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Outline
Last two weeks:

m Basic theory of interest
m Cash flow stream: sequences and series
m Present value techniques and applications
m Depreciation, inflation, and real growth
m Difference equations
This week:
m More about difference equations

Student Evaluation of Teaching and Units, SETU

m All students are encouraged to complete SETU Survey on
Moodle

m Your feedback is highly appreciated
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Review: First-order linear difference equation
A first-order linear difference equation

Yipi=aY: +b

® a, band Y are given

m First-order: Y;4; is fully determined by the 1-period
lagged value Y;

m Linear: Relationship between Y;,; and Y; is linear
m a = 1: An arithmetic sequenceso Y; = Yy +t- b
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Review: Solve Y;.; = aY; + b, fora # 1

1) Rewrite difference equation

b b
Yfﬂ‘l(ﬁ“'(Yf‘la)
| —

— \—v—/
Yin Y,
2) Yt Y: — 1s a geometric sequence
b
Vi=ad'Yy=a' (Yo - )
l1—a
3) Write
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Review: Solutionto Y;.; = aY; + b
When a # 1,

. b b b
Vi=Y4+-—=a (Y-
! H_l—a a<0 1—a>+1—a

Example

In the last week’s example, you have an initial savings of $1000
in your bank account. In each month, you spend 80% of your
last month’s savings; and you receive an income of $5000.

To summarise, we have a = 0.2, b = 5000 and Y; = 1000. Thus

1-0.2 1-02
=0.27(—5250) + 6250

Y, =0.2! <1000_ 5000 ) 5000
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Review: An equilibrium state or stationary state
A point Y* is an equilibrium/stationary state if

Yy=Y =Y, =Y*forallt>M

An equilibrium/stationary state Y* is a solution of the
equation
y=ay+b

because the subscript ¢ can removed.

m When a # 1, there is only one equilibrium state Y* = 2,
m When a = 1 but b # 0: There is no equilibrium state
m When a = 1 but b = 0: Any value is an equilibrium

Y* € (—o0,>0), because the sequence Y; will never change
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Review: Stability

m The sequence Y; = aY;_; + b converges

b

Y, Y* =
£ l1—a

for all initial value Y, € R, if and only if |a| < 1.

m In this case, we say the difference equation is globally
asymptotically stable, or sometimes just stable.

General situations
m a > 1: Y;is divergentif Y # %
m 0 < a < 1: Y; achieves uniform convergence
m —1 < a < 0: Y; achieves convergence with oscillation
m a < —1: Y; is divergent with oscillation if ¥, # {2
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An Example: National Income
Consider a simple model with structural equations:

Yt == Ct + It, Ct - 0.8th71 + 100, It =200

with Yy = 1700.
m Y; is national income at time ¢
m (C; is consumption at time ¢

m [ is the investment at time ¢
Time Path

Y; = (0.8Y;_; + 100) + 200 = 0.8Y;_; + 300

National Income

8/26



Difference Equation: Y; = 0.8Y;_; + 300 with Yy = 1700
1) Rewrite the difference equation

300 300
YVi——— =08 (Y, — ——
‘~ 108 ® <t1 1—08)

v o_ 300
2) Yy =Y — 1=53 is ageometric sequence

300
1-038

Y, =0.8'Y, = 0.8 (1700 - ) =200-0.8

3) Write
300

=200-0.8"+1
T 00 -0.8" + 1500

Y=Y+
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Equilibrium State and Stability

Starting with the difference equation Y; = 0.8Y;_; + 300 with
Yy = 1700, we have now:

300

Y, =Y, + ——
=%t 1708

=200 -0.8" + 1500

m the equilibrium state is y* = ;2% = 1500

m the difference equation is global asymptotically stable
since the correspondinga = 0.8 € (—1,1)

m Y; — 1500, as t — oo, regardless the value of Y,

10/ 26



Relationship with differential equation
Consider the differential equation

dy
=k

Let y = y(t), and according to the first principle, we have

iz . y(t+AA)—y(t)

Hence, we have

t
A ~ ky(1),
y(t+A) =~ (14 Ak)-y(t)
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Approximation by difference equation

Recall that
y(t+ A) =~ (1+ Ak) - y(t)

Define Y;11 = y(A + t) and Y; = y(¢), then

Vi~ (14 Ak)'Yy = (1+ Ak)'y(0)

‘is’ a geometric sequence.

Y1) = Yiya = (1 4+ AK)Y2 - y(0)
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Revisit the differential equations

kt
Y1)~ (1+ K72 y(0) = ((1+ AK)2E) y(0).
As A — 0, Ak — 0and
(I+ Ak)ﬁ —e

SO
i = €y(0) = Ae"

where A = y(0) is an arbitrage constant.
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A more complicated example

1) Consider a simple model with structural equations
Yi=C+1;, C =08Y_1+100, I;=025C;— Ci_y)
with Yy = 1700 and G = 1000.
2) To compute Y;, we have the observations for ¢ = 1:

G =0.8Yp + 100 = 1460
L =0.25-(C — Gy) = 0.25(1460 — 1000) = 115
Y1 =G + 1) =1460 + 115 = 1575

Recurrence relationship

Ilj :025(Ct — C[_l)
=0.25{(0.8Y;_; + 100) — (0.8Y;_, + 100)}
=0.2Y;_1 — 0.2Y;_»
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Recurrence relationship

Y; = (0.8Y;_1 4 100) + (0.2Y; 1 — 0.2Y; )
=Y;_1 — 0.2Y;_» + 100,
with Yy = 1700 and Y; = 1575,fort =2,3, ...

Time path for National Income

National Income
2000

1500
11000
500

0

01234567 8 9101112131415161718192021222324252627282930313233343536
Month
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Is there an equilibrium state for Y;?
m If ¥; has an equilibrium state Y, then it can be worked
out by solving the following equation:

Y. =Y. -0.2Y,+100

m [t turns out to be that Y, = 500.
m Do we have any method to justify the equilibrium state?

Solve the difference equation
Y, =Y, 1-02Y,,+100, t=2.3,...

with ¥y = 1700 and Y; = 1575.
Step 1: Express Y; in the form of a difference equation:
Vi -C=(Y-1—-C)—-02(Y;_»—C)
where we want to know the value C. Rewrite this equation as
Yi=Y,1-02Y,,+0.2C
Thus, we obtain that 0.2C=100 and then C=500.
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Transform Y, to Y,
Step 2: Let Y; = Y; — 500. We have

Y, =Y 1-02Y;

Can we solve 17{.2
Rewrite the difference equation as

Y, —aY; =K <1~/t—1 — al?t—Z)
What value is a and what value is K?
Y, = (a+ K)?t,l —aKY;_»
Matching it with Step 1, we have

a+K=1 and a-K=0.2
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Work out the values of a and K

a+K=1, a-K=0.2

Actually a and K are the two (different) roots of the quadratic
equation:
¥ —-x+02=0

Use the abc-formula to work out the two roots as

a:5_\/gz0.2764andl(:5+\/5

~ 0.7236
10 10
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From Y, to Y, and then to Y,
Step3: LetY; = Y, — aY,_;, then

71' == K?tfl, = 7; == Kt_IYI

where
Y, 2?1 - 61170
=(Y; — 500) — a(Yy — 500)
—1075 — 1200a = 475 + 125V/5
So we have

Y, —aY,_, =K'V, =\-K!
where A = Y, /K = 875 + 75V/5
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Y, =« V<Y,
Step 4: B B
lft = ClYt_l—i-)\ - K!

To proceed, we need to guess a solution of ING. Assume the
solution is in the form of Y;* = C,K?, then

CGK'=a GK" '+ X K'
Dividing both sides by K*~!, we obtain

AK
KC,=aC,+ XK = C = o = 625+ 475V/5

Write ¥; = V; — E* =Y, — G K! then

?[ = aAYt_17 = ?t — ?t* = Yt = atY() - at(?o - Cl)
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V<Y, <Y,
Step 5:

?t — Cth = at(% — Cl) = at . Cg
?l‘ = Cth—l— G -a’
Y; = Y; + 500 = C,K’ + G - a + 500

where from above
G, =Y; — 500 — C; = 1075 — C; = 450 — 475\/5

Plugging-in all other values C;, @ and K obtained above, we
derive the general formula of Y;.
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General Solution
m Consider the second-order linear difference equation

Yi=01Yi1+ @Y 2+ Db

In our example: ¢; = 1, ¢ = —0.2 and b = 100.
m Suppose ¢1 + ¢2 # 1 and the characteristic equation is

x? = p1x + ¢, orequivalently, x> — p1x — o =0

which has two different roots @ and K.

m Let
b

1 —¢1—¢2

where C; and G, are arbitrary constants.

V;,=C -a"+ G - K+
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Initial Conditions
If initial value Y and Y; are given, we can solve out:

b b
Y %W =Ca+GK+-— "
1—¢r—¢o a2 1—¢1— ¢

to derive C; and C,, where a and K are previously derived.

Yo=0C+ G+
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Stability
When |a| < 1 and |K| < 1, regardless what the initial values Y;
and Y; are, we have

b
Y, =C -at+C KP4+ — —
e 2 1—¢1— o
b
—C-0+C -0+ —n—
! 2 1—¢1— o
B b
1—¢1— ¢’

which is the equilibrium state.
In our example, we obtain the equilibrium state as

b/(1 = ¢1 — ¢2) = 100/(1 — 1 — (—0.2)) = 500

24/26



Time Path: National Income

Y, =Y, —02Y, ,+100, =23, ...
with @ ~ 0.2764 and K ~ 0.7236

National Income
2000

1500
11000
500

0

01234567 8 91011121214151617121920212223242526272829203132233343536
Month
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A reminder to complete
SETU (Student Evaluation of Teaching and Units)

26/26



