD losslessly. To achieve this, the transmitter
sends the encoded information in two parts: the hypothesis
H (which takes IðHÞ bits) and the observed data D using
the knowledge ofH (which takes IðDjHÞ bits).

Clearly, the message length can vary depending on the
complexity ofH and howwell it can explainD. A more com-
plexH may fit (i.e., explain)D better but takes more number
of bits to state itself. The trade-off comes from the fact that
the transmission process requires the encoding of both the
hypothesis and the data given the hypothesis, that is, the
model complexity IðHÞ and the goodness of fit IðDjHÞ.

2.2 Formulating the Problem Using MML

The data in our problem are the three dimensional coordi-
nates of a given protein P. This protein will be represented
here as the sequence of n 3D points fP1; . . . ; Png, represent-
ing the coordinates of the Ca atoms along the N- to C-
terminus of the protein chain.

A non-linear abstraction of P defines a subsequence con-
taining k < n points from P denoted in this work as Q ¼
fQ1 � Pi1 ; Q2 � Pi2 . . . ; Qk � Pikg s.t. 1 ¼ i1 < i2 < � � � <
ik ¼ n. Any successive pair of points ðQr;Qrþ1Þ1�r<k 2 Q
defines a contiguous region in the protein structure whose
end points are Qr ¼ Pir and Qrþ1 ¼ Pirþ1

. We use the term

dissection to indicate the collection of regions defined by Q.
Associated with each region Qr � � �Qrþ1 in the dissection is a
B�ezier curve of some degree ur with ðQr;Qrþ1Þ acting as the
start and end control points of that curve. The remaining
(ur � 1) control points are determined analytically by mini-
mizing the total least squares errors of the set of points in
that region with respect to the B�ezier curve.

Translating our work using the MML paradigm
described in Section 2.1, any dissection Q (and its corre-
sponding B�ezier curve assignment) denotes a hypothesis
that attempts to concisely summarize a given protein struc-
ture. The best dissection in this framework is the one that
gives the shortest encoding (i.e., the best compression) of
the entire set of coordinates in P, over all possible hypothe-
ses to describe P.

3 COMMUNICATING THE HYPOTHESIS

AND THE DATA

3.1 Encoding the Hypothesis

The first part of the transmission involves communicating
the hypothesis, that is, the dissection Q containing k seg-
ments and its corresponding B�ezier curve assignment. This
is achieved using the following steps.

1) Transmit the number of segments. We use the Elias
omega code [11], which is a variable length integer
code, to encode k. This takes log� k ¼ log k log k þ � � �
(over all positive terms) bits to encode k.

2) Transmit the end points. The end point of the previous
segment in any dissection is also the start point of
the current one. (The first segment is a special case
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where the transmission of the start point can be
avoided if the coordinates in P are translated such
that P1 is always the origin.) The coordinates of the
end point of each segment are three real numbers of
the form ðx; y; zÞ. To transmit these coordinates a
bounding box is specified using ðxmin; ymin; zminÞ and
ðxmax; ymax; zmaxÞ which can be determined from the
set of all coordinates. Each end point can be stated in
logV bits, where V ¼ ðxmax � xminÞ � ðymax � yminÞ �
ðzmax � zminÞ is the volume of the bounding box.
Hence, to encode the k end points requires a state-
ment cost of k logV bits.

3) Transmit intermediate control points. Associated with
any segment Qr � Pi � � �Qrþ1 � Pj in dissection Q is
a B�ezier curve of degree ur, containing ur � 1 inter-
mediate control points dictating its curvature. The
degree ur is encoded using the same aforementioned
integer code, taking log� ur bits to encode. The spatial
positions of the control points are stated using the
bounding box approach described above. The length
of encoding the (ur � 1) intermediate control points
associated with each segment is ður � 1Þ logV bits.

Adding each of the above contributions to the message
length required for the first part, we get:

Ipart1 ¼ log�ðkÞ þ k logV þ
Xk
r¼1

log� ur þ ður � 1ÞlogVð Þ: (1)

3.2 Encoding the Data Given the Hypothesis

The second part of the message consists of transmitting the
remaining protein coordinates, given the dissection (and
assigned B�ezier curves) as the hypothesis. This is achieved
using the following steps.

1) Transmit the number of internal points within a region.
For segment r between Pi and Pj, there are j� i� 1
internal points that need to be encoded using the
assigned B�ezier curve as their model of compression.
Again, the same integer encoding described previ-
ously is used taking log�ðj� i� 1Þ bits.

2) Transmit the coordinates of the internal points. Given
that the receiver knows the dissection and its
assigned B�ezier curves, the internal points corre-
sponding to any segment can be explained as a set of
three spatial deviations with respect to its curve.
Using these deviations, the receiver can precisely
locate (to the stated precision) the position of the
internal protein residue. The three sets of spatial
deviations are transmitted over a probability distri-
bution, the parameters of which need to be encoded
as part of the transmission.

Fig. 1 illustrates the encoding of this part. Let Cij be the
curve that abstracts the protein segment between Pi and Pj.
We use this curve in conjunction with a plane to explain the
internal points that lie between Pi and Pj. To build the
plane, we use three non-collinear points Pi, Pj and the first
intermediate control point (if it exists) of the assigned B�ezier
curve. If no such control point exists (i.e., when the assigned
B�ezier curve is of degree 1), we use Piþ1 (and transmit it
using the bounding box approach).

3.2.1 Computation of Deviations

Fig. 1 shows two internal points Pm�1 and Pm within a seg-
ment defined by Pi and Pj as its end points. A plane is
defined for this segment using Pi, Pj, and CP1. Each internal
point is associated with three spatial deviations computed
as follows:

1) Deviation 1. The first deviation is the orthogonal
projection of the internal point onto the defined
plane. The foot of the perpendicular line from Pm

onto the plane is denoted by Fm. The length of
this projection is denoted by a signed deviation
dm;1. The sign of this deviation is determined by
the orientation of the Pm with respect to the plane
(i.e., above or below defined by the normal vector
n̂ of that plane).

2) Deviation 2. The second deviation denotes the
shortest distance from the foot of the perpendicu-
lar Fm, to the B�ezier curve Cij assigned to this
region.1 Let Gm denote the projection on the curve
which results in the shortest distance. The length
of this projection is given by the signed deviation
dm;2. The sign is determined by the orientation of
Fm with respect to the plane formed by the tan-
gent at Gm and the normal n̂.

3) Deviation 3. Every point on the B�ezier curve, includ-
ing Gm, is parameterized using t in the range ½0; 1	.
Let t�m be the parameter of Gm. Similar to the projec-
tion Gm of Pm, the previous intermediate point Pm�1

has an associated projection Gm�1. Let t�m�1 be the
parameter corresponding to Gm�1. The third devia-
tion is the offset of Gm from Gm�1, whose sign is
given by the position of t�m with respect to t�m�1.

3.2.2 Encoding the Deviations

For the segment r between Pir and Pjr in the dissection,
let the number of points whose deviations needs to be
transmitted be nr ¼ jr � ir. Each of these nr points has
three spatial deviations. Let dr1; d

r
2, and dr3 correspond to

Fig. 1. Deviations of internal points of a region with respect to the
assigned (cubic) B�ezier curve.

1. The details of this computation are described in Appendix A (in
the supplemental material, which can be found on the Computer Soci-
ety Digital Library at http://doi.ieeecomputersociety.org/10.1109/
TCBB.2014.2338319).
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the set of the first, second, and third spatial deviations
respectively. That is, drp ¼ fdrðiþ1;pÞ; d

r
ðiþ2;pÞ; . . . ; d

r
ðnr�1;pÞg for

p ¼ f1; 2; 3g: To explain these sets of deviations, we con-
sider a statistical distribution. The communication of
these sets of deviations over this statistical distribution
will require the transmission of the parameters of the
distribution, followed by the encoding of the observed
deviations using that distribution.

In this work, each set of deviations is encoded using a
Normal distribution. We note that the mean square error of
the deviations with respect to its B�ezier curve corresponds
to the variance of the estimator. The parameters of the dis-
tribution which result in the minimum message length to
encode the data are inferred using the Wallace-Freeman
approximation [12] and the resultant expression for mes-
sage length to encode any set of deviations (drp) is given by
the following formula (see [13]):

Idrp ¼ 1þ log k2 þ log ðRmRsÞ þ 1

2
log ð2n2

rÞ þ
nr

2
log

2p

�2

� �

þ nr � 1

2
log

Pnr
i¼1

�
drði;pÞ � m̂p

�2
nr � 1

 !
þ nr � 1

2
;

where m̂p ¼ 1
nr

Pnr
i¼0 dði;pÞ is the MML estimate of the mean of

the distribution, and k2;RmRs are hyperparameters used in
MML inference.

Therefore, the statement cost to encode the coordinates of
any segment r between points Pir and Pjr is given by

Idr ¼ log�ðnrÞ þ
P3

p¼1 Idrp .

3.2.3 Total Cost of Communicating the Coordinates

Using B�ezier Curves

Given the dissection Q (hypothesis) of the coordinates P
(data), we denote the total message length required to
explain the data as IðQ&PÞ. Combining the code lengths
to state the two part message described in Sections 1 and 2
we have that

IðQ&PÞ ¼ log�ðkÞ þ k logV

þ
Xk
r¼1

log� ur þ ður � 1Þ logVð Þ þ
Xk
r¼1

Idr :

This equation serves as the objective function that must be
minimized in our work. Noting that log�ðkÞ is very small
and is drastically less than k logV , we ignore this term to
construct a slightly modified objective. The advantage of
this modified objective is that it is strictly additive in terms
of the code lengths corresponding to each individual seg-
ment in any dissection of the proteins into B�ezier curves.
More specifically,

IðQ&PÞ 
 ~IðQ&PÞ ¼
Xk
r¼1

Hur
ij ;

such that

Hur
ij ¼ ur logV þ log� ðurÞ þ Idr ; (2)

where Hur
ij denotes the component code length required to

explain the coordinates in the region between Pr
i and Pr

j in

the dissection, using a B�ezier curve of degree ur.

3.2.4 The Optimization Problem

This sets up the search problem of our work of finding the
dissection Q� of a set of coordinates of protein P such that
the encoding length of P using Q�, i.e., IðQ� &PÞ, is the
minimum over the entire space of possible dissections.

4 FINDING THE OPTIMAL B�EZIER CURVE

DISSECTION

This section will describe the procedure to compute the
optimal dissectionQ� and its associated B�ezier curve assign-
ment for the given protein coordinate data P ¼ fP1; . . . ; Png.
Potentially, every pair of points Pi and Pj, 1 � i < j � n

defines a candidate region that the optimal dissection Q�

could include. Furthermore, associated with each candidate
region is the assignment of a specific B�ezier curve of arbi-
trary degree u.

In order to search for the best dissection, an ensemble of
code length matricesHu ¼ ðHu

ijÞ81�i<j�n, one for each degree
u ¼ f1; 2; 3; . . .g of the family of possible B�ezier curves, is

constructed.2 Each Hu
ij contains the code length to encode

the coordinates of the region Pi . . .Pj, using a B�ezier curve
of degree u. (Section 3 covers the details of computing this
code length.)

This ensemble of code length matrices Hu is then used
to search for the best dissection Q� and its corresponding
B�ezier curve assignment. As described in Section 3, the
goal is to find the dissection that yields a globally minimum
message length, IðQ� &PÞ, to encode the coordinate data.
Given the property (see Equation (2)) that the code lengths
to encode individual segments of any dissection are strictly
additive, the best dissection can, therefore, be derived
using a one-dimensional dynamic program with the fol-
lowing recurrence relationship (starting from the boundary
value C1 ¼ 0):

Cj ¼ min
j�1

i¼1

minu Hu
1j�

Ci þminu Hu
ij

�
(

; 81 � j � n

where any Cj gives the optimal dissection from P1 up to
some intermediate point Pj (1 < j � nÞ. We note, that the
above recurrence ensures that the optimal dissection of
coordinates P1 to Pj is built incrementally using the opti-
mal dissection of its subproblems defined by P1; . . . ;
Pi; 81 � i < j < n, using the ensemble of code length
matrices which are precomputed before the search
begins. At the end of the recurrence, the value Cn corre-
sponds to the minimum message length corresponding
to the optimal dissection of P1; . . . ; Pn, IðQ� &PÞ. This
dissection and the corresponding B�ezier curve assign-
ment (which are memoized when computing each Cj) can

2. In practice, we consider only three matrices, by restricting the
degree of B�ezier curves to at most 3. We note that the ensemble of linear,
quadratic and cubic B�ezier curves are sufficiently powerful to explain
the observed plasticity in protein structures.
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be computed by backtracking along the array of dynamic
programming history values given by C.

5 RESULTS

5.1 Case Study: Dissection of Regions
of Ubiquitin-Like (UBL) Domain of Human
Homologue A of RAD23

We illustrate the nature of the dissections generated using
our approach, using (randomly chosen) Ubiquitin-like
domain of Human homologue A of RAD23 [14] with
wwPDB code 2WYQ. We also compare and contrast the rep-
resentations derived from our approach with the traditional
representation at the level of secondary structural elements.

Fig. 2a shows the structure of 2WYQ with standard
secondary structures—helices and strands of sheet—
represented as cartoons, assigned using DSSP [15]. In the
traditional approach to abstracting protein folding patterns,
the secondary structural elements are replaced by line seg-
ments [16], [17]. This is shown in Fig. 2b. Notice that in
excess of 50 percent of the structure is omitted as they do
not partake in forming local secondary structural features.
As a result, the representation remains lossy.

Fig. 2c shows three dissections of 2WYQ produced by our
approach described above, by varying the maximum degree
of B�ezier curves used to dissect the protein. In the left frame
of the figure, we constrain the approach to utilize only the
linear order (degree ¼ 1) B�ezier curves. This results in a
piecewise linear abstraction of protein folding pattern. This
representation is equivalent to those produced by STICKS
[7] and PMML [8]. However the strength of themethodology

described in this paper is that our method can be generalized
to higher order curves, with the piecewise linear approxima-
tion being the limiting case. The middle frame of Fig. 2c
shows the dissection when the available models include
both linear (degree 1) and quadratic (degree 2) B�ezier curves.
The right frame of the figure further extends this model set to
include cubic B�ezier curves (degree 3).

5.1.1 Discussion on the Generated B�ezier Abstractions

To understand the quality of dissections produced by our
approach under varying constraints on the degree of B�ezier
curves utilized for abstraction, we compare the maximum
degree 1 and maximum degree 3 dissections reported in
Fig. 2c. In the rest of the text wewill refer to these two dissec-
tions as linear and non-linear B�ezier abstractions respectively.

The linear B�ezier abstraction yields eight segments while
the non-linear B�ezier abstraction results in seven segments.
These segments are individually shown in Figs. 3 and 4.
(There are two more segments but they are only two resi-
dues long; these will be ignored in our discussion below).
Noteworthy aspects of the two abstractions are:

� Segment 1 corresponds to a strand of a four-stranded
anti-parallel b-sheet in 2WYQ. This strand shows a
mild curvature (see Fig. 3(1)). The non-linear

Fig. 2. (a) Structure of Ubiquitin-like domain of human homologue a of
RAD23 (wwPDB code 2WYQ) shown in a cartoon representation with
standard secondary structures—helices and strands of sheet assigned
using DSSP [15]. (b) Traditional representation of the folding pattern
which replaces each secondary structural element with line segments.
(c) The representations produced by our approach by constraining the
B�ezier curves to a maximum degree of 1—linear (left frame), maximum
degree of 2—linear and Quadratic (middle frame), and maximum degree
of 3—linear through to cubic (right frame).

Fig. 3. Linear B�ezier curve abstractions of 2WYQ. Note, each highlighted
segment is reoriented to the front for clarity of view.
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abstraction suitably captures this curvature using a
quadratic B�ezier curve (Fig. 4).

� Segment 2 corresponds to the anti-parallel strand
with respect to the first, and shows a moderate cur-
vature. The linear B�ezier abstraction introduces a
poorly fitting line segment, while the non-linear
B�ezier abstraction chooses a well fitting quadratic
B�ezier curve to explain that region. (see Fig. 4(2)).

� Segment 3 comprises mainly of a helical regions
whose terminal regions are flanked by loops. Dem-
onstrating the economy of abstraction, the non-linear
B�ezier abstraction models this region using a cubic
curve (see Fig. 4(3)). In stark contrast, the linear
B�ezier abstraction models the region using a poorly
fitting line segment (see Fig. 3(3)), thereby losing the
information of the curvature in that region.

� Segment 4 has a linear trend and hence both dissec-
tions model this region using a line segment (see
Figs. 3(4) and 4(4)).

� Segment 5 is a coil and this is approximated using a
quadratic B�ezier curve in the non-linear abstraction
(see Fig. 4(5)). The linear abstraction, however, mod-
els this region partially using two line segments
(see Fig. 3).

� Segment 6 in the non-linear abstraction (see Fig. 4(6))
comprises of a coil and a b strand. This combination
is described in the non-linear abstraction using a

single quadratic B�ezier curve. The linear abstraction
for this segment results in two segments—a part of
the coil belongs to segments 6 and the beta sheet is
represented as a line (Figs. 3(6) and 3(7)).

5.1.2 Comparison with Secondary Structural

Segmentations

We further compare our non-linear B�ezier abstraction with
the representation of folding patterns using secondary
structures. We note that several comparative studies have
highlighted the poor consensus among popular secondary
structural assignment programs [6]. Therefore, we consider
two radically different programs to assign secondary struc-
tures to protein coordinate data: DSSP [15] and SST [18].
The coordinates of 2WYQ were passed through DSSP and
SST and the resulting segmentations are used to represent
the backbone of this structure as a set of vectors (by replac-
ing the secondary structural elements with line segments;
see Figs. 5 and 6).

Using both these methods a major portion of the protein
folding pattern goes unrepresented (out of 77 residues, the
segmentations generated using DSSP and SST result in rep-
resenting 37 and 44 residues respectively).

Visual inspection of the Fig. 2a reveals that the secondary
structural elements in 2WYQ depart considerably from
their ideal geometries and hence the line segments

Fig. 4. Non-linear B�ezier curve abstractions of 2WYQ. Note, each
highlighted segment is reoriented to the front for clarity of view. Fig. 5. Segmentation generated using DSSP.
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approximating these regions, for both the approaches, show
significant errors. In contrast, our non-linear abstraction
results in a well defined abstraction that closely approxi-
mates the folding pattern of 2WYQ. This case study and
many others we have carefully examined validates the
effectiveness of the non-linear B�ezier abstractions produced
by our approach. It uses an elegant and mathematically rig-
orous approach to achieve the objective of maximizing the
economy of description, while at the same time minimizing
the loss of structural information. More examples of non-
linear B�ezier dissections are presented in Appendix B
(please refer to the supplemental material).

5.2 Comparison Methodology of Protein Folding
Patterns Using our Abstractions

As a proof of concept, we design a simple-minded strategy to
compare and score the similarity between any two abstrac-
tions generated by our program.

A geometric profile is generated given any dissection of a
protein structure. For every region in the dissection, each
intermediate control point of the B�ezier curve is projected
onto the curve. This projection is the point on the curve that is
closest to the control point. These projections are connected to
the end points thus forming a series of line segments.

Any two skew lines have a mutually perpendicular vec-
tor. The angle required to rotate one line about this mutu-
ally perpendicular so that it eclipses the other line gives

the orientation angle in the range [0, 360 degrees]. A table
of orientation angles are recorded for each pair of line seg-
ments. In addition to the orientation angles, we record the
distances between the mid-points of each pair of lines. The
row-wise concatenation, of all possible orientation angles
and the corresponding distances between lines from the
table, results in a sequence of 2-tuples representing a sim-
ple geometric sequence profile of the protein. The basic
idea here is that the sequences of geometric profiles of two
proteins sharing similarity in their folding patterns would
also be similar. This allows the use of the rich repertoire of
sequence comparison methods to efficiently undertake
large scale comparisons of protein folding patterns.

We align any two geometric profiles by implementing
the standard affine-gap version of dynamic programming
algorithm to compare pairs of sequences. An ad hoc scoring
function is used to score matches in the alignment. Specifi-
cally the score of aligning any two angles wi and wj and the
corresponding distances r1 and r2 between the midpoints of
the interacting line segments is given by: scoreðwi; wjÞ ¼
ð45� � DwÞ exp ð� Dr2

c2
Þ, where Dw ¼ minfjwi � wjj; 360� �

jwi� wjjg, Dr ¼ difference of the two distances, and c is a

constant which is set to 20 A
�
. With this new scoring func-

tion, we recompute the alignments.
The resultant alignment score derived by aligning any

two geometric profiles is normalized as:

ŜðA;BÞ ¼ SðA;BÞ
0:5 � ðSðA;AÞ þ SðB;BÞÞ ; (3)

where SðA;BÞ is the optimal score; SðA;AÞ and SðB;BÞ are
the respective self-alignment scores. In summary, in order
to compare any two B�ezier segmentations, we generate their
geometric profiles and do a sequence alignment of them.

5.3 Using the B�ezier Segmentation Profiles for Fast
Database Search

We show the applicability of B�ezier segmentations by
using them to achieve an efficient and accurate database
search and retrieval. To do so we first use B�ezier segmenta-
tions as a screening filter to identify a small candidate set
of proteins from the database that are most likely to be
structurally similar to the query. We then run sophisticated
(and time consuming) structure alignment programs to
accurately match the query with each of the candidate
structures in this small set. Clearly, such an approach can
save very significant amounts of computation time without
losing accuracy, if the filtering method is effective. The fol-
lowing experiments assess the effectiveness of a filtering
method based on B�ezier segmentations.

We consider the entire ASTRAL-SCOP 40 (version 1.75)
[19] database containing 11,146 structures. The database has
1,188 distinct folds and seven distinct classes. We note that
no two domains in this data set share more than 40 percent
amino acid sequence identity. Our experiment proceeded as
follows. We first selected five structures (queries) by identi-
fying the most common five folds types in the database (i.e.,
those present in more structures) and then randomly select-
ing a structure for each fold type. The queries used in our
experiment are listed in Table 1. Once the five queries were

Fig. 6. Segmentation generated using SST.
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selected, the geometric profile of each query was aligned
with the geometric profile of each of the 11,146 structures in
the database, and the resulting alignment scores were used
to rank the structures. Those structures at the top of the
ranked list are expected to be the most similar to the query
structure. We then filtered the top k percent (cutoff point)
structures for varying values of kð0; 5; 10; . . . ; 100) and con-
sidered them to have a fold identical to that of the query.
Finally, we computed the false positive rate (FPR) and true
positive rate (TPR) at each of these cutoff points and plotted
them to generate a receiver operating characteristic (ROC)
curve with which we establish the accuracy of the filtering
method. The closer the curve is to the diagonal, the less
accurate is the test. The area under the ROC curve (AUC) is,
therefore, a direct measure of this accuracy.

TPR and FPR can be computed by evaluating the ranked
list on the basis of fold similarity or class similarity. We cal-
culate the metrics for both the cases and present the results
in Table 2. The ROC curves for the query domains are
shown in Fig. 7.

We observe that the accuracy of the test is greater when the
discrimination between structures is at the fold level. The fold
level discriminative ability provided by the B�ezier segmenta-
tion profiles suggest that this method can be used to identify
similar folds and hence, can be used in the initial screening of
a database of structures. Once the candidate structures are fil-
tered out, these can be scrutinized more thoroughly to find
the structurewith identical folding pattern as the query.

5.4 Comparison of Our Protein Alignment Method
with Others

A quantitative assessment of the B�ezier abstractions gener-
ated by our approach is demonstrated by undertaking a
large scale comparison between protein structures
abstracted using our approach. These structures are cho-
sen such that they vary across an entire spectrum of

structural relationships. Specifically, we randomly choose
a data set containing 500 domains from the ASTRAL SCOP
40 (version 1.75) [19] database. We call these selected
domains, pivots. For each pivot domain we randomly
choose five distinct domains (differing in length by no
more than 50 residues with respect to the pivot), such that
the first belongs to the same SCOP family as the pivot, the
second belongs to the same SCOP superfamily (but not
family), the third belongs to the same SCOP fold (but not
family or superfamily), the fourth belongs the same SCOP
class (but not any better) and the fifth belongs to an
entirely different SCOP class (the decoy).

Geometric profiles, from our non-linear B�ezier curve
abstraction, are generated for each of the 2;500 ð¼ 5� 500Þ
SCOP domains in this data set. The geometric profiles of the
500 pivot domains are aligned separately with each of its
five associated domains. A Box-Whisker plot is constructed
to show the variance in the normalized alignment scores at
each level in the SCOP hierarchy.

To serve as a gold standard, we align the same data set
using the commonly used protein alignment methods
(DALI [20], Matt [21], TM-align [22]). The value of the scor-
ing function for each method is used to generate a Box-
Whisker plot showing the variability under this scoring
function. The plots are shown in Fig. 8.

A good discriminative scoring function should result in a
box-whisker plot where the median values of alignment
scores decreases monotonically as the structures being com-
pared diverge in their evolutionary (structural) distance
along the SCOP hierarchy: family, superfamily, fold, class,
and decoy. Examining these plots, all the alignment meth-
ods show this behaviour. At the levels of SCOP family,
superfamily and fold, the discrimination achieved using
DALI and our approach remains comparable. However, as

TABLE 2
Area Under the Curve Values when the

Evaluation Is Done at the Fold
and Class Levels

Query AUC
(fold level)

AUC
(class level)

d2hosa_ 0.87 0.74
d1l6za1 0.83 0.67
d1w0ma_ 0.92 0.80
d1gu7a2 0.81 0.78
d2fdna_ 0.82 0.58

TABLE 1
Description of the Five Queries Selected

Fold type Fold description Query Query domain

a.4 DNA/RNA binding-3-helical bundle d2hosa_ a.4.1.1

b.1 Immunoglobulin-like b-sandwich d1l6za1 b.1.1.1

c.1 TIM b=a-barrel d1w0ma_ c.1.1.1

c.2 NAD(P)-binding Rossman-fold d1gu7a2 c.2.1.1

d.58 Ferredoxin-like d2fdna_ d.58.1.1

Fig. 7. ROC curves for the fold level evaluation. The corresponding AUC values are tabulated in Table 2. The red dots in each ROC curve denotes
the (TPR,FPR) value at a cutoff points (k ¼ 0; 5; 10; . . . ; 100).

KASARAPU ET AL.: ON REPRESENTING PROTEIN FOLDING PATTERNS USING NON-LINEAR PARAMETRIC CURVES 1225



expected of residue-residue comparisons, DALI is signifi-
cantly better at the levels of Class and Decoy. This accuracy
of DALI comes at a heavy computational cost. DALI takes
about �12 hours to compute all the 2,500 alignments in the
data set we considered. In contrast, it only takes us �15
minutes to compare the geometric profiles. This excludes
the one-time preprocessing cost of computing the geometric
profiles of the source structures in the collection.

We compared the standard scores of the normal distribu-
tion (or z-scores) for the DALI alignments with the z-scores
for the raw alignment scores produced by our method. To
compute the z-scores corresponding to our alignment scores,
we considered the pairwise alignment scores at the class level
to be the population values. The mean and standard devia-
tion of these values are then calculated. These population
parameters are then used in the computation of the z-score
corresponding to a given alignment score.We then computed
the correlation coefficient of the z-scores at different levels of
the SCOP hierarchy. The results are tabulated in Table 3.

From the correlation coefficients, we observe that there
is a significant linear dependence between the alignment z-
scores produced by the twomethods. This confirms the effec-
tiveness of the alignments generated by our method at the

family, superfamily, and fold level. However, at the class
and decoy level, the degree of correlation is not substantial.

We also compared our alignments against the ones gen-
erated using TM-align and Matt. TM-align also provides a
better discrimination at the Class and Decoy level. How-
ever, the variance of the alignment scores at each level of
the SCOP hierarchy is greater compared to all other align-
ment methods. The alignment results of Matt and ours are
also comparable as can be seen from the boxplots.

These results suggest that our abstraction allows for accu-
rate fold-level discrimination using the simplest of the search
strategies. The method of comparison is however used here
only as a proof of concept. Our non-linear abstraction can be
used as the basis of more rigorous methods for efficient large
scale structure comparison. Towards this goal, we begin by
exploring the use of Knot invariants from algebraic topology.

Fig. 8. Box-whisker plots of comparisons on a structural set derived from SCOP using the geometric profiles of our non-linear abstraction and other
popular alignment methods viz. DALI, Matt, TM-align. (Note, the scale on the Y-axis differ between plots. A comparison of the widths of the boxes
across two boxplots has no meaning. Each boxplot is used to assess the discriminative power across the SCOP hierarchy using an alignment
method.)

TABLE 3
Correlation of z-Scores of Alignments
Obtained Using Our Method and DALI

Family Superfamily Fold Class Decoy

0.82 0.75 0.79 0.18 0.05
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5.4.1 Knot Invariants Based Comparison

Røgen and Fain [23] introduced an approach to compare
protein structures by representing each structure as a 30-
dimensional vector of topological knot invariants. The simi-
larity between any two structures is then given by the
Euclidean distance between the two vectors. This forms an
alignment-free methodology for structural comparison. The
components of the vector correspond to the knot invariants
computed by approximating the protein backbone as a
polygon. Knot invariants are generic and provide a frame-
work to compare non-linear curves. But because of the lack
of closed form solutions in computing the individual invari-
ants, the non-linear curves are approximated as polygons.
There exists an analytical way to compute the invariants
when the curve is comprised of line segments. The details
are outlined in [23].

We adapt the idea to our approach. Each B�ezier abstrac-
tion is approximated as a polygon by the method described
in Section 5.2 (that constructs geometric profiles for compar-
ison). Knot invariants are then computed using this poly-
gon. We assess the discriminative ability on our data set
selected from SCOP. These results are shown in Fig. 9. We
notice that the discriminative ability using the knot invari-
ant alignment-free approach is significantly poorer than the
one achieved using simple geometric profiles (see Fig. 8a).
We conjecture that to achieve a better discrimination using
knot invariants, the B�ezier curves should be considered raw
(without abstracting them as polygons). This involves solv-
ing the Gaussian integrals which do not have closed form
solutions (unlike the polygonal case considered in this exer-
cise). This and other avenues of rigorous comparison will
be pursued as a future direction of research.

6 CONCLUSION

The main goal of this paper was to develop a rigorous
method to abstract protein folding patterns. We achieved
this goal using the statistical and information theoretic
framework of minimum message length inference. Our
approach offers a robust mechanism to abstract protein
structures using non-linear B�ezier curves. This representa-
tion successfully captures the conformational plasticity

commonly observed in protein structures thereby mini-
mizing the loss of structural information, overcoming a
major limitation with existing representations. Further, our
representations can be used in various analyses involving
protein structures. We demonstrated as a proof of concept
the effectiveness of such abstractions for rapid structure
comparison. A future direction of research will be to
design an equally rigorous and efficient methodology for
querying structural databases using our non-linear
abstraction of protein folding patterns. Our program to
dissect any given protein structure using non-linear B�ezier
curves is available from http://lcb.infotech.monash.edu.
au/piecewise-nonlinear-fit/.
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