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Abstract

Stochastic frontier models have attracted considerable attention due to the incorporation of an
inefficiency term in addition to the conventional error term. In this paper, we propose a general
estimation framework for panel stochastic frontier models that accommodates potential hetero-
geneity through latent group structures. The framework is tailored to the distinctive features
of stochastic frontier models and is paired with a practical hybrid estimation procedure that
combines individual-level and joint panel estimation. We illustrate the estimation framework
using a panel stochastic frontier model that treats the inefficiency term as a random effect,
and show that it can be readily extended to a range of fixed effects specifications common in
the literature. Simulation studies indicate strong finite-sample performance, and we further
demonstrate the practicality of the approach in an empirical application to the cost efficiency
of the U.S. commercial banking sector.
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1 Introduction

Aigner et al. (1977) and Meeusen and van Den Broeck (1977) introduced the stochastic frontier
(SF) model to study the productive (in)efficiency of firms, and such SF models have since attracted
considerable attention.! One distinct feature of a SF model is the decomposition of the error term,
typically expressed as € = v — u, where v 1s a random disturbance and v > 0 is the inefficiency
term. Unlike standard regression models, the identification of v and w is crucial in SF modeling
because of their economic interpretations.

In this paper, we develop a general estimation framework for time-varying panel SF models that
can accommodate potential heterogeneity across firms through latent group structures. To illustrate
our methodology, we consider a model similar to Yao et al. (2019)’s that allows for heterogeneous

time-varying coefficients:

Yit = a? + oy (1) + 2, Bi(Te) + €y, With £ = vy — wy,

=) —u; + ay(1y) + 20, B:(7) + vir, (1.1

forfirm¢ = 1,2,..., N and time t = 1,2,...,T, where 7, = t/T € (0, 1]. In this specification
of the model, o and a;(7;) denote the constant and time-varying intercepts of the frontier, respec-
tively. The term (3;(7;) denotes a non-random, time-varying coefficient vector, v;; is a zero-mean
random error term, and u; > 0 represents a firm-specific random inefficiency term. In addition
to allowing for heterogeneity in the efficient frontier, we permit the variance of v;; to vary across
firms, and allow for the possibility that u; follows a mixture distribution.

Our study is motivated by the role of heterogeneity in the measurement of the efficient fron-
tier and the inefficiency in panel SF models. Heterogeneity can either shift the efficient frontier

or distort the location and scale of inefficiency estimates (see, for example, Galan et al., 2014).

'"We refer readers to Kumbhakar and Lovell (2000) for early developments and Kumbhakar et al. (2022) and

Tsionas et al. (2023) for recent advancements and a comprehensive review of the literature.



According to Greene (2005a), the true underlying frontier may include unmeasured firm-specific
characteristics that reflect the technology in use. Greene (2005a) was instrumental in expanding
SF models to incorporate firm heterogeneity by allowing for either true fixed effects or true ran-
dom effects. Building on this, heterogeneity was further explored in subsequent work by allowing
the inefficiency term to be purely transient or to contain both transient and persistent components
(see, for example Colombi et al., 2014; Kumbhakar et al., 2014; Tsionas and Kumbhakar, 2014).
These approaches help disentangle unobserved heterogeneity from inefficiency. However, a ho-
mogeneous frontier implicitly assumes that all firms operate under the same technology, so any
systematic deviation is attributed to inefficiency. This assumption is restrictive and risks conflating
inefficiency with unobserved differences in production regimes (Greene, 2005a,b).

The framework we propose addresses this issue by introducing a latent group structure for
frontier parameters. Firms are partitioned into a small number of groups, with each group sharing
a common frontier that reflects a particular technological regime (e.g., distinct business models or
scale-specific production technologies). The finite collection of latent frontiers provides a disci-
plined approximation to such technological differences, after which inefficiency is measured rela-
tive to the appropriate group frontier. We view the latent group structure as providing a statistically
disciplined way to capture the unobserved factors that plague inference of inefficiency, offering a
middle ground between a fully homogeneous frontier and unrestricted firm-specific frontiers.

Formally, we assume that firms can be classified into one of /K > 1 groups. Within each group,
firms share a common set of parameters {«(7;), 5(7;), Var(v;)}. We show that the classification
step is consistent, ensuring that firms are benchmarked against the correct regime with probability
approaching one. Importantly, we do not impose the same group structure for the distribution of

0

the inefficiency term, u or on the constant term, «°. We find that defining group membership

for {a®, u} in the same way as for the other parameters is inappropriate, the reasons of which

0

we discuss in detail in Section 2.4. Instead, we account for potential heterogeneity in o’ — u by



modeling it as a mixture of distributions.

The idea of uncovering latent group structures in panel data models has been extensively stud-
ied in recent years. Existing methods can be broadly categorized into two main approaches. The
first approach relies on a two-step procedure in which individual-level estimation is followed by
applying a clustering algorithm such as K-means (Lin and Ng, 2012; Bonhomme and Manresa,
2015; Ando and Bai, 2016), or Hierarchical Agglomerative Clustering (HAC) (Chen, 2019). The
second approach, introduced by Su et al. (2016) performs simultaneous estimation and classifica-
tion by penalizing the joint mean squared errors. Further developments along this line include Su
etal. (2019), Huang et al. (2020) and Wang and Su (2021). Conceptually, the latter approach pools
all observations across firms for joint estimation and classification, whereas the former relies on
individual (non-pooled) firm-specific estimates as the basis of classification.

These existing approaches cannot be applied directly in our setting for the following reason.
Estimating the parameters that govern the underlying distribution of u requires pooling observa-
tions across firms, typically via maximum likelihood based on the likelihood function in (C.2).
However, since the log-likelihood function is complex and highly nonlinear, applying the method
of Su et al. (2016) that requires simultaneous estimation and classification for SF models is non-
trivial. This leads to a dilemma of whether to pool or not to pool observations for inference. To
resolve this, we propose a new hybrid approach that combines pooled and non-pooled estimation
methods that is flexible enough to be applied to a broad class of SF models.

Our paper makes several contributions to the literature on SF models and classification methods
for panel data models. First, we estimate a robust panel SF model that incorporates heterogeneity
across firms. We carefully set out the framework, clarifying what is feasible and what is not, and

provide detailed explanations of the underlying rationale.> Second, to the best of our knowledge,

ZPrevious work on robust estimation of the SF model has primarily focused on semi-parametric or non-parametric

specifications for either the efficient frontier (Park and Simar, 1994; Yao et al., 2019) or the error term distribution



this is one of the few papers in the literature to model and allow the variance of the error term to
exhibit latent group structures. A notable study in this area is Loyo and Boot (2024), where they
focus on modeling the variance of the error term, primarily for efficiency gains and/or the specific
role played by the variance. In contrast, we aim to uncover heterogeneity in both the error and
inefficiency terms, for the economic interpretations given in SF models. We emphasize the impor-
tance of modeling heterogeneity in both the variance of the error term, v, and the distribution of
inefficiency, u, since inefficiency estimates depend on the variance of v in the widely used Jondrow
et al. (1982)’s point estimator. Given the importance of the joint modeling of both the variance of
v and the distribution of u in SF models, we consider this to be a substantial contribution. Finally,
we propose a hybrid estimation procedure that combines firm-level and joint panel estimation to
address the potential heterogeneity present in both the frontier and error components. As the de-
scription of the SF model in (1.1) alluded, we present the hybrid approach in the main text using
a random effects specification of the SF model, and show in Appendix A how it extends to other
variants, including the fixed effects SF models studied by Greene (2005a,b); Chen et al. (2014),
and Zhou et al. (2020).

The rest of this paper is organized as follows. In Section 2, we introduce the estimation pro-
cedure and propose information criteria to determine the number of groups and whether « follows
a unique or a mixture of distributions. Section 3 examines the theoretical properties of our pro-
cedure, specifying the conditions required for tuning parameters. In Section 4, we evaluate the
small-sample performance of our method, providing practical recommendations for tuning param-
eters that meet the conditions and perform well in simulations. In Section 5, we apply our proce-
dure to a dataset of large U.S. commercial banks, using the recommended tuning parameters from

the simulations. Our findings confirm the presence of heterogeneity in the frontiers and a mixture

(Greene, 2005b; Lai and Kumbhakar, 2023). Additionally, there is a growing literature on specification tests for the

distribution of inefficiency (Cheng et al., 2024).



distribution for the inefficiency term. The Online Appendix includes several important supplemen-
tary results. Appendix A.l extends our approach to fixed effects SF models under distributional
assumptions. Appendix A.2 further generalizes this to fixed effects SF models without any dis-
tributional restrictions, allowing for more flexible conditions on the inefficiency term. Appendix
A.3 discusses a relaxation of the normalization condition. Appendix A.4 addresses the possibility
that the inefficiency term equals zero with positive probability. Appendix B considers the mixture
distribution with more than two components. Other parts of the Appendix support the results in
the main body of the paper. Specifically, Appendices C and D describe, respectively, the approx-
imate likelihood function of the model and the clustering method used. Proofs of the theorems
and propositions from Section 3 are provided in Appendix E, with technical lemmas presented
in Appendix H. Additional simulation and application results are included in Appendix F, and

Appendix G further discusses the properties of the information matrix in support of Appendix E.

2 Model and Estimation

This section presents the model and the procedure. To facilitate exposition, we assume o = o

2

and Var(u;) = 02, = o2 for all i in Sections 2.1 to 2.3. These restrictions are relaxed to the general

case subsequently. The technical conditions and main theorems are postponed to the next section.

2.1 The Model

We illustrate our approach using the panel SF model with random effects (RE) and relegate other

variants of the model to Appendix A. The particular model we consider modifies Yao et al. (2019)’s



by incorporating heterogeneous, time-varying coefficients:

Yir = o + o (10) + 23, B; (72) + €a

p
=a —u; + i (1) + > wnBa (1) + vir, 2.1)
=1

noting the temporal restriction o = Y, for expositional purposes to be generalized subsequently.
The subscript [ denotes the [-th element of a vector x;;, which is p by 1. In this specification,
€it = Vi — U;, Where v 1s a mean-zero random error term, and u; 1S a non-negative term capturing
the inefficiency of firm i.> We let o;(-) and 3;(-) evolve smoothly in 7; to capture the gradual
technological drift, regulatory cycles, and business-model adjustments that are pervasive in long
panels (for example, banking costs). Smoothness avoids implausible jumps while allowing flexible,

low-frequency changes that pooled static frontiers cannot capture.

As in Yao et al. (2019), we assume that
vy ~ N(0,02), ui~|N(0,02)], and vy L u; L zy. (2.2)

We restrict o2 to be identical for all ¢ (no group structure) momentarily, again to facilitate exposi-
tion. We note that the two parameters where homogeneity is imposed, a° and o2, exhibit distinctive
features compared to other parameters. Given the importance of these parameters in SF models,
we devote a separate section to discuss these differences in detail in Section 2.4.

The assumption given by (2.2) implies that inefficiency arises from managerial, organizational
or behavioral factors that are unrelated to observed input or output variables in the frontier. The
resulting panel SF model is RE in the sense of Greene (2005a). In panel SF models, RE is at-

tractive because fixed effects (FE) type likelihoods face an incidental-parameters problem in finite

3We describe the model, estimation method, and simulations in terms of the production frontier model, but use
the cost frontier model for our application. The only difference is that the inefficiency term, w;, enters the model
negatively (production frontier) or positively (cost frontier). This distinction is minor, and one can let £;4 = v;; + u;

for cost frontiers.



T'. RE avoids this by treating unit effects probabilistically, which Tsionas and Kumbhakar (2014)
emphasize when arguing for a fully likelihood-based/Bayesian route for panel SF model analysis
with multiple error components. We adopt this setup primarily to illustrate our proposed approach,
although the methodology can be extended to alternative model specifications, such as the four-
component panel stochastic frontier model introduced by Tsionas and Kumbhakar (2014) and Lai
and Kumbhakar (2023). FE-type models are discussed separately in Appendices A.1 and A.2, as
their treatment is relatively straightforward given the procedure developed in the main body of the
paper.

We assume that there are K > 1 groups of parameters, and each firm’s parameters belong to

one of these groups. Mathematically,

K+
{ai(me), Bi (12) , 00} = Z {Oéikk) (72) 75&) (7¢) ,CT:(;C)} 1(i € Gy), (2.3)
k=1

where 1(+) is the indicator function, equaling 1 if (-) is true and O otherwise. Additionally, parame-
ters from different groups are distinct, meaning {afk) (), By (70) s oy} # () (1), B (10) a:j(j)} :
for j # k. The group membership sets satisfy G; N G, = 0 and Ui, Gy = {1,2,..., N}.
It is worth noting that we impose the following assumption on each «y, (s):
1 1 1

/0 oy (s)ds = /0 afg(s)ds=...= /0 () (8) ds, (2.4)
although we generalize it to allow them to differ in Appendix A.3.* The normalization adopted
here is fol afk)(s) ds = 0. Clearly, when K* = 1 (the homogeneous case), this normalization is
innocuous; however, it is not in the general case due to the restriction in (2.4). When the intercept
term does not vary over time, c;(s) = 0. This normalization ensures that «;(s) captures the time-

varying component of the intercept term.

4We explain in detail why we impose this condition, how we adjust the procedure without it, and when we recom-

mend relaxing the condition in Appendix A.3.



2.2 Approximation of «(-) and 3(-)

The approximations we adopt are standard in the literature. Let L2 [0,1] = {f (s) : [y f?(s)ds <
oo} represent the space of square-integrable functions. The inner product equipped on this space is
defined as (f1, fo) = I f1 (s) f2 (s) ds, and the induced norm is || f|| = (f, f)/*. Following Dong
and Linton (2018) and Atak et al. (2025), we use cosine functions as basis functions. In particular,
By (s) = 1and B; (s) = v/2cos(jms) for j > 1. The set {B; (s)}52, then forms an orthonormal
basis for the Hilbert space L? [0, 1], such that (B;, B;) = d,;, where d;; is the Kronecker delta.

Suppose f € L? |0, 1] is x-th order continuously differentiable. Then, we have

-1

3

f(s) B, (s) U]Q + i B, (s) v?

0

.
Il

> Bj(s)v) =
=0

m—1

> Bj(s)v] 4+ 0O (m’”) =B"(s) "+ 0 (m’“) :

j=0

where B™ (s) = (By(s),Bi(s),..., Bu-1(s)), v) = (f,B;), and v* = (vg,vlf, . ,v&_ly.
Here, 332, B; (s) v) is the bias term from using only the first m — 1 terms contained in B™ (s) to
approximate f (s). If f (s) is s-th order differentiable, the bias termis 322, B; (s) v = O (m™").
When [y f (s)ds = 0 is imposed, we approximate f using B™, (s) = (B (s),..., Bm_1(5)),

since [ B; (s)ds = 0 for j > 1. Similarly,
f(s)=B"(s) vy + 0 (mw) )

/
for some 0%, = (U?, vy, .- aU%q) :
We apply this approximation to our case. For each firm 7, we have
o p
Yt = Q@ — U; + (Tt) + intlﬂil (Tt) + Vit
=1

p
~a’ —u; + B, (Tt)/ 7T?0 + intzBm (Tt)/W?l + Vit
=1

a® —u; + {BTO (Tt>/ ,(zy @ B™ (Tt»/} 7T? + Vit

0 10 — 3 =0
o — w2y Uy = 2T A Vi, (2.5)



where the terms B™, ()’ 7%, and B™ (7;)' 7)) represent approximations of o (7;) and S3;; (7;), re-

spectively, and

Ty @ B™ (Tt) = (ﬂfitlBo (Tt) s Tin B (Tt) oo 7iUz'tho (Tt) e ,ﬂfithmq (Tt))/7
/ /
T = <7T%, .. ,W?];) , 7= (ao — Uy, T, T ,7r2;> :

/

/
Zip = [IB%TO (Tt)/ , (T @ B™ (Tt))'] , and Z; =(1,z,) .

The last two lines of equation (2.5) represent three equivalent ways of expressing the approxima-

tion.

2.3 The Estimation

The variance of inefficiency, o2 is identified through the skewness in the distribution of a® — wu;
across 7. As a result, o2 cannot be identified or estimated without pooling observations across
different 2. However, pooling observations for estimation introduces challenges for numerical op-
timization, since the log-likelihood functions in (C.2) and (C.3) are complex and highly nonlinear.
This issue exacerbates as the number of unknown parameters increases and becomes particularly
pronounced in pooled estimation with classification methods. This creates a dilemma regarding
whether to pool observations for estimation.

To address these challenges, we propose a hybrid procedure that combines estimations with

and without pooling. We present the detailed steps of the procedure below.

Step 1: Individual Estimation

Using the approximation from (2.5), we regress y;; against B™ (7;) and z;; ® B™ (7;) for ¢ =
1,2,...,T to obtain 7;. From this we obtain 62, as the sample variance of the regression residuals.

Specifically, consider the following expression: Z;,, = (Zi1, ..., Zir), a T x m(p + 1) vector.

10



Then the OLS estimator for firm 7 is given by

7= (2 Zim) " Z i, (2.6)

o

. . . A 2
with y; = (ys1,...,y;r). We then obtain an estimate of 02, as 6% = -] (yz’t - zitm> :
Excluding the first element in 7., we let #; denote the estimated coefficients associated with z;;.
The estimates #; and &,; are collected to form an estimate of ¥;: J; = (#!,5,)", based on which

we form groups.

Step 2: Classification

Having obtained @1, 192, ceey J from Step 1, we use the L, norm to measure the distance between
J; and 19]-. Based on this distance measure, we then apply the classical HAC algorithm to the esti-
mates of each firm’s functional coefficient to determine group memberships. The HAC is a widely
used algorithm for clustering, and several variants of it are employed in heterogeneous panel data
models (see, for e.g., Chen (2019)). Details of the HAC method are provided in Appendix D and
refer the readers to Everitt et al. (2011) for a comprehensive treatment. Given a value for K, we ap-
ply the HAC to obtain an estimate of the group membership, denoted as (G’l‘ K ég‘ Koo G K| K) ,

which forms a partition of the set {1,2,..., N}.

Step 3: Post-Classification Estimation and Determination of K*

Within each group, we now have significantly more observations available for pooling. Recog-
nizing this, we set the number of sieve terms to m, which is substantially larger than m. Within

each estimated group, ékl ik for 1 < k < K, we conduct post-classification estimation using stan-

1

dard within-panel data estimation methods. Let z;, = [IB%,O (1), (v ® B (Tt))/], denote the new

0

regressors. At this stage, we do not consider the inefficiency term o” — u;. The group specific

11



coefficient is given by

T
R = argmin Y > (fi — Zm)°
iGGMKt 1

where §;; = Y — % S vies and 2y = 2 — % S°I' | z,;. The estimate of the variance of v;, for

group éle is

. 1 I 2
Uz(k;m) = No(T - 1) > D (yzt 2y k\K)) ;

ZEGk\K t=1

where N, = jj{@k‘ K} is the number of elements in Gk‘l k- For simplicity, we do not explicitly
distinguish between Ny, = ﬁ{éku{} and Nj, = §{Gyk~}. Similarly, 1§(k|K) = (ﬁékm), 6v(k‘K))/.
Inspired by the pseudo log-likelihood, we construct an information criterion to determine the

optimal number of groups as follows:

2
K T \Gie — 25T (kK
IC(K, >\NT) = Z NkTIOg Uv(k\K) + Z Z ( t U )) +)‘NTK
i€Gyx t=1 (k|K)
K
= Z {NWTlog(6urirc)) + Ne(T = 1)} + AnrK, 2.7)

where A\ is a suitable penalty term. The optimal number of groups is the minimizer of (2.7)

K(\yr) =arg min _IC(K, ANT),
K=1,2,..K

ISy

given a suitable /. For brevity, we henceforth refer to this as K. The final group estimates are

then given by

A A

ﬁ(klff) - (ﬁ(lﬂf()? Av(k\f()) ) k= 172, R ,K.

Step 4: Estimation of «” and o2

We estimate o and o2 pooling all observations via maximum likelihood estimation (MLE). Specif-

ically, the estimate is given by

N>

(CAYO,&u) — argr?éaQ Z logf (yz ’ i, 875u719(k|K )
k=1 Gk|K

12



where Y; — (yila Ce 7yiT)/a xTr; = (ZL‘il, c. ,JZZ‘T),, and f (yz | Z;; S, (53, 7§(MR)> is defined in (C2),

noting that we use the post-classification estimates of ). Since only two parameters, o’ and o2, are

being estimated at this stage, the numerical optimization is straightforward.

2.4 Inefficiency Term

We now consider the general case where o’

can be heterogeneous across i, and we will use
a? from this point onward. Modeling the underlying structure of o — w; differs from that of
{ag (1), Bi (1) , 02} because u; is assumed to be random effects, and o) — u; naturally varies
across i, even when ! is identical. For this reason, we focus on identifying the distribution of
af — wu; rather than the actual values. While we can uncover the underlying distribution, consis-
tently estimating group membership remains challenging.

Consider the following example to illustrate this point. Suppose we have two random variables
g1 and ey, with ey ~ 0 — |[N(0,2)]| and €5 ~ 1 — |[N(0,1)|. If we mix i.i.d. realizations of &;
and g9, such as {&11, €12, - - -, E1n, €21, 22, - - - , Eon }, it i8 likely that many &4, and €9; values lie very
close to one another. For example, a small-scale Monte Carlo experiment with n = 100 suggests
that about 28% of ¢; have at least one £5; within a radius of 0.01. In such cases, swapping their
memberships would likely have a minimal impact on the likelihood function, complicating their
distinct identification from the data.

Misclassification of group memberships can have a serious impact on the inefficiency term,
unlike parameters at the frontiers, where only similar frontiers can be misclassified together due to
low power or minor estimation errors. Continuing the previous example, suppose €1; = 0 (highly
efficient with u;; = 0) is misclassified as €5, then the inefficiency term for €,; would be calculated
as 1 (indicating inefficiency). Conversely, if €9; = 0 (originally not efficient with uy; = 1) is
misclassified as €, then the inefficiency term for £5; would be calculated as O (indicating high

efficiency).

13



Given these challenges and the serious implications of misclassification, we adopt a mixture
distribution approach as follows. Suppose there exist an integer * > 1, such that with probability
77, it is distributed as af;) — ‘N(O,ai(j))‘ for j = 1,2,...,K* — 1, and with probability 72. =

1—70

— = TR 8S ey — ’N(O,ai(,@)) , where (a?j),ai(j)>,j = 1,2,...,K*, are distinct
vectors, 0 < 70 < 1,7 =1,2,..,K* = 1,and 1 — 77 — ... — 7. _; > 0. When K* = 1, the error
distribution is reduced to that of a unique distribution. The mixture distribution on the inefficiency
term is similar in spirit to the latent class model in Greene (2005b). However, the latent class model
is only a small part of Greene (2005b) and so the treatment is very brief. We examine this issue
in depth by proposing an information criterion to determine the number of components, rigorously
establish its theoretical properties, and assess its small-sample performance through simulation
studies.

The potential presence of a mixture distribution significantly alters the interpretation of the
results. With uniquely distributed inefficiency term, we can remove the subscript  from o because
a? —u; £ a® — [N (0,02)|. A point estimate of a0 — u; is

— 1T

a —uy = = (yi — 24 7)

Ti=

where #; is a sub-vector of 7; defined in (2.6) in Step 1. Thus, a® — u; can be estimated consistently
as T — oo, allowing us to rank firms according to inefficiency because a is identical across i.
However, in the case of a mixture distribution, although we can still consistently estimate a?/—\ui
(similar to the above), it is not possible to rank firms as in the former scenario. This limitation arises
because memberships, or equivalently, the values of o?, cannot be identified. This observation
aligns with the findings for the cross-sectional case discussed in Greene (2005b).

The presence of a mixture distribution in the distribution of a? — w; does not impact the esti-

mation of ¥); given independence among u;, v;;, and x;;. Consequently, Steps 1, 2, and 3 remain

unchanged. Details of the revised Step 4, now referred to as Step 4°, are provided below.

14



Step 4’: Estimation of o}, 07, ;), and 7}

We adopt the mixture distribution for a — w; as previously described. Assuming that the ineffi-
ciency terms come from K >1 distributions, we obtain an estimate of (a(()l), Tty oo Qi) Ta(k)s TLo o 7',%_1)

using MLE as follows:

A0 A2 NS ~ ~
(O‘/(l)) Uu(1)7 3] a(IC)7 Uu( K)o T1, "'7T/C—1)

K
= arg max Z Z (yl

N 3(1), 55(1) ceey S(]C), 53(K)7 Ty ooy TIK=15 ﬁ(k‘f())

(s,62,7)

Q>

k| K
where f is the likelihood function defined in (C.3), and we incorporate estimates from Step 3, as

detailed in Section 2.3.

Step 5: Determination of the Distributional Structures of the Inefficiency Term

To determine the optimal number of mixtures, we introduce a new information criterion for this

task:

C(’C )\NT i Z f(yz

leK

25381y, Gy, s By Oy P T, Dy ) + K,
(2.8)
where \yr is a suitable penalty term, and the estimates are as obtained from Steps 3 and 4°.

The optimal number of mixtures is the minimizer of (2.8)

A~

K(Ay7) =arg min _ IT](IC, S\NT),
K=12,..K

and we write K for short. Finally, the estimated parameters are

~0 A2 ~0 A2 A A
(Oé(l)7 Uu(1)7 ceey 06(16)7 O-’LL(/C)’ Ty eeey 7—’671) .

2.5 A Summary of the Estimation Procedure

The outline of the estimation procedure is as follows:

15



1. Conduct estimations of the frontiers for each firm as described in Step 1.

2. Apply the HAC algorithm using the individual estimations from Step 1 for K = 1,2, ..., K.

3. Use the information criterion in (2.7) from Step 3 to determine the optimal number of groups

and group memberships. Obtain an estimate of the frontier with the determined groups.

4. Based on the group assignments from Step 3, perform joint estimation for the inefficiency

term as in Step 4°.
5. Use the information criterion in (2.8) to determine the distribution of a — u;, as in Step 5.

6. Collect results. The estimates of the frontiers and the distribution of the inefficiency term are

derived from Steps 3 and 5, respectively.

3 Asymptotic Properties

We examine classification consistency in Section 3.1. Subsequently, we discuss the large sample

properties of the post-classification estimators in Section 3.2.

3.1 Classification

Assumption 1. The process {(x},,vy),t = 1,...,T} is strong mixing with a mixing coefficient
a(j) that satisfies a(j) < Cup’ for some positive Co, and 0 < p < 1, and this holds for i =

1 N.

goeeey

ULV, L x>

some q > 4.

Assumption 3. Denote &y = (1,2},). Let fimin and pima.x denote the minimum and maximum

eigenvalues of a matrix, respectively. There exist C, and Cy, with 0 < C,, < Cyp < 00 such

16



that

0< me < 1§i§r]r\/1,ilngt§T ,umln[E(‘i.Zt'i‘;t)] < lgig%%)étSTMmaX[E('ﬁit'ﬁ;’t)] < CMU < 0.

Assumptiond. Fork =1,2,..., K* af,(s), B{)1(5), ..., and By, (s) belong to L? [0,1] and are

k times continuously differentiable.

Assumption 5. There exists a positive C*, such that

p
e { ot = ol + 3 185 = Bl + by~ 7l } = € > 0.

and minlSkSK* O’;;?k) > 0.

Assumption 6. (i) N can either be a finite, or divergent. If N is divergent, N = O(T) for some
positive C as T — oo. (ii) m — oo as T — oo. Nm¥?*?(log N )24 /T9/>=1 — 0, with q in

Assumption 2.

Assumption 1 imposes a condition of weak dependence across ¢, noting that independence
across ¢ is not required for classifications. Assumption 2 requires that z and v have finite ¢-
th moment. Assumption 3 is the classic full rank condition. Assumption 4 stipulates that the
coefficients are x-th order differentiable, a standard condition for nonparametric or semiparametric
estimation. Assumption 5 requires that at least one of the coefficients, including the variance of v,
must differ across groups.

Assumption 6 specifies that the moment conditions must be sufficiently large or that 7" grows
fast enough. N can be fixed. If N diverges, it cannot be too fast, e.g., at the rate of exp(7'). In
the empirical application, (N,T) = (466,80) and 466 ~ 80', thus any C' > 1.4 works in (i).
The most stringent requirements arise from the estimation of the “design” matrix %Z{mZim with
diverging dimensions, used in 7 (see (2.6)); a similar condition was imposed in Chen (2019).
We take a logarithm of all covariates before estimation, and ¢ can be reasonably considered large,

eg.,q > 8 Ifwesetm = T/5, Assumption 6 is satisfied. We do not have the usual bias
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and variance tradeoff here, as explained below. The results of Theorem 3.1 are underpinned by
the uniform convergence of 7; without any rate requirement. As a result, it is not necessary to
consider the trade-off between the bias and variance of the estimates for this aspect, when deciding
m. Of course, we do need m — oo to ensure the uniform convergence. However, to achieve the
optimal convergence rate for the post-classification estimates, this consideration becomes crucial,
as reflected in Assumption 10 (ii) in the subsequent section. With the aforementioned technical

conditions, we demonstrate the consistency of the classification.

Theorem 3.1. Suppose Assumptions 1 through 6 hold. Then:

(i) For any small positive e,

0; —

Pr( max ‘

i=12,...N

> e) — o(1);
(ii) Assuming K = K*, denote the event

M={(Gyxe, Gapgers -, CGreopier ) = (Guprer, Gy -, G ) §
then Pr(M) — 1.

Theorem 3.1 (1) establishes the uniform convergence of 191 fori =1,2,..., N provided m —
0o. Building on this, Theorem 3.1 (i1) demonstrates that the probability of correct classification
approaches 1, provided that X' = K*. In the next section, we will argue that the K we choose
converges to K* with probability approaching 1, and we discuss the asymptotic properties of the
post-classification estimates.

We note that significantly fewer assumptions are required for consistency in classification com-
pared to those needed for post-classification and determining the number of groups. For instance,
we do not need independence or weak dependence across ¢, nor do we require specific distribu-

tional assumptions on v;; and u;.
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3.2 The Number of Groups and Post-Classification Estimator

In this section, we address the question regarding the choice of K and the post-classification esti-

mation. We begin by presenting additional assumptions necessary for this analysis.
Assumption 7. (z;,¢;), fori =1,2,..., N are independent across i.
Assumption 8. N o< N foreachk =1,2,..., K*.

Assumption 9. v;; N (0,02) across t. There exist an integer K* > 1, such that,

a? — u; g oz(()j) — ’N (0, ai(j))’ with probability TJ(-),j =1,2,...,. K",

where 0 < 7)) < land o ;) > C > 0forj= 1,2, . K" W+ +. .+ = 1, (a?j),ai(j)) differ

across j = 1,2, ... K*. Lastly, the sequences {vy }_, u;, and {xy }I_, are mutually independent.

Assumption 10. (i) T o< N for some positive C,, as N — oo; (ii) m — oo as T, N — oo.
Additionally, m/T — 0, m¥?*%(log N)?/(NT)¥/?>~' — 0, and NT/m'** — 0; (iii) C, >

1/(2k) and (¢ — 2)k > 3.

Assumption 7 further imposes independence across ¢. Assumption 8 says the number of mem-
bers in each group is proportional to N. This condition is not necessary, but it facilitates expo-
sitions. Assumption 9 specifies the distributional conditions on the error terms. As explained in
Section 2.4, these conditions are essential for the identification of Jg, and common in the literature,
(see, fore.g., Yao et al. (2019)). Assumption 10 places restrictions on the rate of growth of 7' rela-
tive to IV, and the rate of growth of the tuning parameter m. The condition in (iii) is set to ensure
that the set of m that satisfies (ii) is not empty. We need m /7T — 0 so that the “design” matrix
E (242,) is still well-behaved, as required in Lemma H.2. However, condition m /7" — 0 can be
restrictive when N is much larger than 7. m9/2+2 (log N)* / (NT)**™' = 0is assumed to ensure

the sample version of the design matrix, namely )y .. defined in (3.1), is of full rank with very
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high probability. Note that the dimension of (). is diverging, so the consistency of this matrix

I+26 5 () ensures

requires uniform convergence of all elements and hence this restriction. N7T' /m
the bias term is asymptotically negligible. In the special case where x > 2, we need C, > 1/4,
and (¢ —2)x > 3 is satisfied due to ¢ > 4 in Assumption 2. One can then set, for example,
m= (N T)l/ *® which satisfies condition (ii).

We show the asymptotic properties of our estimators for the case where K* > 2. The case in
which o — u; comes from a unique distribution is straightforward given this result.

Recall that B, (r;)' 7%, and B™ (1)’ 7 represent the approximations of «; (r;) and S3; (7).
For the coefficients on the frontiers, let 6 (s) = (a (s),p (s)')/, and correspondingly 0 (s) =

!/
(Bjo (1) 70, B2 (1) 71, ..., B2 (1) ﬁp) . For the parameters in the distribution of a — wu;, we

denote

0 — 0 2 0 2 0 0
0 = (a(1)70-u(1)7"’7a(K*)7Uu(K*)7T17"‘7TIC*71)7

and correspondingly

B™ (s) 0 0
0 Bm(s) 0
Mg (s) = :
0 0 B2 (s)

(p+1) x (m—1+mp)

1 T
NkT ’LEleK* t=1 '
and
U;%k) —1 /
Sey (8) = m M (s) Q( ),ZZMIB (s),
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noting that S(;) (s) is positive definite with very high probability; which we show it in equation

(H.7) of Appendix H. For notation convenience, write

fiw (@) = f (yi T4 0, 19(k|1<*)) :
and
5 9 pEUASIY
[=-E|—= ——— log fix) (o) 3
N D e, 000¢ =g
with I'/2 denoting the matrix such that I'/21'/% = 1. I is a positive definite matrix with finite

eigenvalues, as shown in Appendix G. As before, we show the asymptotic property of 0, 62 and
0 pretending that we know K* and K*. We then show that K and K converge to K* and K*,

respectively, with probability approaching 1.

Theorem 3.2. Suppose Assumptions I through 10 hold, K (Ayr) = K* and K (5\ NT) = K*. Let

1; denote the | x l identity matrix. Then, for each k =1,2,..., K*,

(i)
\/TSU:)/Q(S) (%K*)(S) — eék)(s)) % N(0, Iy1):
(ii)
INT (82 — 723) 5 N (0, Var(u2 i € Gugae):
(iii)

VNIV (g — ¢%) % N(O, Iy 1),

This theorem establishes the asymptotic properties of the post-classification estimators. As
expected, 0 converges at a nonparametric rate, while 4% converges at a parametric rate. The con-
vergence rate of ¢ is v/N and does not depend on 7'. This result may appear odd, but there is
a simple explanation. Note that o collects only the parameters that govern the distribution of w;.
The best scenario of estimating p is that we observe wuq, us, ..., uy directly, in which case the rate

of convergence of ¢ is v V. In theory, the value of 7" does not impact the convergence rate of 9.
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However, in finite samples, large 7" can potentially ensure a more precise estimation of u;, and thus
can possibly improve the finite-sample performance of p.

In addition, the validity of the proposed information criteria relies on these properties, as they
depend on the accuracy and consistency of the post-classification estimators, as demonstrated
above. For example, Ay depends on both N and 7' (due to the rates of 0 and 62), while ANT

depends only on N (due to the rate of p).

Proposition 3.3. Suppose Assumptions 1 through 10 hold.

(i) Select a value of Ayt such that (NT)™?X\yr — oo and (NT)"*Axr — 0. Then,
Pr (K (Ayr) = K*) = 1.

(ii) Select a value ofXNT such that S\NT — 00 and N_IS\NT — 0. Then,

Pr (K (Avr) = K) = 1.

Proposition 3.3 presents conditions under which the information criteria are valid, focusing on
the tuning parameters Ay, and Anr. As highlighted earlier, selecting the correct range for Ayt
and \ ~ is crucial. In the subsequent section, we will evaluate specific values for Ayt and A NT

identify those that perform well in simulations, and recommend practical choices.

4 Monte Carlo Simulations

4.1 Simulation Designs

Heterogeneity in panel SF models arises from various sources. Thus, we design three different
Monte Carlo experiments that allow us to examine the finite-sample performance of the proposed
method and its ability to identify sources of heterogeneity. In the first design, we study the clas-

sification for the case with heterogeneity from frontiers yet with constant variances of v;;. In the
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second design, we study the case with heterogeneous variances of v;;, yet homogeneous frontiers.
In the third design, we check the performance of our methods in a more general and much more
complicated scenario. In all three designs, we consider two sub-cases where the term o —u comes
from either unique or from mixture distribution, which previous methods did not consider. Due to
the similarity and the space constraint, we defer the description and simulation results of Designs
1 and 2 to Appendix F and only present Design 3 here.

Design 3: In our third design (consisting of DGP3U and DGP3M), we study the performance

of our method in a setting similar to those in Yao et al. (2019), where there are three groups for

both the frontiers and variances, with two regressors. The DGP is
Yit = Oé? —u; + (1) + i B (1) + T2 Bia(Te) + Vi,

where 2 ~ N(1,0.5?) for both regressors [ = 1, 2. Group 1 frontiers and error term are specified

as oy (s) = —?135 — w1, Bay(s) = 28, By(s) = In(5s), vy b N(0, Ug(l)) with 0,1y = 0.75

and w0, is a mean of _?135_ Group 2 frontiers and error term are specified as av(2)(s) = — cos(4s) —
@2, By (s) = sin(4s), Bajz(s) = In(1%), vie ~ N(0,0%,) with oy = 1.25 and @ is a mean
of —cos(4s). Group 3 frontiers and error term are specified as a3 (s) = 5s* — s + 1 — ws,
Bi3)1(s) = exp (—s) +sin(5s), Bz)2(s) = —5sin(s) cos(5s) + 1, vy w N(0, 03(3)), with 0,3) =
1.25 and w5 is a mean of 5s?> — s + 1. We consider two sub-cases of a’ — u, which we denote
them as DGP3U and DGP3M. In DGP3U, o' — u comes from a unique distribution, with a®=05
and u; % |N(0,02)|, where o, = 1. In DGP3M, we let o — u to come from afyy — IN(0,02,))]
with probability 70 and afy — [N(0, 07 ,))| with probability 1 — 7°, where af}y = 1, afy = —1,
ou1) = 0.75, oy(2) = 1.25 and 79 = 0.5. It is important to note that the mixture structure of o — u
is independent of the grouping structure.

We evaluate the performance of each model and the case for any combination of N = 100, 250,

or 500 and T' = 50, 75, or 100. Thus, there are 3 X 2 x 9 = 54 different cases. We assess the finite

sample properties of our method with 500 MC replications.
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Note (N, T) = (466, 80) in the empirical application of the paper, so our simulations, including

the recommended tuning parameters in the next section, offer meaningful and practical guidance.

4.2 Choices of Tuning Parameters

We set m = {Tl/E’J , where |-| denotes the integer part and m = {(NkT)l/LL'gJ for each group k.
The value of the two tuning parameters align with standard choices in the literature.

Theoretically, the valid ranges for Ay and A Nt are quite broad. Based on simulation evidence,
we recommend setting Ay = (c,\\/Wlog(NT)) /2 and ANt = (@\/Nlog N) /8, where c),
and ¢, are constants. These values of Ayt and A ~1 meet the conditions specified in Proposition
3.3. The constants c) and ¢, serve as sensitivity parameters, over which we conduct sensitivity
analyses for the choice of A\y7 and Ayr. Specifically, we test values of ¢, and ¢, in {3/2,1,3/4},
with ¢y, = ¢, = 1 as the benchmark setting.

In finding the number of components in the mixture distribution, we restrict our attention to
one or two components, i.e., K = 1,2. We find that the small-sample properties of mixtures with
more than two components perform poorly in simulations. We conjecture that this is due to the
complicated log-likelihood functions (see, e.g., equations (C.2) and (C.3)), which cannot effec-
tively handle mixtures with more than two components. In Appendix B, we propose an alternative
method to identify the mixture structure with potentially more than two components. We also
conduct simulations to evaluate its finite-sample performance. The simulation results for this al-
ternative method for allowing mixtures with more than two components suggest that the method
performs well in determining the correct number of components, but the parameter estimates can
be off. Although not perfect, these findings provide a foundation for future research in this direc-

tion.
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4.3 Simulation Results

We report results for DGP3M, the most complex model, featuring three groups and a mixture

0

distribution structure in «; — u;. Results for the remaining DGPs are reported in Appendix F.

We first report the performance of the IC in Step 3 for coefficient groups and Step 5 for the
mixture distribution structure in Table 1 for the benchmark specification with ¢, = ¢, = 1. Addi-
tionally, Table 1 includes the classification errors, denoted as Pr(F) . It is defined as the average
percentage of observations misclassified to other groups across 500 replications. The performance
of the IC in Step 3 for selecting the correct number of groups, K = 3, is reasonable. For N = 500,
the classification error in Step 3 is less than 1 percent for each 7' = 50, 75, 100. The performance
of the Step 5 IC is also strong for DGP3M, choosing the correct specification (mixture distribu-
tion) with a probability close to 1. For DPG3U, where o — u; comes from a unique distribution,
Table F.10 in Appendix F shows that the probability of Step 5 IC selecting the correct distribution
(unique distribution) quickly approaches 1 as /N increases. Sensitivity analyses for both ICs in
Steps 3 and 5, shown in Tables F.11 - F.19, demonstrate that the results are robust to the selected
range of tuning parameters.

We assess the accuracy of the estimates of {o,s, a?, Tu(1), ay, Tu(2) 79} using two measures:
(1) bias (BIAS) and (ii) root mean squared errors (RMSE). The reported values in Table 2, obtained
by averaging over 500 MC iterations, are reasonable.

[llustrated in Figures F.1, F.2 and F.3 in Appendix F are the estimates of time-varying frontiers
for (N,T) = (500, 50), (500, 75), and (500, 100). Black solid lines depict the true time-varying
frontier, dotted lines show the mean of the estimated grouped frontiers averaged over 500 MC
iterations, and the gray shaded region depicts the 90th percentile of the estimates. It is clear from
Figure F.1 that, while the mean over MC iterations is reasonably close to the true frontiers, the 90th

percentile bands are wide, suggesting possible classification errors between neighboring groups.

Figures F.2 and F.3 show that the accuracy of frontier grouping improves as 7' increases. This
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is consistent with the theory developed, since the Step 2 classification using HAC is based on

A

A A / . . .
¥; = (@}, 6,;) obtained using 7" observations.

Table 1: Performance of ICs for DGP3M

(N,T) K=1 K=2 K=3 K=4 Pr(F) a® —wyuni o — umix
(100,50) 0.000 0.352 0.648 0.000 0.106 0.008 0.992
(100,75) 0.000 0.078 0.922 0.000 0.024 0.000 1.000
(100,100)  0.000 0.000 1.000 0.000 0.024 0.000 1.000
(250,50) 0.000 0.086 0.914 0.000 0.026 0.002 0.998
(250,75) 0.000 0.000 1.000 0.000 0.026 0.000 1.000
(250,100)  0.000 0.000 1.000 0.000 0.026 0.000 1.000
(500,50) 0.000 0.006 0.994 0.000 0.002 0.004 0.996
(500,75) 0.000 0.000 1.000 0.000 0.002 0.000 1.000
(500,100)  0.000 0.000 1.000 0.000 0.002 0.000 1.000

Note: Results for the baseline case ¢y = ¢, = 1. Reported numbers are probabilities across replications.

Table 2: BIAS and RMSE over 500 MC iterations for DGP3M

Gu() Gu(2) Gu3) 7 afy Gu() aly) Gu2)

(N,T) BIAS RMSE BIAS RMSE BIAS RMSE BIAS RMSE BIAS RMSE BIAS RMSE BIAS RMSE BIAS RMSE

(100,50) 0.268 0.463 0.127 0.215 0.367 0.594 0.021 0.029 0.057 0.074 0.116 0.152 0.120 0.157 0.135 0.171
(100,75) 0.082 0.214 0.074 0.174 0.154 0.372 0.015 0.027 0.042  0.052 0.103  0.145 0.100 0.131 0.126  0.162
(100,100) 0.024 0.099 0.027 0.093 0.053  0.196 0.013  0.018 0.040 0.052 0.090 0.116 0.091 0.118 0.108 0.137
(250,50) 0.204 0.373 0.138 0.243 0.327 0.562 0.013 0.018 0.036 0.049 0.077 0.107 0.080 0.102 0.089 0.112
(250,75) 0.034 0.129 0.035 0.116 0.069 0.241 0.009 0.012 0.026 0.033 0.062 0.079 0.062 0.076 0.070  0.089
(250,100) 0.005 0.033 0.008 0.032 0.014  0.064 0.008 0.011 0.024  0.030 0.057 0.075 0.059 0.074 0.076 0.095
(500,50) 0.145 0.307 0.110 0.218 0.242 0.484 0.011 0.013 0.026 0.035 0.056 0.074 0.053 0.067 0.069 0.087
(500,75)  0.009 0.064 0.009 0.044 0.018 0.100 0.007  0.009 0.018 0.022 0.042  0.055 0.042  0.053 0.053  0.068

(500,100) 0.002 0.003 0.004 0.005 0.007  0.009 0.006 0.008 0.017 0.021 0.041 0.054 0.040 0.053 0.056 0.070
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S Application to the U.S. Commercial Banking Sector

In this section, we apply the developed method for stochastic cost frontier model to analyze the cost
efficiency of the U.S. large commercial banks in presence of a series of gradual deregulation that
allowed banks to increase their capacity of operation. We use the same dataset used by Feng et al.
(2017), and focus our analysis on a sample of banks that operate continuously over the period 1986
to 2005 (thereby mitigating the impact of entry and exit) with assets of at least $1 billion in 1986
dollars. Data supporting the findings of this study are available upon request. As briefly explained
in Feng et al. (2017), the banking sector over this period saw a number of gradual deregulation
that allowed banks to increase the capacity of operation. In particular, the exact timing of the
deregulation varied at the state level, and it was not until June 1997 that banks were allowed to
operate across states as a result of the Riegle-Neal Interstate Banking and Branching Efficiency
Act of 19945 Given this context, our method that allows us to group banks based on the time-
varying frontiers is well suited to capture the effect of gradual deregulation, as well as to analyze
the inefficiency of banks in presence of such deregulation.

To set the stage, let7 = 1,2,..., N denote the banks, ¢ = 1,2,...,7T denote the time periods.
The data is recorded in quarterly frequency, over 1986 to 2005, with 7" = 80 and consists of
N = 466 banks. We assume that banks use three inputs to generate three outputs. Specifically,
the inputs used are: (i) price of labor, W;;, (ii) price of purchased funds, W;s, and (iii) price of
core deposits, W;;3. Generated outputs are: (i) consumer loans, Yj;;, (ii) non-consumer loans, Y;;»,
consisting of industrial, commercial, and real estate loans, and (iii) securities, Y;;3, which includes
all non-loan financial assets. Summary statistics of these variables are reported in Table F.20 in
Appendix F.

We estimate a cost frontier C'(Y;;, W;;). Accordingly, Y;; are output quantities (loan categories,

5See Feng et al. (2017) and Jayaratne and Strahan (1997) for more detailed discussion of the history of deregulation

in the banking sector.
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securities) and W;,; are input prices. In particular, W, is the price of purchased funds, not an
output; loans are treated as outputs under the intermediation view of banking services. This map-
ping is consistent with cost duality and with our specification, in which the frontier uses grouped,
smoothly time-varying coefficients to capture heterogeneous technological regimes under staggered
state-level deregulation.

The particular variant of the panel SF model we study is a panel stochastic cost frontier model

adapted from Greene (2005b):

log ¢y, = O‘? + u; + (1) + Bir (1) log wi + Bia (1) log wira

+ Bis(1¢) log virr + Bia(Te) log yira + Bis(7¢) 10g Yirs + vat, (5.1)

where linear homogeneity is imposed in input prices by the normalizations: ¢}, = Cj/Wis, wiy =
Wiy /Wi for I = 1,2 and y;y = Yiy/Wis for [ = 1,2, 3. The inefficiency term u; > 0 enters the
model positively as cost frontier models are derived from the dual cost minimization problem of
the firm where the cost function is assumed to be Cobb-Douglas.

In a cost frontier, interest-rate conditions primarily operate through W;,, while local demand
affects the output Yj;. Our specification already conditions on (Y;, W;;) which are allowed to vary
smoothly over time and across latent regimes. Adding rate or local controls would double-count
channels captured by (Y, Wi).

We estimate the model in (5.1) using the method described in the previous section, setting the
tuning parameters as in Section 4.2. We also check the sensitivity of parameter c) in Step 3 and ¢,
in Step 5 of the proposed method as in Section 4.2. Different values of ¢, and ¢, deliver the same
classification results.

As in the simulations, we set ' = 4. The information criteria in step 3 selects the optimal
number of group for the banks to be two, splitting N = 466 banks into (N7, Ny) = (113,353).

Figure 1 depict the scatter plots of the elements in 0); = (7], 6,;)’, that collects the parameters
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Figure 1: Scatter plot of elements in J; = (7, 5,;)’
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obtained from individual level estimation in step 1 for classification in step 2. Note m = {Tl/ 5J =
2, so each ¥J; is a 12 by 1 vector. Individual estimates classified as groups 1 and 2 are depicted
as blue and red dots, respectively. Panel (a) depicts the scatter plot of the estimates 7;; against
@m, while panels (b)—(f) depict the respective coefficients on the inputs/outputs (w;;, ;) against
(Wi B1(1¢), yiuB1 (1) ). We discuss what drives the classification in Appendix F.4.

Figure 2 depicts the frontiers. The top row depicts the time-varying frontiers of group 1, while
the bottom row depicts that of group 2. Solid lines in blue and red are the point estimates for group
1 and group 2 respectively, and the shaded regions depict the 95% confidence interval. It is evident
that there are substantial time-variations in the estimates, which may be a result of increasing the
capacity of operation as a result of deregulation in the banking sector. Figure 3 shows the estimated
economies of scale experienced by two groups of banks, £ = 1, 2 defined by the inverse of the sum
of elasticities of output, 1/ (B(k)g(n) + B(k)4(7't) + BA(k)5(Tt)) — 1. The estimates on economies of
scale are comparable to the ones found in Greene (2005b) and suggest some considerable time-

variations for both groups, with group 2 banks enjoying larger economies of scale.
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Figure 2: Grouped Frontiers of the U.S. Large Commercial Banks
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Note: Top row depict the group 1 time-varying cost frontiers while the bottom row depict that of group 2. Solid

lines are the point estimates and the shaded regions are 95% confidence interval.

The results from Step 5 of the proposed method suggest that intercept and idiosyncratic random
effects inefficiency terms, o 4 u, possess a mixture distribution structure. This result indicates
that not only do frontiers form two distinct groups, but so do the level terms that represent the
inefficiency of individual banks. The estimated values of the parameters along with the standard
errors are presented in Table 3. The results suggest that there are no substantial differences in the
standard deviation of random noise, 5,5, although there are significant differences in the standard
deviation of the inefficiency terms.

As we briefly mentioned in Section 2.4, since a? differs across 7, we cannot make a valid
ranking of the inefficiencies. Luckily, d?l) and &?2) are not statistically different (by the likelihood-
ratio test) and as such we can view them the same and construct a ranking of the inefficiencies.
Recall that we were estimating cost frontiers. From the estimation results, we can view

bl 6" +|N (0,6%,))|  with probability 7 | .

6" +|N (0,62,)|  with probability 1 — 7



Figure 3: Estimates of Economy of Scale
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Note: Estimates of the economies of scale for each groups are calculated using the point estimates B(k)z(Tt) for

l=3,4,5and k =1,2.

where &* = 7,y + (1 — 7) 4{y. We compute E (o] —|—u/¢|;, ..., &) using (C.4). We compare
the ranking in the homogeneous case where the frontiers and the variances of v;; are assumed the
same across firms and the inefficiency term comes from one distribution. The result of top 60 is
reported in Figure F.4 in Appendix F.5. We can see that the two rankings differ greatly after the top

3. This highlights the importance of classification to ensure valid inference of inefficiency term.

Table 3: Estimates of 6,5 and o

Gu(1) Gu(2) 7 af Gu(r) A Gu(2)
0.0862 0.0855 0.8748 0.0157 0.4426 0.6161 0.7756
(0.0041) (0.0008) (0.1017) (0.3960) (0.0362) (0.1708) (0.0235)

Note: Reported in parentheses are the standard errors.

6 Conclusion

In this paper, we develop a general framework for panel SF models with latent group structures.

A natural concern is whether allowing for multiple frontiers weakens the interpretation of inef-
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ficiency. Our results suggest the opposite. By accounting for latent technological regimes, we
prevent unobserved heterogeneity from being mistakenly absorbed into the inefficiency term. In-
efficiency in our framework is always measured relative to the appropriate group frontier. This
distinction is crucial in empirical applications, such as our U.S. banking study, where ignoring
heterogeneity would miscalculate inefficiency.

While it is possible that latent groups capture the influence of omitted inputs, we view this as a
feature rather than a flaw: in practice, not all determinants of technology are observable. The latent
group structure provides a statistically disciplined way to approximate these unobserved factors,
offering a middle ground between a fully homogeneous frontier (too restrictive) and unrestricted
firm-specific frontiers (too unstructured). In this sense, multiple frontiers should be interpreted as
evidence of distinct technological environments, not as a failure to identify inefficiency.

Two extensions are worth mentioning. First, our framework cannot be directly generalized
to endogenous cases where covariates, = are correlated with the error term, v. Extending the
framework to accommodate endogeneity is an important direction for future work. Second, it
would be valuable to explore a one-step HAC algorithm that avoids the use of information criteria,

as proposed by Mugnier (2025).
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Online Appendix to

“Panel Stochastic Frontier Models with Latent Group Structures”

(NOT for Publication)

Additional Notation. For the deterministic series {a,, b, }°> ;, we denote a,, < b, iflimsup,, ., |a,/b,| <

C for some constant C' that does not depend on n, a,, = b, if b, < a,, a, < b, if a, = o(b,), and

a, > b, if b, < a,. xp denotes proportional in probability, e.g., z,, xp ¥, indicates that both
x, = Op(yn) and y,, = Op(x,) hold. A° denotes the complement of A. C' and M denote some

positive constants that may vary from line to line.

A Other Stochastic Frontier Models

A.1 Fixed Effects Model with Distributional Conditions

We consider the fixed effects (FE) SF model when error terms are assumed to follow certain para-
metric distributions. The classification of the FE-SF model follows naturally from the methodology
developed in the main body of the paper. Incorporating time-varying heterogeneous coefficients,

the model proposed by Greene (2005a,b) and Chen et al. (2014) takes the form:

Yir = Oé? + oi(1e) 4 23, Bi(7e) + €t

= 04? + a;(7e) + x;tﬁz‘(Tt) + Vg — U,
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where ¢;; = v;; — u;, and the normalization condition fol a;(m) dry = 0 is imposed. We note that
this normalization is innocuous as in Atak et al. (2025), because the the constant (even varying

acorss 7) can be absorbed in o?. The standard assumptions in these papers include:
vLlul(a%e), v~N(0,02), u~|N(002),

with {vy, u;; } independent across time ¢. To address the incidental parameters problem, Chen et
al. (2014) proposed the within MLE. Allowing for heterogeneous distributions across firms, we
have:

Vit ~ N<07012)i)7 Ui ~ |N<Oa‘712u‘)"

We next define the group structure. Specifically, we assume that there are K™ distinct groups

of parameter sets, and each firm’s parameters belong to one of these groups. Formally:
K
{ai(1), Bi(Tt), Oviy Owi } = kz_:l {a?k)(n),ﬁ?k)(n), k) UZ(k)} -1(i € Gy). (A.1)
Parameters across different groups are distinct, and each firm is uniquely assigned to one of the
K™ groups.

The key distinction here is that we also classify firms based on o,;. The intuition is as follows:
unlike the framework in the main body of the paper, we can consistently estimate o,; for each firm
¢ individually, because we allow wu;; to vary over time. This variation enables us to estimate o
without pooling observations across firms. Thanks to this insight, we only need to apply Steps 1-3
in Section 2.3 for the FE model. Before detailing the procedure, we approximate the model using
sieve expansions as in equation (2.5), leading to:

p
Yir = af + ai(1) + O ziBu(Te) + €
=1

p
~ Oé? -+ BTO(Tt)/'/TZQO + Z xitle(Tt)/’]r?[ + Eit
=1

— A0 /0 _ .0 /.0
=q; + 2y e = oy + 2T+ Uy — Wi, (A.2)
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where z;; collects all the basis function terms and their interactions with covariates. We now outline

the estimation procedure.

Step 1*: Individual Estimation
We begin by applying the within transformation, and define the following notation:
1 & 1 &
it = Vit — = D Yits  Fit = Zit — = Y Zits
Ti= Ti=
with ¥, i, and €;; defined analogously. The transformed model becomes:
Jiv 2 2Ty + Ei = Zm) D — .

Let é; = (€i1,€i2, .., &ir—1)" denote the vector of the first 7" — 1 transformed residuals. Based

on the results in Chen et al. (2014), ¢; follows a closed skew-normal distribution:

1
CSNp_1p (OTla (02, +02) ([Tl — T_1LT1L/T1> ;

0. Ity 2
_ _Tuil%wi_ 07, Ip + =2yt ] (A.3)
o2 4 o2 J To};
ut vi \ —lp_q

where Or_; is a (T'— 1) x 1 vector of zeros, and ¢7 is a 7" x 1 vector of ones. The notation CSN,, ,
denotes the closed skew-normal distribution with the following density for a p-dimensional random

variable S:
fCNS(S) = C(bP(S? H, 2) (I)q(D(S - ,LL), v, A)7

where:
* ¢,(-; 1, X) is the density of a p-dimensional normal distribution,
* &,(-;v, A) is the CDF of a ¢-dimensional normal distribution,
« LERP, 5 € RP*P,

38



e D e R, v € R? and A € RI%9,

Since €;; ~ Vi — zgtw? , we can estimate the parameters (ﬂ?, Oui, Oyi) Dy substituting the expression
for £;; into the density function in (A.3) and applying MLE. This yields consistent estimators

(7%07 6ui7 &vz) .

)

Step 2*: Classification
From Step 1%, we obtain individual estimates for each firm:

A0 A ~ A0 A ~ A0 A ~
(71—170-u170-v1) ) <7T270-u270-112) P (T‘—N7O-MN70-UN) .

As in the original Step 2, given a prespecified number of groups K, we estimate the group mem-

bership structure. The estimated partition of the /N firms is denoted by:
(él|K7 é2|K7 LRI GK|K) 9

which forms a disjoint partition of the index set {1,2,..., N}.

Step 3*: Post-Classification Estimation and Determination of <~

As in Step 3, we set the number of sieve terms to m, which is substantially larger than m. We

define the new set of regressors as z;;:
m / m n’
Zit = [E_O(Tt) , (i @ B™(7)) } )

and approximate «(-) and /3(-) accordingly.
Within each group, say @k| i for 1 < k < K, we perform post-classification estimation using

MLE by maximizing the CSN density across all observations within the group. Specifically,

N A2 ) . . .2 2
(W(k\K)a Ou(k|K)> UU(W()) = arg (f%%) Z log fens (yz — ZyT; 0y, 5U> ’
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where §j; and Z; collect the first T — 1 elements of §j;; and 2, respectively, and fens(+; 02, 62)
denotes the CSN density evaluated at the specified variance parameters.
To determine the number of groups, we use the following information criterion:
K
ICke (K, \yp) = — g:l Z log fens (yz — ZR (k) O i ) 612;(14\1(')) + AVr K,
=1 | i€Gyx

where ML, is an appropriate penalty term.

The optimal number of groups is chosen as

A

K(/\NT) = arg min _ ICFE(K, )\NT>7
K=0,1,....K

for a suitably chosen upper bound K. For simplicity, we denote this as K. The final parameter

estimates are then given by

A

An investigation of the small sample properties of this procedure is beyond the scope of this

paper and is left for future research.

A.2 Nonparametric Fixed Effects Model

One strand of the panel FE SF literature attempts to avoid imposing distributional assumptions on
the error terms; see, e.g., Zhou et al. (2020). We take the framework in that paper as an example
to demonstrate that our approach can be readily extended to such settings. The model remains the

same as in the previous section:
Yi = o + ai(7) + iy Bi(T) + €an
= a) + ai(n) + 2},8:(7e) + vie — war,

with the constraint fol a;(1;) dr; = 0. As in the last section, this normalization is innocuous due to

the fixed effects .
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As noted in Zhou et al. (2020), the cost of this relaxation is that the covariates influencing the
inefficiency term differ from those appearing in the frontier function. To accommodate this, we
denote the covariate that solely affects the inefficiency term by h;; and, without loss of generality,

assume that h;; is univariate to simplify notation and analysis. Formally, we impose the restriction:
E(uit | hit, i) = B(uie | hig) = @i(hay).
For the noise term v,;, we assume the usual conditional moment condition:
E(vit | hig, z;) = 0.

We normalize h;; so that its support is [0, 1], which enables the use of orthogonal basis functions,
as introduced in Section 2.2, to approximate tw;(h;;). The key idea in Zhou et al. (2020) is to
isolate w;(h;;) from the inefficiency term, yielding a new error term with zero conditional mean.
Specifically,

Y = af + oy(1) + 2, 8i(1) — @i(hat) + vie — [y — @;i(hat)]

= Oé? + Oéi(Tt) + I;tﬁi(ﬁ) — wl(hlt) + E:t'

To identify o;, we impose the additional normalization:

/01 wi(h)dh = 0.

This normalization implies that inefficiency levels cannot be directly compared across firms, which
is a limitation of the approach in Zhou et al. (2020). However, one can still analyze how inefficiency
varies with changes in h. We refer readers to the original paper for further details. Under the above

assumptions, the new error term €}, satisfies:
*
E(&5; | hir, 2i) = 0,

which behaves like a standard error term in fixed effects panel data models.
In the present setting, our goal is to estimate and classify both the frontier function and the

conditional mean of the inefficiency term. The variances of the error components (v;; and €},)
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are of secondary importance. This contrasts with earlier settings, where the variance of v;; was
essential for the likelihood function in MLE for estimating inefficiency distribution. In our case,
however, we directly estimate the conditional mean of the inefficiency E(u;; | hi) as w;(h;). With
this in mind, we define the group structure based solely on the frontier and the conditional mean of
the inefficiency term. Specifically, we assume that there are K™ distinct groups of parameter sets,

and each firm belongs to exactly one of these groups. Formally, we write:

{au(n), Bilr), i)} = z{ o (70), @ ()} - 11 € Gy,

Each parameter set across the K™ groups is distinct, and each firm is uniquely assigned to one of
these groups.
The approximation using orthogonal basis functions can be conducted in a similar manner. For

each firm 7, we have:

Yit = Oé? + Oéi(Tt> + x;tﬁi(n) — wz(hzt) + 8;-;

P
~ O‘? + BT{J(TtyW?O + Z xitle<Tt)/7T?l + BTO(hit)/ﬂ-ZQp+l + &5
=1

= af + [B"(7)', (i @ B"(72)), By (hie) | 72 + &5,
=) + 2,70 + €,
where we slightly abuse notation by reusing z;; and 77, although they represent different quantities

in this section. Specifically,
— m / m ! mm 1’ 0 — or O or O !
2t = [B_O(Tt) (i @ B™ (7)), B (i) } and 7, = (7%, Tl -+ o5 Tips 7rzp+1> )

With this setup, the classification and post-classification estimation become straightforward

and follow the essentially same procedure as Steps 1-3 in Section 2.3.
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Step 1*: Individual Estimation

Like Step 1*, we begin by applying the within transformation for each firm ;. We reuse following

notation:
1 E 1 Z
Uit = Yit — T Sy, Ea= 2 — T ;Zita

t=1

with &7, defined analogously. The transformed model becomes:
i~ Emd 4 &t =1,2,..,T.

We regress 4;; on Z;; for each fixed 7 using observations of t = 1,2, ..., T".

Specifically,
—1

T T
T = <Z ZM&) <Z 5@%) ;
t=1 t=1
based on which we form groups.
Step 2*: Classification
From Step 1%, we obtain individual estimates for each firm:

1,79y e, TN

Given a pre-specified number of groups K, we estimate the group membership structure using the

HAC algorithm. The estimated partition of the N firms is denoted by:
(él|K7 GQ|K7 ey GK|K) )

which forms a disjoint partition of the index set {1,2,..., N}.

Step 3*: Post-Classification Estimation and Determination of K *

As in Step 3, we set the number of sieve terms to m, which is substantially larger than m. We

define the new set of regressors as z;;:

2 = [BE(n), (20 © B(7)) B (ha)']
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and approximate «/(-), 5(-) and w (-) accordingly.
Within each group, say ék| i for 1 < k < K, we perform the post-classification within estima-

tion. Specifically,
—1

T T
A o o e
T(k|K) = Z Z ZitZit Z Z ZitVit
i€Gy i =1 i€Gy g =1

To determine the number of groups, we use the following information criterion:

ICFENP<K )\FENP)

K N T 1 r 2
:_Z k S > 3 (0= Zfoaro) |+ AN,

'LGGMK t=1

where M\NENP is an appropriate penalty term.

The optimal number of groups is chosen as

K()\FENP) =arg min _ICrenp(K, Ny"),
K=01,...K

for a suitably chosen upper bound K. For simplicity, we denote this as K. The final parameter
estimates are then given by

A

ﬁ(klf()’ k:1,2,...,K.

The theoretical properties of the above procedure are relatively straightforward. However, com-
plications may arise when h;; is multidimensional. In such cases, one may need to employ tensor
product bases to approximate w(-), which could result in a slower convergence rate. As an alter-
native, assuming an additive structure for ww(-) allows the convergence rate to remain unchanged.
A rigorous investigation of the theoretical properties under these settings, as well as an analysis of

the small-sample performance, is beyond the scope of this paper and is left for future research.

A.3 A Group Innocuous Normalization

As discussed in Section 2.1, the normalization fol a; (s) ds = 0 is not innocuous when «; (s) varies

across firms and possesses a group structure, because we need to assume that the levels of o, (1¢)
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(that is, f01 ) (s) ds) are the same across groups. In this section, we generalize the result in the
main paper to the case in which we allow the levels to differ across groups but they remain the
same within each group.

As before, we assume that there are K™ groups of specific parameters, and each firm’s param-

eters belong to one of these groups:

{ai (Tt) aﬂi (Tt) agvi} = ; {a’){]f) (Tt) 7ﬂikk) (Tt) ’U:(k)} ]_(Z S Gk)

Note that our procedure is silent on the classification of the levels of «; (73), so the classification
is based solely on the time-varying part of «; (73) . As such, we titled the section “Group” innocu-
ous, since it is not entirely innocuous. In other words, for all ¢ € Gj, we need to assume that
i @i (s) ds = ¢y, (before normalization), which is identical within the group.

We recommend this procedure when, on average, each group contains at least a few hundred
observations, due to the difficulty of uncovering the mixture structure with very small samples;
see, e.g., Olson et al. (1980), Simar and Wilson (2010), and Christian et al. (2018).

A consequence of weakening the restriction on the levels is that the distribution of af — w;
naturally differs across groups, because for group k, fol a;(s)ds = ¢ is absorbed into o after
normalization. As such, we assume that for observation ¢ in group k, there exists a IC’("k) > 1 such

that
d . N . %
Oé? — U; ~ Oé?k)(]) — ’N (0, JZ(k’)(]))‘ with probablhty T((Jk)j, ] = 1, 2, RN 7]C(k)7

1, and (oz(()k)(j), aﬁ(k)(j)) differ across j = 1,2,...,Kf,). While the notation is rather tedious, the
estimation remains straightforward. We simply estimate the distribution of a — u; for each group
separately using the previous strategy.

We present the details of the procedure below. The generalization that allows the levels to differ

across groups has no impact on the first three steps, as the intercept term is not involved.
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Step 1* : Individual Estimation

Same as Step 1.

Step 2*: Classification

Same as Step 2.

Step 3*: Post-Classification Estimation and Determination of K*

Same as Step 3.

Step 4*: Estimation of a( () g(k)(j)7 and T(Ok)J'

For group k, assuming that the error term comes from K(;) distributions, we obtain an estimate of

0 2 0 2 0 0 : .
(oz(k)(l), Talk)(1)7 5 k) (K ) Taalk) (K ) TR T(k)lc(k>_1) using MLE as follows:

A0 A2 A0 2 A~ N
(“(k)(l)v%(muw o Q) (K ) Tulk) (K ) T(R)L ---aT<k>fC<k>—1)

=arg (H}sax Z log f <yZ

)
sWYus .
1€

2 2 9
Ti5 S1, Oy 1) - 'vS’%w(Su(/c(k))’Tl?"'7T’<<k>—1’19(klk)>

k|K

where f is the likelihood function, defined in (C.3), and we incorporate estimates from Step 3*.
Collecting results from Steps 4*, we proceed to Step 5* to determine the specification of o —u;

for each group.

Step 5¢: Determination of the Distributional Structures of the Inefficiency Term

The information criterion for group k is constructed as

1Ck (K rys Avr) = Z 10gf(yz

Gk

2 2
Z;; S1, d u(l)s =+ S/C(k)7 5u(/C(k>)’T1’ sy TK:(;C)—hﬂ k‘K >+’C /\NT7

where \yr is a suitable penalty termand k£ = 1,2, ..., K. We take

A ~

Ky (A =a i ICLIK 1y, ANT),
*) (AnT) rglc(mg%)lﬁl,...ﬁ KKy AnT)
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and we write /C(k) for short.

Collecting results across K groups, the estimated parameters are

K
~0 ) ~0 ~2 2 >
{ (a(k)(l)’ Tu(k)(1)7 s Xk)(K () Tulk) (K py) TR o T(k)’qk)l) }k:1 '

The theoretical properties of the above procedure remain the same as those in the main body
of the paper, provided that N, o N for k = 1,2,..., K*. Before we conclude this section, we
emphasize that we recommend this procedure only when practitioners have ample observations

available, e.g., at least a few hundred for each group.

A.4 Latent Structure with Zero Inefficiency

Kumbhakar et al. (2013) and Rho and Schmidt (2015) proposed the zero inefficiency stochastic
frontier (ZISF) model, in which the inefficiency term is exactly zero with a positive probability.
Testing the validity of the ZISF model amounts to examining whether the variance of the inef-
ficiency term is zero in one component of the mixture distribution. This leads to a nonstandard
testing problem, as the null hypothesis places the parameter on the boundary of the parameter
space. Consequently, standard inference methods such as the ¢-test may not be appropriate, and
alternative testing procedures, as suggested by Kumbhakar et al. (2013), may be required. Com-
pounding the challenge, Rho and Schmidt (2015) highlighted several identification issues inherent
in this framework. Given these complications, it is worthwhile to explore this question from a
different perspective.

We propose to address this problem using information criteria, following a similar approach
to that used in the main body of the paper. To this end, we incorporate the ZISF assumption into
our model. Naturally, this introduces an additional layer of complexity and difficulty. For clarity
of exposition, we focus on a mixture distribution with at most two components. While extending

to more components is conceptually straightforward, it may distract from the central focus of this
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section. We adopt the model from the main body of the paper, maintaining the same group structure
on the frontier. The only difference lies in the assumption regarding the distribution of o — w;.

Specifically, we consider the following three specifications and propose an IC to choose one.

Specl: @ —u; £ a® — N (0703) ;

J af with probability 7°
Spec2: af — u; ~ and
~ N (0,0%)  with probability 1 — 7°
Spec3: ol d - N <07 u(1)) with probability 7°
pec3: af —u; ~ |
- N ( ) U(Q)) with probability 1 — 7°

where 0 < 70 < 1, 07,02 ,),055 > 0, and ( (1) O u(1)> # (04(()2), 02(2)) . Note that S2 is the
assumption in the ZISF model. We do not consider the case when o — u; = o because the fully
efficient case is rare in practice.

We slightly abuse notation by using the same symbols for parameters in both Spec2 and Spec3.
However, the context should make it clear which set of parameters is being referenced.

Recall that the only change in this setting is the assumption regarding the distribution of a —u;.
Consequently, the estimation of the frontier parameters proceeds exactly as before — specifically,

following Steps 1 to 3 in Section 2.3. For clarity, we relabel these steps as Step 17, Step 27, and

Step 3".

Steps 1Y, 27, and 3"

Same as Steps 1 to 3.
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Step 4": Estimation of o, 02, and 7°

I u?

For Specl, (a’, 02) can be estimated the same as the way in Step 4. That is,

(070,65) = argmaxz Z log f (yz ’ staéuaﬁ(km)

o) k= IZGGMK

where f (yz | 245 8, 5u,19 (k| f{)) is defined in (C.2), and we use the post-classification estimates
ﬁ(k‘f() from Step 3'.
For Spec2, (a(()l), ), Oa)s 7'0> can be obtained as the restricted estimation in Step 4’ (by

forcing o2, = 0) when K = 2. That is

T3 81, 0, 82753(2)777 ﬁ(k\f()) ’

(@?1)754?2)765(2)7?) = arg max Z Z Ing (yz

(s,62,7)
k=1; Gk\K

where f is the likelihood function, defined in (C.3).

For Spec3, (0‘(()1)7 Ty Ay T2 TO) is the estimation in Step 4’ when K = 2. Thus,

(07(()1),63(1),07?2),&2(2),%) = arg max Z Z log f (yl xl,sl,du 32,(52 ﬁ(k‘k)) :

(S’5u7 )k 1 'LEleK

Collecting results from Step 4, we proceed to Step 5" to determine the specification of a? —u;.

Step 5": Determination of the Distributional Structures of the Inefficiency Term

We calculate three IC values to determine the distribution of o — u;.
We consider Specl and Spec3 first, because they are special cases of Step 4’ when K = 1 and

K = 2, respectively. Using this insight, we define the information criteria as follows:

For Specl:
. K A .
IC, ()\NT)I—Z > logf(yi x5 &° ﬂk\K)"i‘)\NT-
k=lieG,
For Spec3:
S R 3 ) )
IC3 (ANT) - Z Z f (yz Xy Agl); Ai(l), 66? 2) Ai(z),T, ﬁ(k|f{)) + 2ANT.
k=1 k\K
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Both IC; (XNT) and IC3 (XNT) are special cases of IT](IC, S\NT) (defined in (2.8)) when I = 1
and 2, respectively.

Note that Specl, Spec2 and Spec3 contain 2, 4, and 5 parameters, respectively. Thus, the
number of parameters increases by 3 when moving from Specl to Spec3, and by 2 when moving

from Specl to Spec2. Based on this observation, we define:

K 5.

féz (S\NT):_Z Z logf(yi (o, O

i 54?1)7 0, &(2)7 Ou(2) %719(k‘f()) + S ANT
k=1ieG

3

k|K

We then select the model that minimizes the information criterion:
[ = arg min IE (5\ )
g 215 L\ANT |,

and adopt Specf accordingly.

A further investigation of this procedure is left for future.

B Allowing More Than Two Components in the Mixture

As discussed in the main body of the paper, estimating mixtures with more than two components,
as in Step 4/, is numerically challenging. The difficulty arises because the original log-likelihood
function is highly nonlinear and cannot be effectively optimized when the number of mixture
components exceeds two.

The motivation for the alternative method stems from the observation that the original log-

likelihood function is overly complicated, and we seek a numerically less demanding approach.
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The procedure is as follows. Foreach 7 = 1,2,..., N, we first compute

—

1 T

o) —u; = T Z (yit - &;tﬁ(km)) , forie ka
t=1
0 1 &
e S ol

t=1

_ 0 1 m

=y —Ui—FOp(ﬁ‘F NkT)

~a® — (B.1)
Recall that for o — u; there exists an integer K* > 1 such that, with probability T]Q , it follows

the distribution

aly = IN(0,02;)], j=12,...,K,

where (a?j),ag(j)), j = 1,2,...,K*, are distinct parameter pairs, with 0 < 77 < 1 for j =
1,2,... K —Land1— 70 — - — 70| > 0.

The likelihood function of o — wu; then takes the form

0 2 0 2 0 0
fmix (8 ’ 04(1)7 UU(l)’ .. ,a(K*)7 UU(’C*)’ 7—1 PRI ,TK*_l)

. 2
= i:lT]Q 2 exp —7(8 _ a?j)) 1(3 < a?j)) ,
=

vm 20%45) N
with 78, = 1 — 7 — --- — 72, _,. This likelihood is considerably simpler and more tractable than
the one introduced in Step 4.
We propose to estimate the mixture structure of a — u; by using af — w; as a surrogate and

maximizing the likelihood function defined above. The information criterion can then be con-

structed analogously to before:

N —_—
Coin (K, M) = = - 108 fuie (0 —
i=1

for a given number of mixture components /.
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Finally, we select the number of components by

I@(S\NT) =arg min _IC.; (K, S\NT),
K=0,1,...K

and write K for short. The corresponding parameter estimates are

~0 ~2 A0 ~2 A~
(O{(l),au(l), e ,OZ(A),O'H(’@),Tl, e 77’,@71).

Since T < N, it follows directly that A ~7 in Proposition 3.3 remains valid in this setting. There-
fore, in practice we adopt the recommended Anr from Section 4.2.

We conduct simulations to evaluate the small sample properties of the above procedure. We
study DGP 1M, 2M, and 3M, where the number of components in the mixture distribution is two.
In addition, we consider DGP1T, DGP2T and DGP3T, where we allow the inefficiency terms to
arise from the mixture of three distributions. DGPs 1T, 2T, and 3T share the same frontier and
error distribution of v as DGPs 1M, 2M, and 3M, respectively. Specifically, for DGPs 1T, 2T and
3T, we let a” — u to come from af}y — [N (0,07 ,)| with probability 71, ajyy — [N (0, 05 5))| with
probability 75, and a3 — [N (0, 02 ) )| with probability 73, where {a{,), aly), afs)} = {0.5, 1,2},
{oua), oue), oue)} = {1,1,1}, and {71, 7, 73} = {0.3,0.4,0.3}.

Simulation results are reported in Appendix F.3. We find the following:

1. Using the previously recommended tuning parameters, the method performs reasonably well
in identifying the correct number of components in the mixture for the original three DGPs
(1M, 2M, and 3M) with two components, as well as three additional DGPs (1T, 2T, and 3T)

with three components.

2. The parameter estimates converge at the rate of v/7' when N > T'. This is because we use

a? — w; as observations, and o — u; converges to a? — u; at the rate y/7". In the simulations,

we further set 7' smaller than N.

3. For fixed 7', the estimates deteriorate as N increases for the following reasons:
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(a)

(b)

The theoretical convergence rate is /T, so increasing N does not yield improvements

in theory.

To illustrate the intuition, suppose the mixture has only one component with o — u; g
a® — |N(0, c2)|. Continuing from (B.1), we obtain

1 T

1 T
ai—ui:oz—uZ ZUZt+<T

th) (W?k\K) - 7AT(k|K)) + T Z bio(T¢)

t=1 t=1

0 A
= —Ui—FEi,

where b;(-) is the approximation bias term, and

1 Z 1 & 1 &
€ = T Zvit + (T Z;t>( T(k|K) — T k\K)) + = szo Tt
t=1 t=1

t=1

o —

If we treat o — u; as observations, then, analogous to the uniform distribution case,

we have a closed-form solution for &4°:

o I
&” = max {ao — u,}
(2

=a’ —min {u; — &} .
(2

Since €; can take negative values, the probability of observing extreme negative real-

izations of €; increases with N, thereby reducing the accuracy of the estimate.

For these reasons, we recommend that practitioners use this approach only when the primary

goal is to identify the number of mixture components or to model three or more components, and

only when 7' is sufficiently large to ensure reliable estimation.
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C The Approximation of the Likelihood Function

C.1 The Inefficiency Term with a Unique Distribution

We derive the likelihood function incorporating approximations of o and 3. Using the last line of

(2.5), we have

Yir & 0 — u; + 25, + vy
= of + 2z, + e C.1)
The primary distinction between the above approximation and (2.5) is that we do not separate u;
from ;.

We first derive the likelihood function when the distribution of Y — u; is unique. We adopt the

notation used in Yao et al. (2019) for the following presentation. Let

2 2 2
o;, =o0,,+To,,

then

We denote the density and cumulative distribution functions of a standard normal distribution as
¢(-) and ®(-), respectively. Following calculations similar to those in Yao et al. (2019), the density

/. .
of e, = (¢1,...,€ir) is given by

esorot) = i o ()] o ()] e (3 (-22)7).




which implies

g  (252,2) = € = T Diog2 — Liog (2,4 702)

Wi 1 (Mz‘*>2 Y€l
log |1 — @ (— - _
* og{ ( Ji*ﬂ + 2 \0j. 202

vt

for some constant C' that does not depend on the parameters to be estimated. Recall that v; =

07

(rd, o ) Using the approximation in (C.1), the log-likelihood density function for y; = (v;1, . . ., yir)’

AR I

is given by
T—-1 1
log f (yi | x50, 0%,0;) ~ C — ( ) log oy, — 5 log (o2 + To2) (C.2)
fisi\] L (ﬂ*iy i £
log |[1—®(— = —
* og[ ( U*iﬂ T3 O i 202
with
Eir = Yy — ) — 2,70, and
i o2 T
Mix = ——5 Z Eit-
o} =
C.2 The Inefficiency Term with a Mixture Distribution
We now consider the case when o — u; is distributed as a ‘N (0, %( ) ) ‘ with probability 7']0
j =1,2,...,K*. This log-likelihood function is denoted as log f and can be derived as:
log f (yl X 04?1)703(1)7 ...,a?,c*),ai(,c*),ﬁ), ...,7',%*71,191-) (C.3)
=log [Tff (yl X a?l),ai(l),ﬁi> + ) f (yi xi;a&),az(z),ﬁi) + ...
+ (1 — 7—10 — ... 7—,(%*_1) f (yl i, Oé(()lc*), Ui(lc*)7/l91):| s
where f (y; | 7;;a°, 02,9;) is defined in (C.2). We note that 72 = 1 — 70 — ... — 72._|, so the last

term in the above is equivalent to 72. f (+|-).
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C.3 Computation of the Inefficiency Term Post Estimation

In the case when «; does not vary across 7, we are able to compute the expectation of the ineffi-
ciency term. We take the case in the empirical application as an example. Other cases with more
than two components in the mixture can be studied similarly.

Using (5.2) and 7' S0, vy & N (0,62, /T') for i € Gyxc, Greene (2005b) implies that

—

E(Oé,? + ui’5i17 -~-7€iT>

, (C4)

where

T
* 2 A A % *2 2 A2
Hi(5y = P) [Z (yit - éétﬂ-(le)) - ] 105y = PG)Ou(k)s
t=1

p%j) = )‘%j)/ (1 + T)\%j)) , and \¢j) = &u(j)/a_'u(k)a

forj =1,2,and: € Gk|K.

D HAC Method

In this section of the appendix, we describe the Hierarchical Agglomerative Clustering (HAC)
method used as part of the proposed method. We largely adopt the description from Chapter 4 of
Everitt et al. (2011).

HAC is a bottom-up clustering approach that starts by treating each data point as an individual
cluster. At each step, the two “closest” clusters are merged to form a new cluster, and this process
is repeated iteratively until a stopping rule is satisfied. The stopping rule may be a pre-specified
number of clusters K, a cut-off distance threshold, or the completion of the full hierarchy where
all observations are eventually merged into a single cluster. The result can be represented by a

dendrogram, which is a binary tree structure showing how clusters are combined at each stage.
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A crucial component of HAC is the definition of the /inkage criterion, which determines how
distances between clusters are computed during the iterative merging process. Common linkage

criteria include:

« Single linkage: distance between two clusters is defined as the minimum distance between

any pair of points across clusters.

* Complete linkage: distance is the maximum distance between any pair of points across

clusters.

* Average linkage: distance is the average pairwise distance between all points across clus-

ters.

* Ward’s method: distance is defined as the increase in within-cluster variance resulting from

a merge, which tends to produce compact and spherical clusters.

In this paper, we focus on Ward’s method (Ward, 1963), which is widely regarded as producing
more balanced clusters compared to single or complete linkage. At each iteration, Ward’s method
merges the two clusters whose union leads to the smallest possible increase in the total within-
cluster variance (often called the “error sum of squares”). This variance-based criterion makes
the procedure especially well-suited for applications where compactness and homogeneity within
clusters are desired.

Formally, the distance metric in Ward’s method for clusters A and B is given by

AIBL - o e
dap = - —rllTa — T
Al + | B

Y
where |A| and |B| denote the cluster sizes, and T 4, Zp are the corresponding centroids. This
expression is derived from the increment in within-cluster sum of squares that would occur if

clusters A and B were merged. The algorithm therefore prioritizes merging clusters with centroids

that are close to each other, scaled by their sizes.
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In practice, HAC with Ward’s method proceeds as follows. First, each data point is initialized
as its own cluster. Second, the pairwise distances between all clusters are computed using Ward’s
criterion. Third, the two clusters with the smallest distance are merged. Fourth, the cluster dis-
tances are updated to reflect the new merged cluster. These steps are repeated until the stopping
rule is satisfied.

The output of HAC provides a nested sequence of partitions, which can be cut at different levels
depending on the desired granularity. This flexibility is useful in empirical applications where the

“true” number of groups is not known ex ante, and different levels of aggregation can be explored.

E Main Proofs

The main proofs in this section are built on technical lemmas in Appendix H. We first present some
well known results that are useful for the proofs in this appendix.

We let b, [ = 0,1, ..., p, denote the bias term from approximations. Specifically,
bio (s) = a (s) — B™, (s) 7%y and by (5)= By (5) — B™ (s) 73, (E.1)
for s € [0, 1], and &, collects the bias term in y;;:

p
Eit = bio (1) + Zﬂfitlbiz (7). (E.2)

=1

With this notation and (2.5),
Yit = 273 4 S+ vine (E.3)

‘We know from Chen (2007) that

sup |b ()| = O (m™")

s€[0,1]

holds by Assumption 4. Since p is finite, clearly,

max sup |b (s)] = O (m_ﬁ) ’ Y
1=0,....p 56[071]

58



fori =1, ..., N. Using similar logic on «;, (7;) and the fact K*is fixed, we can obtain

% 2%, b Wi (9] = O (m ™). E3)

where

ko (5) = ai (s) — B (s) mjy and by, (s) = Ba (s) — B™ (s) m’ for I = 1, ... p.

Proof of Theorem 3.1. (i) is a direct result of Lemma H.5. To see that,

N € N €
Pr{ max >e) <Pr( max ’ 7 — 7| > =) +Pr( max ‘ 62 — okl > =
i=1,2,...,.N i=1,2,....N 2 i=1,2,....N 2
< Pr( max ‘ =7 > < +Pr( max ‘ 52 — o2 > €
= i=12,. N Il"" t 2 i=12,.. N II7v vt 2
=0 (1) )

where the second line holds by the fact that #; is a sub-vector of 7;, and the last line applies the

results in Lemma H.5.

(ii) Denote

p
_ 0 0
Lii = i — T

+ ’O'm' — O'm'/‘ , and

p
v =) 1T = Tl + |60 — G|,
=0

and

sz

* * ‘

ik = +1%u() = Oy -

fori,i’ =1,...,nand j, k=1, ..., K*. We first claim that

1
. AN
1< RS Lijx 2 2Q (E.6)

holds after some large 7' (and hence large m). We will show this claim at the end.

To show the result in (ii), it is equivalent to show that

Pr| max max L, < min min Lyl =1—-0(1).
1<k<K* i,i/EGk‘K* 1<j#k<K* ZEGJ‘K* % eGk\K*
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When i,7" € Gyk+, Liy = 0. Thus, the uniform convergence in (i) implies that, for e = C* /6,

Pr ( max  max Ly < C*/6> =1-0(1). (E.7)

1<k<K* i/’ €Gy

Denote this event as

A= { max  max Ly < C'*/6}
1<k<K* 7 7, EGk\K*

Conditional on this event A, the claim in (E.6) after some large 7" (and hence large m), the result

in (E.7), and the triangular inequality imply that

min L“‘/

min
1<j#k<K* i€Gj k= i’ €Gy i+

p
> min L% —2 maX ‘7?—7?0 Ovi — Owi
S <R ik Z il il m‘

C” cr
>7 — _— = *
2= =C"/6

> max max L.
1<k<K* i7i,eGk|K*

Therefore, after some large 7" (and hence large m),

A

Pr< max max L,y < min min Lii’)

1§]€SK* i,iIGleK* 1<]7ék‘<K* 1€G; GIE* ’L GGMK*

>Pr( max max L,y < min min Ly
1<k<K* i,i' €G i+ 1<j#k<K* i€Gj g+ i’ EGp i+

=Pr(A)=1-0(1),

as desired.

We now show the claim in (E.6). Notice that for any 7, 7 € R™,

5 71/2
HBm (s) m — B™ (S),ﬂ'QH = /1 (Z B; (s) m; — ;) B; (s) 7T2j> ds]

1m 1 1/2 m—
- / le—%j)QdS] =[

= |lm1 — mol, (E.8)
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where the second line holds by f, B, (s) By (s)ds = 0 for j # j',and the third line holds by

JoBj(s)ds =1.

Using (E.8),

Ly =70 — m +2:pj]7r;‘?—7r2? or) — Tow)
—|IB™, (s)' 79 — B (s)' 71 +ZHBm )i =B (s) it | + oty — oiw)
— [l — B2, (s) — o + B B3 () = by (5) = B (5) + by (s) o500
> o — | — 1 5) ~ i s Hﬂi” - i - O]+l = oo
>C" -0 (m™),

where the fourth line holds by triangular inequality, and the last line holds by Assumption 5, the
result in (E.5), and the fact that p is fixed. Using the result in (E.5) and the fact that K* is fixed,

then after some large 7" (and hence large m),

min
1<jAk<k+ Ik 1<]7£k<K*

as desired. O]

Proof of Theorem 3.2. (i) Denote the event of correct classification as
M - {(él‘K*, GA'Q‘K*, e 7GK*|K*) == (Gl‘K*, G2|K*7 e 7GK*|K*)} .

We first show the results conditional on the event M.

For each i € Gk~

yir = —u; + gﬁﬂ@% + &it + Vi,
where similar to how 7 is defined, 7 collects coefficients for the approximation of o/, (s) and
Bl (s). Thus
it = 2y + it + D (E.9)
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Using (E.9),

T -1 T
Y
+ 2 D ZaZi > Ll
= Apr + Ago, (E.10)

where §,t is the de-meaned &;; (defined in (E.2)) over ¢ for observation ¢, and ¥, is similarly defined.

With the decomposition in (E.10),

\/WS *[Oceince) () = 053y ()]

\/WS(k "M (s )[ (kIK*) — T }
= WS(_;)/QMB ) Apr + \/WS kl) "M (s) Ago
— (D—FWSM M (s) Ao

LN (0,1,41), (E.11)

where the fourth line uses the result in Lemma H.8 and N, T'/m!™* — 0 imposed in Assumption
10, and the last line holds by evoking the Cramer-Wold device on the result in Lemma H.9.

To facilitate exposition, let wyr = \/m (S(_kl)/ 2>I [é(kl K (8) — QZ‘k) (s)] . According to
the definition of convergence in distribution, (E.11) implies that for any ¢ > 0 and any x € R,

there exists a large Vi such that for all N > N,
[P (wnr < 2| M) =@ ()] < g,

where @ (-) denotes the cumulative distribution function of the standard normal.
We now show the general results without conditional on M. Theorem 3.1 implies that there

exists a large N, such that forall N > N,

€

P(/\/l)>1—§.
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Thus, for all N > max (N, N,) and any = € R,

|P(wnr < 2) — @ (2)| = [P (wnr < 2| M) P (M) + P (wnr < 2| M) P (M) — O ()|
<|[P(wyr < x| M) =& (2)]| P(M)| +[1 = P(M)]®(z)
+ P (wnr < 2| MO) P (M)

<

which is the desired result by the definition of convergence in distribution.

(ii) We first show the results conditional on the event M. Using the representation in (E.9),

5’5(k|1<*) - U;(Zk)
1 3 XT:(Z/ ¢ )2_0*2
Ny (T - 1) 1€Gy r* t=1 v zt ® v(k)
s 5 Y[ (b~ w) e+ - o
= — -7 it + V| — O,
Ne (T —1) 1€G g* t=1 “ t ' (k)
1 T 1 T A 2
= Uy — 0y, — -7
Ny (T —1 1€G | K+ ; " (k Ny (T 1) 1€sz|:K* tz; [ ( (k)ﬂ
1 T ;
+ — &+ — %, — fy) (&t + 0
MO0, E B wr D, D ) )
2 T
+ AT I aN X2 /U’L
Nk(T—l)Zerk:K Z; i

= Ap + Apo + Ais + Apa + Aps.

We show that Ao, Ars, Ars, and Ay are asymptotically negligible by demonstrating the rates

for Ao, Ags, Axs, and Ays. We then move to the asymptotic distribution of Ag;.
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For Aps,

M= 3 3 [ ()]’

ZEGk|K* t=1

/ 1 T N *0 A
_ W(k ) ( N(T Z Zzitzit) (mk)—ﬂ(k))

ZEGk\K* t=1
—0p (

wol’)=0r (3r) ®12)

where the last line holds by full rank condition implied by Lemmas H.6 and H.7, and the rate we

show in (i).

For A3, by the definition of &;,in (E.2), the rate in (E.5), and Assumption 10 (ii), we can obtain

Az = NTT) Z Zf Op (m™) = op (NT:T) : (E.13)

ZEGMK* t=1

For Ak4,

T o
A= e X 2 (i — Fw) (G + i)

iEleK* t=1

Nk ( ) Z Z Zztézt

’LGleK t=1

= Or (\/ NI >+0P< NI NkT> NkT> E-14)

where for the third line we apply the result in Lemma H.8, the mixing condition across ¢ in As-

( 7AT(k:))/ > Zztvzt
Ny ( T 1)

ZGGMK* t=1

sumption 1, and the independence across ¢ in Assumption 7
For Ays, again by the mixing condition across ¢, independence across 7, and the rate in (E.5),

we have

72/{
Var (Nk T — Z Zgztvzt) 77T

ZEGMK t=1

Using the Markov inequality, the above implies that

m-

m="\ m
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We turn to the leading term Ay :

= B
TN (T —1) ZEG%:K ;( o) + T1_1<’3<k>
N TT—l T Zegzk:mtz;( L i ) T : 17v®
— TT—l _Nk zerk:K* ; ( Toih) ) — TT_U\lszerk:K* v7 + 7 1_ 103(1@
= A1 + Apas.
By the i.i.d. assumption on vy,
VNT - A 5 N (0, Var (v2] i € Gy ).

Note E (T07) = o ;, and E

ity,

which implies that

(T%07)

1
Apir = Op | ——
k12 OP <T\/M> )

\/NkT : Ak12 = Oop (1) .

Put the asymptotic distribution of A7 and the rate of Ao together, we obtain

VKT - Ay = N (0, Var (v}

1€ Gk\K*)) .

Equations (E.12), (E.13), (E.14), (E.15), and (E.16) imply that conditional on M,

VT (82ki) = 05ty

4N (0, Var (vft

)

1€ G;ﬂ]@)) .

The above result holds unconditionally, using a similar argument as in the proof of (i).
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(iii) We only need to show the result conditional on the event M. After that, we can show
the unconditional result using the same logic as in the proofs of (i) and (ii). In the following, we
assume that the event M happens.

In Appendix G.2, we show that the information matrix I and

KN (0, 0. ’
E kz::l]\f <é?g10g itk (Q)) (8@ log fi(k) (Q)) 9290]

are well behaved; that is, all elements in these two matrices are finite constants, not degenerated to
0, and they are positive definite.

Further, in (i) and (ii), we have shown that HA(M k) (s) and 63(k| k) converge to the trues at
the rates of % and VNT, respectively. Thus, the estimation errors of é(k| K*) (s) and 63 (MK
have no impact on the convergence rate of ¢ and its asymptotic distribution, because o supposedly
converges to o° at the rate of v/, which is slower than those of é(k| &) (s) and &g(m K*)

By the independence across 7, some standard analysis for the asymptotics of the MLE, see, e.g.,

Section 5.4.3 in Bickel and Doksum (2015), and the Slutsky’s Theorem, the asymptotic variance

of pis N7'I, and, by the Lindeberg Central Limit Theorem,

VN2 (5 — 0) % N (0, Iy 1) -

Proof of Proposition 3.3. (i) This is a result direct from Lemmas H.10 and H.11.

(i1) This is a result from Lemma H.12. [
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F DGP 1 and 2, Figures, Tables and Additional Discussions

F.1 DGPs1and?2

Design 1: In this design (consisting of DGP1U and DGP1M), we study the classification arising

as a result of heterogeneity from frontiers. To this end, we specify the DGP as
i = o — u; + (1) + xaBi(1) + v,

and suppose there are two groups for frontiers with z;; ~ N(1,1?). The error term v;; is generated
from the same distribution v;; YN (0,02), 0, = 1 for both groups. Group 1 frontiers are specified
as a(1)(s) = 3F(s;0.5,0.1) — @y, and f(1)(s) = 3[2s — 4s* + 25> + F(s;0.6,0.1), where F(s; -, ")
denotes the logistic CDF and co; is the mean of 3F(s;0.5,0.1), thatis, [, 3F(s;0.5,0.1)ds. Group
2 parameters are specified as a()(s) = 3[2s — 65 + 45> + F(s;0.7,0.05)] — ws, and So)(s) =
3[s — 3s% + 25% + F(5;0.7,0.04)], @, plays the same role as w;, and wy = [, 3[2s — 65> +
453 4+ F(s;0.7,0.05)]ds. In what we call this DGP1U, we consider a case where o’ — u comes
from a unique distribution, with o® = 0.5 and u; ~ |IN(0,02)|, where o, = 1. We consider
another DGP, which we call DGP1M, distinguished by letting a® — u to come from a mixture
distribution. Specifically, we let a® — u to come from af}, — |N(0, 07 ,))| with probability 7 and
afyy — [N(0, 02 )| with probability 1 — 7, where o}y = 1, ay) = —1, 01y = 0.75, 0y 2) = 1.25
and 7 = 0.5. It is important to note that the mixture structure of o’ — u is independent of the
grouping structure.

Design 2: In the second design (consisting of DGP2U and DGP2M), we study the case where
there are two groups, but the classification is due to heterogeneity in variances. To this end, we

adopt a similar setup as Design 1. Specifically, the DGP is
Yir = of — u; + () + () + v,

where z;; ~ N(2,0.75%). The frontiers for both groups are specified as a(s) = log ssin(6s) — @,

67



and ((s) = 7sin(5s)exp(—5s), where w denotes the mean of log ssin(6s). The error terms
are generated from two distinct groups. Group 1 errors are generated from v;, WON (0, 03(1)),
while group 2 errors are generated from vy YN (0, 03(2)). Standard deviations are specified as

0

oy1) = 0.5 and 0,(2) = 1.5. Similarly to Design 1, we consider two sub-cases where o — u either

comes from a unique (DGP2U) or mixture distribution (DGP2M), the same as in Design 1.

F.2 Additional Tables and Figures for Section 4 and Section 5

Figure F.1: Estimates of the grouped frontiers for DGP3M with N = 500 and 7" = 50

Gy (7t) Gz (71) G3)(71)

60

60

60

Note: Black solid line depict the true time-varying frontier, dotted lines depict the mean of the estimated grouped
frontiers averaged over 500 MC iterations, and the grey shaded region depict the 90 percentile of the estimates.

The gray area is wide, due to mis-classification errors.
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Figure F.2: Estimates of the grouped frontiers for DGP3M with N = 500 and 1" = 75

d(l)(Tt) 54(2)(‘&) 54(3)(7't)
0.5 1
0.2
0 0 0.5
0.2 -0.5 0
-0.4 -1 0.5
0 20 40 60 80 0 20 40 60 80 0 20 40 60 80
t t t
/3(1)1(72) 5(2)1(7'1%) 5(3)1(715)
0.5 2 0
0 1 -0.5
. -1
-0.5 0
0 20 40 60 80 0 20 40 60 80
t t
By2(Te) B2)2(7t)
0.5 1.4
0 1.2
1
-0.5
0 20 40 60 80 0 20 40 60 80
t t t

Note: Black solid line depict the true time-varying frontier, dotted lines depict the mean of the estimated grouped

frontiers averaged over 500 MC iterations, and the gray shaded region depict the 90 percentile of the estimates.
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Figure F.3: Estimates of the grouped frontiers for DGP3M with N = 500 and 7" = 100
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Note: Black solid line depict the true time-varying frontier, dotted lines depict the mean of the estimated grouped

frontiers averaged over 500 MC iterations, and the gray shaded region depict the 90 percentile of the estimates.

70



Table F.1: BIAS and RMSE over 500 MC iterations for DGP1U

Go(1) Go(2) al Gu
(N,T) BIAS RMSE BIAS RMSE BIAS RMSE BIAS RMSE
(100,50) 0.015 0.020 0.034 0.038 0.046 0.058 0.066 0.082
(100,75) 0.014 0.019 0.033 0.036 0.039 0.049 0.062 0.077
(100,100) 0.012 0.017 0.034 0.037 0.036 0.046 0.063 0.081
(250,50) 0.008 0.011 0.017 0.019 0.035 0.043 0.042 0.053
(250,75) 0.007 0.009 0.016 0.018 0.027 0.034 0.042 0.052
(250,100) 0.005 0.007 0.011 0.013 0.023 0.030 0.042 0.052
(500,50) 0.005 0.007 0.012 0.013 0.030 0.035 0.029 0.036
(500,75) 0.005 0.006 0.011 0.012 0.023 0.028 0.028 0.035
(500,100) 0.004 0.005 0.007 0.008 0.019 0.024 0.029 0.035

Table E.2: BIAS and RMSE over 500 MC iterations for DGP1M

Go(1) Gu(2) 7 d’?l) Gu(1) d?Q) Gu(2)

(N,T) BIAS RMSE BIAS RMSE BIAS RMSE BIAS RMSE BIAS RMSE BIAS RMSE BIAS RMSE

(100,50)  0.015  0.020 0.034  0.038 0.012  0.018 0.059  0.074 0.103  0.131 0.089  0.115 0.122  0.153
(100,75)  0.014  0.019 0.033  0.036 0.010  0.014 0.050  0.064 0.091  0.113 0.070  0.090 0.116  0.144

(100,100) 0.012  0.017 0.034  0.037 0.011  0.016 0.046  0.058 0.097  0.122 0.072  0.095 0.114  0.144

(250,50)  0.008  0.011 0.017  0.019 0.008  0.010 0.041  0.050 0.062  0.080 0.055  0.069 0.076  0.098
(250,75)  0.007  0.009 0.016  0.018 0.007  0.009 0.033  0.042 0.062  0.078 0.046  0.058 0.071  0.087
(250,100) 0.005  0.007 0.011  0.013 0.007  0.009 0.027  0.035 0.058  0.073 0.044  0.056 0.072  0.089
(500,50)  0.005  0.007 0.012  0.013 0.005  0.007 0.034  0.041 0.048  0.060 0.042  0.052 0.050  0.062
(500,75)  0.005  0.006 0.011  0.012 0.005  0.006 0.027  0.033 0.040  0.051 0.035  0.044 0.048  0.061
(500,100)  0.004  0.005 0.007  0.008 0.004  0.005 0.022  0.027 0.041  0.051 0.032  0.040 0.051  0.063
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Table F.3: BIAS and RMSE over 500 MC iterations for DGP2U

Go(1) Go(2) al Gu
(N,T) BIAS RMSE BIAS RMSE BIAS RMSE BIAS RMSE
(100,50) 0.006 0.008 0.017 0.022 0.039 0.050 0.068 0.084
(100,75) 0.005 0.006 0.014 0.018 0.035 0.045 0.061 0.076
(100,100) 0.004 0.005 0.012 0.015 0.032 0.041 0.062 0.079
(250,50) 0.004 0.005 0.011 0.014 0.024 0.031 0.041 0.052
(250,75) 0.003 0.004 0.009 0.011 0.021 0.027 0.041 0.051
(250,100) 0.002 0.003 0.008 0.009 0.018 0.023 0.041 0.051
(500,50) 0.002 0.003 0.008 0.009 0.017 0.021 0.030 0.037
(500,75) 0.002 0.003 0.006 0.008 0.015 0.019 0.028 0.035
(500,100) 0.002 0.002 0.005 0.007 0.014 0.017 0.029 0.035

Table F.4: BIAS and RMSE over 500 MC iterations for DGP2M

Go(1) Gu(2) 7 d’?l) Gu(1) d?Q) Gu(2)

(N,T) BIAS RMSE BIAS RMSE BIAS RMSE BIAS RMSE BIAS RMSE BIAS RMSE BIAS RMSE

(100,50)  0.006  0.008 0.017  0.022 0.019  0.027 0.040  0.050 0.105  0.139 0.125  0.160 0.133  0.166
(100,75)  0.005  0.006 0.014  0.018 0.014  0.019 0.034  0.044 0.089  0.115 0.105  0.132 0.121  0.150
(100,100)  0.004  0.005 0.012  0.015 0.015  0.021 0.032  0.041 0.098  0.126 0.100  0.129 0.121  0.153
(250,50)  0.004  0.005 0.011  0.014 0.014  0.018 0.025  0.031 0.071  0.092 0.084  0.106 0.082  0.106
(250,75)  0.003  0.004 0.009  0.011 0.012  0.015 0.021  0.026 0.067  0.087 0.072  0.090 0.079  0.098

(250,100) 0.002  0.003 0.008  0.009 0.010  0.013 0.017  0.022 0.063  0.080 0.070  0.086 0.079  0.097
(500,50)  0.002  0.003 0.008  0.009 0.014  0.016 0.018  0.022 0.061  0.077 0.063  0.079 0.058  0.073
(500,75)  0.002  0.003 0.006  0.008 0.009  0.011 0.015  0.019 0.048  0.061 0.052  0.065 0.054  0.068

(500,100) 0.002  0.002 0.005  0.007 0.008  0.010 0.013  0.017 0.048  0.062 0.051  0.063 0.055  0.070
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Table E.5: BIAS and RMSE over 500 MC iterations for DGP3U

~ ~0 ~

&v(l) 60(2) Ou(3) « Oy
(N,T) BIAS RMSE BIAS RMSE BIAS RMSE BIAS RMSE BIAS RMSE
(100,50) 0.268 0.463 0.127  0.215 0.367 0.594 0.059 0.079 0.074  0.095
(100,75) 0.082 0.214 0.074 0.174 0.154 0.372 0.043 0.053 0.066  0.081
(100,100) 0.024  0.099 0.027 0.093 0.053 0.196 0.040 0.052 0.064 0.081
(250,50) 0.204 0.373 0.138  0.243 0.327 0.562 0.037 0.048 0.053 0.067
(250,75) 0.034 0.129 0.035 0.116 0.069 0.241 0.024  0.031 0.040 0.049
(250,100) 0.005 0.033 0.008 0.032 0.014 0.064 0.023  0.029 0.041 0.050
(500,50) 0.145 0.307 0.110 0.218 0.242 0.484 0.027 0.036 0.042 0.053
(500,75) 0.009  0.064 0.009 0.044 0.018 0.100 0.018 0.023 0.030 0.037
(500,100) 0.002  0.003 0.004  0.005 0.007  0.009 0.016  0.020 0.029 0.036

Table F.6: Performance of ICs for DGP1U

(N,T) K=1 K=2 K=3 K=4 a®—uunique o — u mix
(100,50) 0.000 1.000 0.000 0.000 0.926 0.074
(100,75) 0.000 1.000 0.000 0.000 0.940 0.060
(100,100) 0.000 1.000 0.000 0.000 0.938 0.062
(250,50) 0.000 1.000 0.000 0.000 0.996 0.004
(250,75) 0.000 1.000 0.000 0.000 0.992 0.008
(250,100) 0.000 1.000 0.000 0.000 0.988 0.012
(500,50) 0.000 1.000 0.000 0.000 0.996 0.004
(500,75) 0.000 1.000 0.000 0.000 1.000 0.000
(500,100) 0.000 1.000 0.000 0.000 1.000 0.000

Note: Results for the baseline case ¢y = ¢y = 1. Reported numbers are probabilities across replications.
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Table E.7: Performance of ICs for DGP1M

(N,T) K=1 K =2 K =3 K=4 a®—uunique a® — u mix
(100,50) 0.000 1.000 0.000 0.000 0.000 1.000
(100,75) 0.000 1.000 0.000 0.000 0.000 1.000
(100,100) 0.000 1.000 0.000 0.000 0.000 1.000
(250,50) 0.000 1.000 0.000 0.000 0.000 1.000
(250,75) 0.000 1.000 0.000 0.000 0.000 1.000
(250,100) 0.000 1.000 0.000 0.000 0.000 1.000
(500,50) 0.000 1.000 0.000 0.000 0.000 1.000
(500,75) 0.000 1.000 0.000 0.000 0.000 1.000
(500,100) 0.000 1.000 0.000 0.000 0.000 1.000

Note:Results for the baseline case ¢y = ¢, = 1. Reported numbers are probabilities across replications.

Table E.8: Performance of ICs for DGP2U

(N,T) K=1 K=2 K=3 K=4 a® —uunique o — u mix
(100,50) 0.000 1.000 0.000 0.000 0.868 0.132
(100,75) 0.000 1.000 0.000 0.000 0.838 0.162
(100,100) 0.000 1.000 0.000 0.000 0.878 0.122
(250,50) 0.000 1.000 0.000 0.000 0.978 0.022
(250,75) 0.000 1.000 0.000 0.000 0.984 0.016
(250,100) 0.000 1.000 0.000 0.000 0.970 0.030
(500,50) 0.000 1.000 0.000 0.000 0.996 0.004
(500,75) 0.000 1.000 0.000 0.000 0.998 0.002
(500,100) 0.000 1.000 0.000 0.000 1.000 0.000

Note: Results for the baseline case cy = ¢, = 1. Reported numbers are probabilities across replications.
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Table F.9: Performance of ICs for DGP2M

(N,T) K=1 K=2 K=3 K=14 a’—uunique o’ — u mix
(100,50) 0.000 1.000 0.000 0.000 0.000 1.000
(100,75) 0.000 1.000 0.000 0.000 0.000 1.000
(100,100) 0.000 1.000 0.000 0.000 0.000 1.000
(250,50) 0.000 1.000 0.000 0.000 0.000 1.000
(250,75) 0.000 1.000 0.000 0.000 0.000 1.000
(250,100) 0.000 1.000 0.000 0.000 0.000 1.000
(500,50) 0.000 1.000 0.000 0.000 0.000 1.000
(500,75) 0.000 1.000 0.000 0.000 0.000 1.000
(500,100) 0.000 1.000 0.000 0.000 0.000 1.000

Note: Results for the baseline case ¢y = ¢, = 1. Reported numbers are probabilities across replications.

Table F.10: Performance of ICs for DGP3U

(N,T) K=1 K=2 K=3 K=4 a’—uunique o — u mix
(100,50) 0.000 0.352 0.648 0.000 0.784 0.216
(100,75) 0.000 0.078 0.922 0.000 0.840 0.160
(100,100) 0.000 0.000 1.000 0.000 0.874 0.126
(250,50) 0.000 0.086 0914 0.000 0.942 0.058
(250,75) 0.000 0.000 1.000 0.000 0.988 0.012
(250,100) 0.000 0.000 1.000 0.000 0.992 0.008
(500,50) 0.000 0.006 0.994 0.000 0.996 0.004
(500,75) 0.000 0.000 1.000 0.000 1.000 0.000
(500,100) 0.000 0.000 1.000 0.000 1.000 0.000

Note: Results for the baseline case ¢y = ¢, = 1. Reported numbers are probabilities across replications.
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Table F.11: Sensitivity analysis for classification error in DGP1U and DGP1M

ey =3/2 cx = 1 (bench.) ey =3/4
(N,T) Pr(F) Pr(F) Pr(F)
(100,50) 0.144 0.144 0.144
(100,75) 0.152 0.152 0.152
(100,100) 0.140 0.140 0.140
(250,50) 0.140 0.140 0.140
(250,75) 0.102 0.102 0.102
(250,100) 0.068 0.068 0.068
(500,50) 0.070 0.070 0.070
(500,75) 0.068 0.068 0.068
(500,100) 0.034 0.034 0.034

Table F.12: Sensitivity analysis for classification error in DGP2U and DGP2M

ey =3/2 ¢y = 1 (bench.) ex=3/4
(N,T) Pr(F) Pr(F) Pr(F)
(100,50) 0.000 0.000 0.000
(100,75) 0.000 0.000 0.000
(100,100) 0.000 0.000 0.000
(250,50) 0.000 0.000 0.000
(250,75) 0.000 0.000 0.000
(250,100) 0.000 0.000 0.000
(500,50) 0.000 0.000 0.000
(500,75) 0.000 0.000 0.000
(500,100) 0.000 0.000 0.000
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Table F.13: Sensitivity analysis for classification error in DGP3U and DGP3M

ey =3/2 ¢y = 1 (bench.) cy=3/4
(N,T) Pr(F) Pr(F) Pr(F)
(100,50) 0.122 0.106 0.198
(100,75) 0.046 0.024 0.137
(100,100) 0.012 0.024 0.039
(250,50) 0.108 0.026 0.294
(250,75) 0.037 0.026 0.060
(250,100) 0.005 0.026 0.005
(500,50) 0.178 0.002 0.228
(500,75) 0.012 0.002 0.012
(500,100) 0.001 0.002 0.001

Table F.14: Sensitivity analysis for o — u mixture structure for DGP1U

e =3/2 &, = 1 (bench.) & =3/4
(N,T) unique mix unique mix unique mix
(100,50) 1.000 0.000 0.994 0.006 0.912 0.088
(100,75) 1.000 0.000 0.992 0.008 0.908 0.092
(100,100) 1.000 0.000 0.996 0.004 0.934 0.066
(250,50) 1.000 0.000 1.000 0.000 0.990 0.010
(250,75) 1.000 0.000 1.000 0.000 0.986 0.014
(250,100) 1.000 0.000 1.000 0.000 0.996 0.004
(500,50) 1.000 0.000 1.000 0.000 1.000 0.000
(500,75) 1.000 0.000 1.000 0.000 0.998 0.002
(500,100) 1.000 0.000 1.000 0.000 1.000 0.000
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Table F.15: Sensitivity analysis for a® — u mixture structure for DGP1M

&x=3/2 & = 1 (bench.) &y =3/4
(N,T) unique mix unique mix unique mix
(100,50) 0.244 0.756 0.006 0.994 0.000 1.000
(100,75) 0.210 0.790 0.000 1.000 0.000 1.000
(100,100) 0.142 0.858 0.002 0.998 0.000 1.000
(250,50) 0.018 0.982 0.000 1.000 0.000 1.000
(250,75) 0.010 0.990 0.000 1.000 0.000 1.000
(250,100) 0.002 0.998 0.000 1.000 0.000 1.000
(500,50) 0.000 1.000 0.000 1.000 0.000 1.000
(500,75) 0.000 1.000 0.000 1.000 0.000 1.000
(500,100) 0.000 1.000 0.000 1.000 0.000 1.000

Table F.16: Sensitivity analysis for a® — u mixture structure for DGP2U

éy=3/2 ¢ = 1 (bench.) éx=3/4
(N,T) unique mix unique mix unique mix
(100,50) 1.000 0.000 0.986 0.014 0.844 0.156
(100,75) 1.000 0.000 0.986 0.014 0.844 0.156
(100,100) 1.000 0.000 0.994 0.006 0.854 0.146
(250,50) 1.000 0.000 1.000 0.000 0.978 0.022
(250,75) 1.000 0.000 1.000 0.000 0.978 0.022
(250,100) 1.000 0.000 1.000 0.000 0.992 0.008
(500,50) 1.000 0.000 1.000 0.000 1.000 0.000
(500,75) 1.000 0.000 1.000 0.000 1.000 0.000
(500,100) 1.000 0.000 1.000 0.000 1.000 0.000
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Table F.17: Sensitivity analysis for a® — u mixture structure for DGP2M

&x=3/2 & = 1 (bench.) &y =3/4
(N,T) unique mix unique mix unique mix
(100,50) 0.360 0.640 0.028 0.972 0.000 1.000
(100,75) 0.304 0.696 0.010 0.990 0.000 1.000
(100,100) 0.210 0.790 0.008 0.992 0.000 1.000
(250,50) 0.094 0.906 0.000 1.000 0.000 1.000
(250,75) 0.052 0.948 0.000 1.000 0.000 1.000
(250,100) 0.022 0.978 0.000 1.000 0.000 1.000
(500,50) 0.006 0.994 0.000 1.000 0.000 1.000
(500,75) 0.000 1.000 0.000 1.000 0.000 1.000
(500,100) 0.000 1.000 0.000 1.000 0.000 1.000

Table F.18: Sensitivity analysis for a® — u mixture structure for DGP3U

éy=3/2 ¢ = 1 (bench.) éx=3/4
(N,T) unique mix unique mix unique mix
(100,50) 1.000 0.000 0.968 0.032 0.778 0.222
(100,75) 1.000 0.000 0.970 0.030 0.810 0.190
(100,100) 1.000 0.000 0.992 0.008 0.852 0.148
(250,50) 1.000 0.000 0.992 0.008 0.948 0.052
(250,75) 1.000 0.000 1.000 0.000 0.976 0.024
(250,100) 1.000 0.000 1.000 0.000 0.976 0.024
(500,50) 1.000 0.000 1.000 0.000 0.994 0.006
(500,75) 1.000 0.000 1.000 0.000 1.000 0.000
(500,100) 1.000 0.000 1.000 0.000 1.000 0.000
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Table F.19: Sensitivity analysis for o® — u mixture structure for DGP3M

éy=3/2 ¢x = 1 (bench.) éx=3/4
(N,T) unique mix unique mix unique mix
(100,50) 0.496 0.504 0.064 0.936 0.006 0.994
(100,75) 0.328 0.672 0.018 0.982 0.002 0.998
(100,100) 0.258 0.742 0.016 0.984 0.000 1.000
(250,50) 0.148 0.852 0.010 0.990 0.006 0.994
(250,75) 0.038 0.962 0.000 1.000 0.000 1.000
(250,100) 0.028 0.972 0.000 1.000 0.000 1.000
(500,50) 0.006 0.994 0.002 0.998 0.002 0.998
(500,75) 0.000 1.000 0.000 1.000 0.000 1.000
(500,100) 0.000 1.000 0.000 1.000 0.000 1.000
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Table F.20: Summary statistics of data used in the application

MEAN STD MIN MAX NxT
Panel A: raw variables
Ci 9.7974 x 10* 7.0182 x 10° 91.3791 2.2152 x 107 37280
Wit 17.4185 9.7993 0.0913 252.9964 37280
Wita 0.0073 0.0094 7.9946 x 10~7  0.4393 37280
Wits 0.02718 0.0200 6.1287 x 107*  0.4423 37280
Yin 2.1086 x 10° 1.4001 x 106 4.2900 4.9625 x 107 37280
Yito 1.6894 x 106 1.0978 x 107 3020 3.1730 x 108 37280
Yits 1.3421 x 108 1.1142 x 107 2.4091 x 103 3.9273 x 108 37280
Panel B: variables used in regressions

log ¢, 12.8442 1.6370 9.1203 20.3854 37280
log wy1 6.5320 0.6060 2.8625 10.1837 37280
log w2 -1.7023 1.0291 -8.4596 2.0101 37280
log yit1 9.8573 1.8283 1.4563 17.7200 37280
log yit2 11.8815 1.7312 8.0130 19.5754 37280
log yit3 11.6393 1.6402 7.7870 19.7886 37280

Note: Raw variables in Panel A are denominated in Millions of 1986 USD. Variables in Panel B have been divided

by W3 before taken logs.
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F.3 Tables for Simulations in Appendix B

Table F.21: BIAS and RMSE over 500 MC Iterations for DGP1M

ad)) un) ad, bu() #
(N,T) BIAS RMSE BIAS RMSE BIAS RMSE BIAS RMSE BIAS RMSE
(100,50) 0.116 0.140 0.242 0.300 0.106 0.136 0.119 0.149 0.031 0.040
(100,75) 0.094 0.115 0.184 0.230 0.086 0.112 0.116 0.145 0.029 0.037
(100,100)  0.079 0.096 0.184 0.238 0.095 0.127 0.111 0.141 0.031 0.041
(250,50) 0.173 0.189 0.328 0.365 0.087 0.112 0.087 0.110 0.031 0.041
(250,75) 0.135 0.149 0.255 0.289 0.074 0.102 0.081 0.102 0.026 0.034
(50,1000  0.111 0.123 0211 0.241 0.070 0.095 0.078 0.097 0.026 0.033
(500,50) 0.206 0.215 0.361 0.386 0.071 0.092 0.069 0.088 0.029 0.037
(500,75) 0.165 0.174 0.273 0.293 0.055 0.070 0.061 0.075 0.022 0.027
(500,100  0.143 0.152 0.232 0253 0.051 0.068 0.066 0.085 0.022 0.028
Table F.22: BIAS and RMSE over 500 MC iterations for DGP1T
afy Fu() aly Fu(@) aly) Fu() ol
(N,T) BIAS RMSE BIAS RMSE BIAS RMSE BIAS RMSE BIAS RMSE BIAS RMSE BIAS RMSE BIAS RMSE
(100,50) 0.095 0.123 0.240 0.312 0.080 0.103 0.104 0.133 0.093 0.117 0.117 0.145 0.038 0.047 0.038 0.048
(100,75) 0.084 0.109 0222 0282 0071 0095  0.106 0137 0078 0.099  0.108 0.33 0037 0048  0.037 0.047
(100,100) 0.083 0.109 0.223 0.282 0.069 0.091 0.107 0.135 0.071 0.092 0.102 0.128 0.037 0.048 0.035 0.046
(250,50) 0.073 0.094 0.235 0.293 0.066 0.088 0.074 0.096 0.125 0.148 0.147 0.173 0.033 0.042 0.038 0.048
(250,75) 0.066 0.085 0229 0287 0056 0.075 0075 0096 0098 0.119  0.118 0.142 0033 0042 0035 0.045
(250,100) 0.057 0.074 0.199 0.257 0.056 0.073 0.072 0.093 0.082 0.100 0.103 0.127 0.030 0.037 0.031 0.040
(500,50) 0.060 0.075 0.263 0.317 0.057 0.073 0.059 0.077 0.163 0.179 0.183 0.200 0.030 0.039 0.043 0.052
(500,75) 0050 0.066 0237 0290  0.048 0060 0058 0073 0128 0.143  0.148 0.168  0.028 0036 0037 0.045
(500,100) 0.050 0.065 0.217 0.270 0.042 0.053 0.052 0.067 0.110 0.125 0.128 0.148 0.027 0.034 0.033 0.042
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Table F.23: BIAS and RMSE over 500 MC Iterations for DGP2M

d?l) Gu(1) &?2) Gu(2) 1
(N,T) BIAS RMSE BIAS RMSE BIAS RMSE BIAS RMSE BIAS RMSE
(100,50) 0.059 0.075 0.168 0.221 0.125 0.159 0.123 0.155 0.036 0.046
(100,75) 0.047 0.059 0.137 0.181 0.106 0.134 0.126 0.154 0.030 0.039
(100,100) 0.040 0.050 0.132 0.180 0.096 0.125 0.113 0.144 0.032 0.042
(250,50) 0.082 0.094 0.196 0.231 0.102 0.128 0.104 0.127 0.033 0.040
(250,75) 0.061 0.071 0.158 0.191 0.088 0.112 0.096 0.120 0.029 0.036
(250,100) 0.048 0.056 0.144 0.176 0.075 0.095 0.090 0.113 0.029 0.036
(500,50) 0.104 0.111 0.221 0.245 0.088 0.110 0.087 0.108 0.027 0.034
(500,75) 0.078 0.086 0.175 0.197 0.069 0.088 0.087 0.108 0.026 0.032
(500,100) 0.066 0.072 0.154 0.173 0.061 0.076 0.086 0.106 0.025 0.030

Table F.24: BIAS and RMSE over 500 MC iterations for DGP2T

ad), Gu(t) ad, u) ady Bus) #
(N,T) BIAS RMSE BIAS RMSE BIAS RMSE BIAS RMSE BIAS RMSE BIAS RMSE BIAS RMSE BIAS RMSE
(100,50) 0.085 0.114 0.221 0.287 0.078 0.104 0.108 0.140 0.172  0.209 0.147 0.177 0.037 0.048 0.039 0.051
(100,75) 0.074 0.099 0.197 0.259 0.078 0.104 0.112 0.143 0.139 0.168 0.125 0.155 0.037 0.048 0.036 0.045
(100,100) 0.073 0.099 0.210 0.273 0.076  0.102 0.105 0.137 0.114 0.142 0.115 0.145 0.037 0.048 0.037 0.048
(250,50) 0.061 0.085 0.201 0.266 0.064 0.085 0.071 0.091 0.238 0.266 0.205 0.230 0.030 0.039 0.041 0.052
(250,75) 0.054 0.073 0.195 0.248 0.060 0.082 0.073 0.094 0.191 0.218 0.165 0.191 0.030 0.039 0.038 0.049
(250,100) 0.046 0.063 0.190 0.243 0.053 0.071 0.074 0.097 0.165 0.188 0.143 0.173 0.031 0.040 0.036 0.046
(500,50) 0.045 0.059 0.206 0.259 0.053 0.069 0.063 0.080 0.301 0.318 0.257 0.273 0.026 0.034 0.042 0.052
(500,75) 0.040 0.053 0.194 0.244 0.043 0.055 0.057 0.072 0.236 0.251 0.213 0.231 0.026 0.034 0.039 0.047
(500,100) 0.039 0.051 0.188 0.238 0.041 0.053 0.056 0.071 0.211 0.227 0.183 0.201 0.026 0.033 0.037 0.046
Table F25: BIAS and RMSE over 500 MC iterations for DGP3M
afy Gu() afy) Gu) 7
(N,T) BIAS RMSE BIAS RMSE BIAS RMSE BIAS RMSE BIAS RMSE
(100,50) 0.127 0.173 0.247 0.335 0.135 0.172 0.139 0.176 0.037 0.050
(100,75) 0.083 0.109 0.179 0.231 0.106 0.136 0.123 0.154 0.030 0.040
(100,100) 0.069 0.088 0.148 0.194 0.102 0.131 0.109 0.139 0.030 0.039
(250,50) 0.173 0.203 0.316 0.371 0.106 0.136 0.108 0.135 0.034 0.045
(250,75) 0.113 0.133 0.222 0.253 0.081 0.104 0.083 0.104 0.029 0.036
(250,100) 0.089 0.107 0.175 0.203 0.075 0.095 0.089 0.112 0.026 0.032
(500,50) 0.206 0.225 0.335 0.370 0.083 0.108 0.101 0.125 0.031 0.041
(500,75) 0.139 0.151 0.237 0.260 0.063 0.079 0.073 0.094 0.024 0.030
(500,100) 0.116 0.127 0.207 0.226 0.059 0.076 0.070 0.089 0.023 0.028
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Table F.26: BIAS and RMSE over 500 MC iterations for DGP3T

afy Fu) aly Gu(@) aly) Gu(m) 1 2
(N,T) BIAS RMSE BIAS RMSE BIAS RMSE BIAS RMSE BIAS RMSE BIAS RMSE BIAS RMSE BIAS RMSE
(100,50) 0.087 0.116 0.211 0.275 0.102 0.132 0.114 0.150 0.203 0.249 0.366 0.442 0.039 0.050 0.041 0.054
(100,75) 0.076 0.103 0.226  0.281 0.086 0.113 0.103 0.131 0.149 0.184 0.281 0.357 0.036 0.046 0.036 0.047
(100,100) 0.074 0.099 0.217 0.277 0.083 0.107 0.109 0.138 0.129 0.161 0.251 0.323 0.036  0.049 0.037 0.048
(250,50) 0.063 0.085 0.189 0.250 0.075 0.096 0.079 0.099 0.232  0.265 0.520 0.582 0.032  0.041 0.044 0.056
(250,75) 0.054 0.072 0.177 0.227 0.062 0.079 0.072  0.091 0.186 0.214 0.359 0.418 0.027 0.035 0.034 0.043
(250,100) 0.051 0.070 0.178 0.232 0.055 0.073 0.070  0.090 0.150 0.176 0.299 0.359 0.029 0.036 0.032 0.041
(500,50) 0.051 0.065 0.187 0.243 0.064 0.081 0.064 0.079 0.296 0.317 0.674 0.721 0.028 0.037 0.048 0.058
(500,75) 0.042 0.054 0.182  0.230 0.054 0.067 0.057 0.074 0.236 0.253 0.457 0.506 0.027 0.034 0.037 0.046
(500,100) 0.038 0.051 0.180 0.232 0.047 0.060 0.055 0.070 0.200 0.217 0.391 0.437 0.025 0.033 0.035 0.044
Table F.27: Sensitivity analysis for o — u mixture structure for DGP1M
éx=3/2 éx = 1 (bench.) & =3/4
(N, T) K=1 K=2 K=3 K=1 K=2 K=3 K=1 K=2 K=3
(100,50) 0.114 0.876 0.010 0.024 0.886 0.090 0.008 0.808 0.184
(100,75) 0.050 0.938 0.012 0.006 0.946 0.048 0.000 0.882 0.118
(100,100) 0.048 0.946 0.006 0.004 0.948 0.048 0.000 0.900 0.100
(250,50) 0.012 0.888 0.100 0.002 0.738 0.260 0.002 0.614 0.384
(250,75) 0.012 0.938 0.050 0.000 0.800 0.200 0.000 0.698 0.302
(250,100) 0.006 0.960 0.034 0.000 0.870 0.130 0.000 0.774 0.226
(500,50) 0.000 0.766 0.234 0.000 0.492 0.508 0.000 0.348 0.652
(500,75) 0.000 0.842 0.158 0.000 0.646 0.354 0.000 0.498 0.502
(500,100) 0.000 0.906 0.094 0.000 0.714 0.286 0.000 0.576 0.424
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Table F.28: Sensitivity analysis for a® — u mixture structure for DGP1T

& =3/2 &x = 1 (bench.) é=3/4
(N,T) K=1 K=2 K=3 K=4 K=1 K=2 K=3 K=4 K=1 K=2 K=3 K=4
(100,50)  0.000  0.000 0990 0.010 0.000  0.000 0.980  0.020 0.000  0.000 0.940 0.060
(100,75)  0.000  0.000  0.998  0.002 0.000 0.000 0986 0.014 0.000 0.000 0.958 0.042
(100,100) 0.000  0.000  1.000  0.000 0.000 0.000 0986 0.014 0.000 0.000 0960 0.040
(250,50)  0.000 0.000 0.992  0.008 0.000 0.000 0976 0.024 0.000  0.000 0.920 0.080
(250,75)  0.000  0.000 0.994  0.006 0.000 0.000 0.982 0.018 0.000 0.000 0956 0.044
(250,100) 0.000  0.000  1.000  0.000 0.000  0.000 1.000  0.000 0.000 0.000 0986 0.014
(500,50)  0.000 0.000 0978  0.022 0.000 0.000 0926 0.074 0.000 0.000 0.832 0.168
(500,75)  0.000 0.000 0.992  0.008 0.000 0.000 0974 0.026 0.000  0.000 0.930 0.070
(500,100) 0.000 0.000 0.998  0.002 0.000 0.000 0990 0.010 0.000 0.000 0948 0.052
Table F.29: Sensitivity analysis for o — « mixture structure for DGP2M
éx=3/2 ¢x = 1 (bench.) éy=3/4
(N, T) K=1 K=2 k=3 K=1 K=2 K=3 K=1 K=2 K=3
(100,50) 0.124 0.874 0.002 0.014 0.962 0.024 0.002 0.924 0.074
(100,75) 0.068 0.930 0.002 0.004 0.978 0.018 0.000 0.946 0.054
(100,100) 0.046 0.950 0.004 0.004 0.986 0.010 0.002 0.966 0.032
(250,50) 0.020 0.978 0.002 0.002 0.954 0.044 0.000 0.878 0.122
(250,75) 0.012 0.982 0.006 0.000 0.966 0.034 0.000 0.932 0.068
(250,100) 0.002 0.998 0.000 0.000 0.992 0.008 0.000 0.958 0.042
(500,50) 0.002 0.978 0.020 0.000 0.900 0.100 0.000 0.778 0.222
(500,75) 0.000 0.994 0.006 0.000 0.934 0.066 0.000 0.862 0.138
(500,100) 0.000 0.994 0.006 0.000 0.966 0.034 0.000 0.890 0.110
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Table F.30: Sensitivity analysis for a® — u mixture structure for DGP2T

& =3/2 &x = 1 (bench.) é=3/4
(N,T) K=1 K=2 K=3 K=4 K=1 K=2 K=3 K=4 K=1 K=2 K=3 K=4
(100,50)  0.000  0.000 0.998 0.002 0.000 0.000 0.992  0.008 0.000 0.000 0974 0.026
(100,75)  0.000  0.000 0.996  0.004 0.000 0.000 0.990 0.010 0.000 0.000 0982 0.018
(100,100) 0.000  0.000 0.994  0.006 0.000 0.000 0986 0.014 0.000 0.000 0976 0.024
(250,50)  0.000 0.000 0.986 0.014 0.000  0.000 0.980  0.020 0.000  0.000 0.940 0.060
(250,75)  0.000  0.000 0.984  0.016 0.000 0.000 0972 0.028 0.000 0.000 0.952 0.048
(250,100) 0.000 0.000 0.998  0.002 0.000 0.000 0.992  0.008 0.000 0.000 0974 0.026
(500,50)  0.000 0.000 0.984 0.016 0.000 0.000 0.960 0.040 0.000 0.000 0.890 0.110
(500,75)  0.000 0.000 0.992  0.008 0.000 0.000 0972 0.028 0.000  0.000 0.940 0.060
(500,100) 0.000 0.000 0.994  0.006 0.000 0.000 0962 0.038 0.000 0.000 0920 0.080
Table F.31: Sensitivity analysis for a® — u mixture structure for DGP3M
éx=3/2 ¢x = 1 (bench.) éy=3/4
(N, T) K=1 K=2 k=3 K=1 K=2 K=3 K=1 K=2 K=3
(100,50) 0.346 0.640 0.014 0.166 0.764 0.070 0.100 0.782 0.118
(100,75) 0.148 0.842 0.010 0.054 0.892 0.054 0.024 0.888 0.088
(100,100) 0.070 0.922 0.008 0.010 0.964 0.026 0.002 0.924 0.074
(250,50) 0.152 0.772 0.076 0.052 0.708 0.240 0.034 0.584 0.382
(250,75) 0.008 0.954 0.038 0.000 0.880 0.120 0.000 0.782 0.218
(250,100) 0.010 0.970 0.020 0.000 0.910 0.090 0.000 0.834 0.166
(500,50) 0.050 0.706 0.244 0.030 0.536 0.434 0.024 0.358 0.618
(500,75) 0.002 0.898 0.100 0.000 0.710 0.290 0.000 0.576 0.424
(500,100) 0.000 0.942 0.058 0.000 0.812 0.188 0.000 0.660 0.340
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Table F.32: Sensitivity analysis for o® — u mixture structure for DGP3T

&y = 3/2 & = 1 (bench.) &x = 3/4
(N,T) K=1 K=2 K=3 K=4 K=1 K=2 K=3 K=4 K=1 K=2 K=3 K=4
(100,50)  0.000  0.000 0.998  0.002 0.000 0000 0992  0.008 0.000 0.000 0974 0.026
(100,75)  0.000  0.000 0.996  0.004 0.000  0.000 0990 0.010 0.000  0.000 0982 0018
(100,100) 0.000  0.000  0.994  0.006 0.000 0000 0986 0014 0.000 0000 0976  0.024
(250,50)  0.000 0.000 0986 0.014 0.000  0.000 0980  0.020 0.000  0.000 0940  0.060
(250,75)  0.000  0.000 0984  0.016 0.000  0.000 0972  0.028 0.000  0.000 0952  0.048
(250,100) 0.000  0.000  0.998  0.002 0.000 0000 0992  0.008 0.000 0000 0974  0.026
(500,50)  0.000 0.000 0984 0.016 0.000 0.000 0960  0.040 0.000 0.000 0.890 0.110
(500,75)  0.000  0.000 0.992  0.008 0.000  0.000 0972  0.028 0.000  0.000 0940  0.060
(500,100) 0.000  0.000 0.994  0.006 0.000 0000 0962 0.038 0.000  0.000 0920  0.080
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F.4 Interpreting the Latent Groups

The classification is fully data—driven, but it is not completely a black box.

What drives the classification. As seen from Figure 1, the blue dots and red dots are well
separated by a horizontal line in Panel (a) and by a vertical line in Panel (e), but are evenly mixed
otherwise. Consequently, the classification is mostly driven by coefficient 7;; before B;(7;) (time
trend term in the intercept) and the coefficient 7;3 before ;5 (level term before non-consumer

loans).

What differs technologically. Figures 2 display the group—specific, time—varying coefficients
{BH(T)} and intercepts a (7). Two facts are visible: (i) the levels/curvature of input elasticities
differ across groups, and (ii) their time profiles (drifts) are not parallel. This is exactly the dimen-
sion our HAC step is designed to capture: firms in the same group share the same coefficient paths;
firms in different groups load inputs and time differently (technology regimes).

We summarize certain statistics for each group below. These numbers indicate correlations
only and do not suggest any causal relationship. We find that banks in group 1 are, on average,
larger, more efficient (closer to their frontier), and exhibit less variation in inefficiency than banks

in group 2.

What differs in performance. To separate technology from performance, we summarize the
mean and standard deviation of E (a9 + w;leq, ..., €ir) using (C.4), within each group. Group 1
has the mean (standard deviation) at 0.0923 (2.17 x 10~%) with 113 observations, while Group 2
has its mean (standard deviation) at 0.1130 (0.0558) with 353 observations. The group means are
statistically different at 5% level of significance using

fir — fip

\/$1/n1 + 3/

88

= —6.6179.



From the mean values, banks in Group 2 appear less efficient than those in Group 1. The standard

deviations also indicate that inefficiency varies more within Group 2 than within Group 1.

Who is more often in each group. We compare bank sizes across the two groups and find the
following. For group 1, the mean (standard deviation) of log(size) is 13.4866 (1.8689) based on
113 observations. For group 2, the corresponding mean (standard deviation) is 12.4813 (1.5012)
based on 353 observations. The difference in group means is statistically significant at the 5%

level, with a t-statistic of 6.9721. Thus, on average, banks in group 1 are larger.
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F.5 Additional Figure for the Empirical Application

Figure F.4: Inefficiency Estimates of 60 Banks in Descending Order

Ela) +u; | e, e, ..., i), Ela) +u; | e, e, .- -, &),
assuming homogeneity based on the classification and the mixture distribution
0 T T F 0 T T T N
395238 395238
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Note: Left panel shows the inefficiency estimates in the homogeneous case where all banks are treated as one
group with uniquely distributed error term, while the right panel shows the inefficiency estimates in the hetero-
geneous case where banks are classified into groups and inefficiency estimates to possess a mixture distribu-

tion structure. The numbers to the right of each bar corresponds to their respective bank ID, “IDRSSD” from

https://cdr.ffiec.gov/public/PWS/DownloadBulkData.aspx.
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G Onlin Theorem 3.2

Without loss of generality, we show the properties of I in the case when £* = 2 to simplify

notation. The cases when K* > 2 can be similarly shown.

G.1 First and Second Order Derivatives

We use the notation in Appendix C. We assume «;, 3;, and aﬁi are known because they are not the
parameters of interest in this appendix.
We first discuss the case when the distribution does not have a latent structure. The unknown

parameters are (a’, 02) in this case. Note

Eit = Yit — a’ —a (Tt) - x;tﬁ (Tt) = Vit — Uy,

f (y.| 0ol 0—2) — 2 1—® Y it [ 1 exp (_23—1 5%)]
Yol ok + Ta? ounJoZ o2 +T )| Lem)™” 20%,

2
1 (Z?:1 5it)
202, (6% /)02 +T) |’

v

X exp

and
T—-1 1
log f (yll zi; 0P, 03) =C — ( ) log o2, — =log (azi + Tai)
2
i 1 pa\? Slie
o= (-20)]+ 5 (5) o™
loe Oix * 2 \ 0 202,
with 02 = 02, +To2, p; = 04 /0vi, flix = —02 51 €4/02, 02, = 0202, /0%, and a C that does not

depend on parameters.

By some straightforward calculations,
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u
Tix
T T
- AR
t=1

oy (o5i/on +T)

52 L T2 1
1 il Lis 2 = < ” ) —

and

82 1 T2 e 0_2 T

AU T A b %wvmﬂ+T><259
¢ (L= 03043 + ATo,0%/3) T T T

( H) ( >Z it_)g,<25it> )

1—@<_&> 4(0 o +To 8/3)5/2 t:16 (03 +Toy,

Oix

where

_ —(=s) = ¢ (=s)[1 — 6 ()
Hix [1 — (I) (—8)]2

Tix

g(i) - ;sliﬁip(—)s)

S=

In the case when the distribution possesses a latent structure, the log likelihood function be-

comes

T 04[()1), 05(1)) +(1—=7)f (yzl X C(?z), 03(2))} =log[rfii + (1 —7) fa] -

log [/ (y:

Then,

p  fu—fu
Elog[Tfli-i—(l—T)fZi] = Tfli_|_(1—7')f2i,

and
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92 T T N
92 log [T fii+ (1= 7) fa] = [Tfu+ (1 =7) fo]”

The derivatives with respect to other arguments o and o2 can be derived using the chain rule. For

example,
)
o Tmflz‘ T f1s
log [7fi; + (1 —7) fo] = W = . : log f1;, and
aa(()l) g[ fl ( )fQ] Tfli"’(l_T)fzi Tf1i+(1—T)f2i aa?l) gfl
flz T fq: a
9.2 log [7f1i + (1 = 7) foi] = uch = Ju : log f1;.

aOu(l) T fui + (1 —7) fai  Thui+ (1 —=7) fo 803(1)

G.2 Properties of I

We verify that I behaves like a regular positive definite matrix in this section. The intuition of
this result is as follows. Note fz (00) is the density function for ¢; = v;; — u;, and the parameters
of interest are on the distribution of wu; only. In other words, v;; are nuisance for the estimation.
Mathematically, one can see that the dominant components in 3~ log f; (o) are functions of u; and
do not grow as 7' — co. Thus, the convergence rate of g is v/ N based on this intuition.

Without loss of generality, we assume that there is no group structure for the frontiers and o2,
that is, K* = 1. We show the result by assuming o’ = a( 1y = a( 5), and Uu(l) # o (2)- The case
with 04((]1) + oz?g) can be similarly handled but with more tedious discussions. We show the result

by using the following identity

92
]I— laa,logfl<)] o
o=0
0 . 0
=E|—1lo i lo i G.3
G0 gy lesi ]| ©3)
From the forms of%log[Tfl—i—(l—T) fg],%?log[Tfl (1—=7)f3],7=1,2,and

Lloglrhi+ (1-7) f

in Appendix G.1, they are clearly not linear dependent. If 7" is fixed, I is just the information

matrix for a regular likelihood function, and it is positive definite. Our analysis is complicated by
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the fact that 7" — oo. The diagonal of I might explode as 7" — oo. Thus, it suffices to show that
the diagonals of I behave like regular positive constants, and we show that in the below.

The following is useful for the analysis. At the true values of parameters, €;; = v;; — u;. SO
T T
T_l Z it = —U; + T_l Z Vit
t=1 t=1
= —U; + Op <T71/2> .

Since —u; is negative, T~! S°7_, ¢;, is negative with very high probability. Another implication is

ST e oxp =T + Op (Tl/Q) . Using the definition of £,

= Eit Xp \/_—|- OP( )
Tix wi\/O /02—1—th; t

The above implies ® ( “) =op (1),

o (—)

e

and

g ('ul*> xpexp(=T).

%

Applying the above for (G.2),

0
dav a0 lng (y1| Ti; 2) = —u; + E(Uz) + op (1) .

Similarly (G.1) implies

0 9 u? 1
902 logf(yl|xl,oz o ) = 201 — 202 +op(1).

Some tedious yet straightforward calculations can yield

f (v

z;0°, 0 (1)) xp f (yi|xi;a0,ai(2)>,
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and

Jii — foi
7 f1i + (1 —T) f2i‘

| o 11 2
1)/0 exp( < h) ”3@))“%)

= (1+op(1)).

A 2))

The variance of the leading terms in a 5o l0g f, 52 2 log f, and a ~log [7 f1; + (1 — 7) fa] are func-

aalog [Tfri+ (L—7) fa] =
-

tions of u;, and they are bounded and bounded away from zero.

Finally, since f1; «p fo, % log [T f1i + (1 —7) fa], 7 = 1,2, enjoys similar properties as

aao log f. This is also the case for 5~ 2 log [Tf1i+ (1 —7) foi] ,j=1,2.

From the form of the derivatives, clearly, a%j log [Tfii+ (1 —7) fu], j = 1,2,...,5, are not
linearly dependent. Together with the fact that the variance of them are bounded and bounded
away from zero, then for any 5 X 1 vector a,

2
a x ||al|”.
(0]

0 ~ 0
a E a—glogfi( 0) - 90 ,10gfz( )]

0=0

This implies that I must be positive definite with bounded eigenvalues, using the identity in (G.3).

H Technical Lemmas

We collect technical lemmas and their proofs in this section. For an easier reference, we present
the bodies of those lemmas first, followed by proofs. We note the lemmas of probability bounds

below are related to those developed in Atak et al. (2025).

Remark H.1 (Some inequalities). We may apply the following inequalities in the proofs directly

without referring them back to here. First

PY(X1+XQZC>SPI"(Xlzﬂ'C)—i—PI'(XQZ(l—Tf)C)
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for any constant 7. That is because {X; + Xo > C} C {X; > 7C} U{X; > (1 —x)C}. Simi-

larly, we have

Pr (ZXi > C) <Y Pr (Xi > Cn_l) and Pr (max X, > C) <Y Pr(X;>C).
i=1

<3<
i=1 1sisn i=1

For any positive random variables X; and X, and positive constants C; and Cb,
Pr (X1 . X2 Z Cl) S Pr (X1 Z 01/02) + Pr <X2 Z CQ),
due to the fact that { X; - Xy > C1} C{X; > C;/Cr} U{Xy > Cs}.

Lemma H.1. Suppose e;; satisfies the mixing condition across t in Assumption 1 (ii) and is iden-
tically distributed across 1. In addition max; E (|eit|0q) <00,0;>2,T = N€ for some C > 0,
m — oo as N — oo, then

(i) for any € > 0 and any positive 1 < vy < T'/? (log N)_2

LT
T > lei — E(eir)]

o€ ><NTU]%}(1OgN)4Cq‘

~ TCq )

UNT
(ii) there exists a positive M, such that

_ NT (log N)*
~Y TC‘I )

1 T
T > eub (1)

t=1

> Mm‘”)
where b;; (1) is defined in (E.1).

Lemma H.2. Suppose that Assumption 3 holds and m/T — 0. For any & € R™®P+1),

Cru 1 & 1 & _
e ~ < . = ~/~‘ ,.,{ ~ < = /~4 ~{ < ~
17 < min, 7 B (F257) < max, 7 3B (r3Zm) < 20w 7]

after some large T'.

Lemma H.3. Suppose that Assumptions 1, 2, 3 and 6 (i) hold. Then

(i) for any e > 0,

1 1 &
Pr ( max sup T Z T ZuZy — T Z E (7’2 2,7) Ta/2—1 ’
—1

I<ISN 2 cpm+1) ||7]=1 t=1
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(ii) there exist some positive and finite C',, and C.,. such that

1z 1L _
< mi N e I 2N ) <
Pr (sz < i fimin ( - ;:1 zltzzt> S IAX fhmax < - ;:1 zuezn> < sz>

q/2+2 2q
:1_O<Nm (log N) )

Tq/2—1
Lemma H.4. Suppose Assumptions 1, 2, 4 and 6 (i) hold. Then
(i) for any e > 0,

2L < Nm#/* (log N)*
~ Ta/2—1 ’

1z
‘T Z Zit Vit
t=1

Nm (log N)*
< Vet /0

Lemma H.5. Suppose that Assumptions 1, 2, 3, 4, and 6 hold. Then,

1 T
=3 Zula
‘T =1

-----

(i) for any small positive e,

Pr (1%%\%—7?2 >e> =o0(1);
(ii) for any small positive e,
Pr <1Igi)z(v ‘ 62 — a2l > e> =o0(1).

Lemma H.6. Suppose Assumption 3 holds and m/T — 0. Then after some large T,

—TT

1 T 1 T _
< . . ..' ..[' < ..‘ ../' <
5 = L fmin {E <T t§:1zzt2n>} S IAX flmax {E (T t§:1zztzzt>} < 20,

where C,, and C,, are defined in Lemma H.2.

Lemma H.7. Suppose that Assumptions 1, 2, 3, 7 and 8 hold. Then for a fixed k, k = 1,2, ..., K*,

and any € > 0,
1 1 Z 1z 1/2+2 (Jog N )™
Pr sup — [ Z i Em — — Z E(n'2,2,m)|| > €| < = ( zj)/g2—1)
rERm—I+mP || 7r||=1 Nk ey T t=1 T t=1 (NT)
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Lemma H.8. Suppose Assumptions 1, 2, 3, 4, 6, 7, 8, and 10 hold. Then, the term

iEGk‘K t=1 ieGHK t=1

satisfies || A || = Op (m™").

Lemma H.9. Suppose Assumptions 1, 2, 3, 4, 6, 7, 8, 9, and 10 hold. For

Apz = ( > iéitigt>_ ( > ZT:Zztvzt)

ZGGHK t=1 ZEleK t=1

and any (p + 1) X 1 vector a, it satisfies

2 1/2
\/TCLIMB <S> Ak2/ {a/ [TMB (S) Q(?Cl)’ZZM]B (S)/] a} i N (07 1) .

Lemma H.10. Suppose Assumptions I - 8 hold. In addition, 3% — oo and ’}{,V—TT — 0.

Pr (IC (K*,Ayt) <IC(K,An7),1 < K < K*—1) — 1.

Lemma H.11. Suppose Assumptions I - 8 hold. In addition, % — 00 and ’}{/\’—7? — 0.

Pr (IC (K", Axr) < IC (K, Ayr) , K" + 1 < K < K) - 1.

Lemma H.12. Suppose Assumptions 1 - 10 hold. \nr satisfies \yr — oo and S‘%T — 0.

Pr (K (wr) =K7) 5 1

Proof of Lemma H.1. (i) Set Cyy = vy T (log N)_4. Define 1; = 1(Jex| < Cyr) and 1;; =

1 — 1,;. With it, further define e;}) =eyly — E (exly), egf) = e;1;;, and egf’) =E (%Lt)- Then

en —E(en) = e ey el

Let vy = max; Var (e;) + 231, +1 Cov (e, €;5), which is finite by the mixing condition in As-

sumption 1.
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Using Bernstein inequality for strong mixing processes (e.g., Theorem 2 in Merlevede et al.

(2009)), there exists positive constants C'; and C' such that

ze” 3UNT> i_v: (T ZNT)

- = C T2 2
eXp {_ 2 2 .2 2 }

it

.....

IA
2

= Nexp {—0262 (log N)2} =0 (N_M) ’

for any large M > 0, where the last line holds by the fact that 3Tevy7Cnr (log T')* = 372 (log N)~* (log T')*

is the dominant term in the denominator due to vy < T2 (log N) ™2, and log T' o log N.

(2)

We turn to e;;”. Markov inequality implies that

Pr < max Zelt ) < Pr (_1 max egf) > ;)
N T o
<> Cy [|ezt| "1y = 1(lew| > CNT)}
i=11t=1 CNT
< NTUNT (log N )*“
~ ch

Y

Wl ™

t=1 T

uniformly for all 7 after some large 7', where o (1) holds because of the finite moment conditions

on e;; over t, Markov inequality and the identical distribution across 7. The above implies that

1 T
Pr (anlaXN f;[eit E (eit)] >€>
1 & o] e 1 o € 1 X o e
<Pr<i:r11L%§N T;egt) >3>+Pr<i:1111?i< T;eﬁj >3>+Pr<i:r11L%§ T;eﬁ.} >§
_ NTu (log N)*“
~J ch °
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(ii) Recall (E.4), we can find a positive C, such that

max sup |by (s)] < Cym ™",
1=0,...,p s€[0,1]

because p is finite. As a result,

max max

1 T
K PR
Lo NI1=0,1,.p|T < Cym~ Tmax, T: Z €t -

9’

Z eztbzl Tt)

Applying (i) by setting vy = 1 for series |e;;| implies

NT (log N)*“
P(max >6>§ (log N)

TC

T
Z |ezt| ZEleit|
t:l

-----

can set

M =2C, - max —ZE|ezt|

i=1,..N T

so that the desired result holds. L]

Proof of Lemma H.2. Let g, (1;) = m/B™ (1), where 7, is m x 1 and denotes the corresponding
elements in 7 for ;,; @ B™ (1;), 1 = 0,1,...,p.° Let g (7:) = (g0 (7¢) , ..., g (7). In other words,

g (7¢) is the approximation for 3, (;) when m=n). Then 1. >_/_, E (7'Z;Z},7) can be written as

1 & 1 & b
ZE 7'z Z,T) =7 > E [g (1) TuZy8 (Tt)]
Ti= t=1

1 e
=7 > g (n) B(Tudy) g (1),

t=1

By the rank condition in Assumption 3, the above implies

1 E ,
waf;g(ﬂt) g(Tt) < 1I<I11<nNTZE T thzltﬂ'>
1 _ T
< 112%%?;]5 T2 Zi7) < Coy ; Tt g(m). (H.1)

®We abuse the notation a bit by letting Z;¢,0 denote 1.
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Lemma A.4 in Dong and Linton (2018) implies that, 7= 7 B™ (1,) B™ (1)’ = I, +
O (m/T). Using it
1T , T .
T t; g (1) = T Z B (1) B (1)
— [+ O (/T 71 = |l [L + 0 (1]
due to m/T — 0. Substituting the above result into (H.1) yields the desired result by relaxing the

lower and upper bounds to C,, /2 ||7;|| and 2C,,. ||7||, respectively. O

Proof of Lemma H.3. (i) is standard in the literature. Lemma 5 in Fan et al. (2011) and Lemma
S1.41in Su et al. (2024) show a similar result for variables with sub-exponential tails. We prove this

lemma for E (|z4|?) < oo. Note that Z;; = {IB%’" (1), (v5y @ B™ (Tt))/] ,al(p+1)m] x 1 vector,

then
1T 1T p p m—1m—1
T Z ﬁ-lgitgl{tﬁ- = T Z Z Z WJSWZSIBS (Tt) B (Tt) mztsztl
t=1 t=1 |j=01=0 s=0 s’=0
p p m—1m-—1 1 T
= Z Z [T Z 7TJs7Tls’Bs (Tt) B (Tt) iUzthztz]
j=01=0 s=0 s'=0 t=1

T
> 7z — 7 > E(7'ZuZ,7)

:Zzp:m > s { ZB Ty) By (11) [Titj i — E(%tjfﬁitl)]}

with
1
V= ? Z By (Tt) By (Tt) [fl‘z‘tjlﬂz‘tl —E (sz‘tﬂ?z‘tl)] .

t=1

We first assume the event {maxizl m | liss'| < } holds; its probability bound

geeey =1l,...,
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will be shown later. Conditional on this event, for all ||7|| = 1,

p P m—1m—1 p p m—1m-1
max ZZ TjsTis Liss S i ZZ |7jsTis |
=N 20120 5=0 &=0 j=01=0 5=0 s5'=0
p m—1
<335 il 3 ]
j=01=0 s=0
b b ome1 1 12 0 g N\ 1/2
< Syy Sl (L) (X
j=01=0 s= = s'=0
P P m— 1
|mjs] <€

where the third and fourth lines hold by Cauchy-Schwarz inequality. Thus

,_.

—1m—

p P
Z Z stﬂls’liss’

11j=01=0 s =

3

Pr ( max sup

LoV eRmie+) |7)1=

)

\ \
=)
V)
=)

€
>Pr Jmax - max |IZ~SS,| < —
=1,...,N s,s'= mp2

which is equivalent to

p P m—1m-1
Pr maXN sup >N TjsTis Liss | > €
yeeey = Rm(p+1) ||7r|| _]ZO =0 s=0 s’=0
€
<Pr max - max | Liss| > — (H.2)
=1,...,N s,s'=1,....m 2

Using the result in Lemma H.1 (i) (by setting vy = m), the moment condition on z (C; in
Lemma H.1 is ¢/2 in this case), and the fact that p is fixed, not hard to see that

€
Pr < m’aiiNSSmaX | Lissr| > > Z Pr ( max | Lissr| > pQ>

30y
SS—

™ NTmd? (log N)*

<

~ SS’Z:I Tq/2

- NTm?/>*2 (log N)*
~ Ta/2

Substitute it into (H.2), we obtain the desired result.

(i) is an immediate result from Lemmas H.2 and the result (i).
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Suppose the complement of the event in (i) holds with a small € > 0. For any # € R™®+1) and
17l =1,

1 & 1 d 5
max 7' ( Zzztzlt> 7 < max (1+¢€) T Y E(7'zuz,w) <204 (1+¢).

1<i<N 1<i<N P

Similarly,

- 1 1 R
1ISI}L;SHN < Zznzzt> T > 1r<111<r}v (1—¢) T ;E (7'Zy2,7) > §Cm (I1—¢).

t=1
We show the result by setting C,, = 1/2C,,. (1 — €) and 2C,, (1 + ¢). O
Proof of Lemma H.4. (i) Zyv; is (p + 1)mx 1. Elements in = Zt 1 ZitVyy are
1 T
meBl (11) vi¢, forj =0,...,pand [ =0, ....,m — 1.

The idea is to obtain the probability bound of

maX mMax A max 2i; By (1) vi| > € \/71
i=1,...,N j=0,...,p 1=0,..., Z itj L1 t it / p +
with which we can derive the probability bound of the event max;—; H ST Zava|l > e

because the latter can be implied by the former. By the moment condition in Assumption 2, Lemma

H.1 (i) implies that (by setting vy = /m and C, = ¢/2)

1 & €
p ~>"z4;B i > ———
r(;ﬂl,%?w%%f%pl&?%_ \TZ Hr) v <p+1>m)
m-1 p A NTm/*+* (log N)™
< ZPr ~Inax 72%753'35 Tt) Vit| > i S = /(2 = ) ’
1=0 j=0 =L N T (p+1) T

using the fact that p is a fixed constant. As a result

Pr ( max | Z ZitVit 5)
<P LS By () ] >
r{ max max max |=— > Ziy; B (1)
i=1,..., 7=0,..., p1=0,...m—1 7T =1 CdN ¢ (p + 1) m

~ NTm/**1 (log N)™
~ Ta/2
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(ii) Similarly, Z;;&;; is (p + 1)mx 1. Elements in — Zt | Zitkir are

szthl Tt gzt - Z Z Iztszt]’Bl Tt) bzy (Tt)
t 145/'=

forj = 0,1,...,pand! = 0,1,...,m — 1. By the condition x > 1 in Assumption 4, so that

m~* < m~/2. Using Lemma H.1 (ii),

1 p
P a a a — i Tt B
r (lnﬁlx Jmax | max T;jgox it it By (7¢) b ,710—1-1 )
IS () by (7) :
< Pr | max TiriTair By (14) by (14)| > )
=0 1=0 j'=0 =1, N m g (p+ 1)3/2 Vvm
p m—1 p 1 T
SZ Z Pr (irﬁla},{]\f letsztj’Bl (7¢) bijr (1) | > Mm~ H)
7=0 1=0 j'=0
~NTm (log N)*
~ Ta/2

for an arbitrary large M after some large 7', where the third line uses m ™" < m™'/2 and the last
line holds by applying Lemma H.1 (ii) with C; = ¢/2 and the fact that p is fixed.

We reach the desired result by

.....

’ Z Zit ’Szt

T p
T Y > Ty By (1) biyr (72)

i=1,...,N [=0,...,m j=0,...,p

>f)_
(p+1)m

§Pr< max max Imax
(2

l
Proof of Lemma H.5. (i) By (2.6) and (E.3), we substitute y;; = Egtfr? + &t + v Into 7., and obtain

not= (1) (3Eas) - (3Ees) (BF
T — 77'1- = | = Z‘t% — 5it§it> + ( 2#%) ( 2itvit> .
T t=1 ' T t=1 T t=1 ' T t=1

Then

‘ ~

( Zzztzit> [“th::lzztgzt

+ 5 D Zitvi
=
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which implies

Pr<max ‘fn—ﬁ?

1<i<N
L (1 & . 1 L 1 4
<Pr( max ji, | 7 ;Zit%t > 1) +Pr| max |~ ;zzf&t +l7 t; Zyvin| > Cise
b (ot (2572020 ) 5 €) 5 2 (e [E S > o
~Ir 12112%}1(\[ Fomin T ; ZitZit > 2z +Pr 11%11%}](\/ T ; thglt > 9
1 C,,e
+ Pr (1%a<>z(v T ; ZitVit|| > 9 )
=0 (1) )
by Lemmas H.3 and H.4, and the rates in Assumption 6 (ii).
(ii) Note that
1 T N2
A2 2
Owi = Owi = 7 1 Z Yit 2T Oyi
i )
- XT: (2 (70— &) + &+ va) = 2
T o 1 — 1t 7 V1
1T2 2 ~0 ¢’<1T~~/>~0¢ 1T2
:7zvz‘t_0m+ T — T p——— Ritg | \T; — T4 +7Z£it
T_ltzl ( ) T_ltzl < ) T - t=1
J ~ 1 &
+2 [Tl > (&ir 4 vir) Zﬁt] (ﬁ? - ﬁi) +20— > Eivir
- =l T =1

= Ajn +Aig+ Ais + Ais + Ajs.

The uniform convergence of A;;, A;o, A;3, Ais, and A;5 can be similarly shown as in Lemmas H.1,

H.3, H.4 and part (i) of this lemma. We omit the proof for conciseness. Therefore

A2 2
Ovi = Ouyi

Pr ( max

i=1,.,.N

>€) =o0(1).

Proof of Lemma H.6. Recall that Lemma H.2 shows that

sz< E 1§T:~ ~1 < E 1zT:~ ~/ <2C_«
min et Rty > Hmax et ZitZ; > T
5 = 2 T 2 tZit 2 T 2 L&t
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after some large T. Note %; = (1, z},)" . Thus,

LT
E(z{izz): E( | B (+ 2l )

1 T 1 T

T 2at=1 Zz‘t) E (f pr Eitigt)

With the block representation of E (% PO zit;;t) and its full rank condition, the inverse of it can
be calculated as (we only present its lower diagonal):

-1

|}3 <1 XT: 212/ )] - "1x1 "1x(mp+m—1)
272277 - -
g =1 ‘(mp+m—1)x1 [E (% Zf:l gz'téglt) —E (% Zf:l Eit) E (% Zle gét)} 1
1x1 "1x (mp+m—1)

(mp+m—1)x1 [E (% 23:1 éztéitﬂ

-1

The above implies that E (% Zthl zltz;t> must be of full rank, and

_— LT -1 LT —1
< e[ (505)] |2 (7522 } o

We obtain the desired result by minj<;<n ftmin (Ai_ 1) = 1 /maxi<i<n fmax (4;) for any full rank

matrices {A;} 1 . O

Proof of Lemma H.7. The proof here follows that of Lemma H.3. We similarly define

T
Iss’(k) = Z T Z {Bs (Tt) By (Tt) [l’itjil?itl —E (xitjxitlﬂ} .
icG

Its probability bound is

€ = €
P Isgl > — | < P ISS/ > —
' (Iilidxm ) mp2> B Zl ' ( ®| mp2>
- ma/2+2 (log N)2q
~ o (NT)P

where we use a similar argument as in the proof of (i) in Lemma H.1 and we set vy = mp?,
Cnr = vynNT (log N)™*, in addition, we use the assumptions that 7' o< N and N, oc N.

The desired result follows, using the same logic as in the proof of (i) in Lemma H.1. 0

106



Proof of Lemma H.8. To analyze Ay, we introduce some new notation:

. /
Ly = (éna o0y B1T ++++3 Ny 15 ---&N,J) )

a N;T x (m — 1+ mp) matrix, where we abuse the notation by letting Z,; in A (r) denote all

observations in G| x. Similarly

g(k) = <£117---;§1T7---7€Nk17 ...,kaT> s

a N, T x 1 vector.

By Lemmas H.6 and H.7 on ﬁz é k)Z(k), with very probability,

1 S Con
Hmin <NkTZ(k)Z(k)) = Hmin (NkT Z Zzztzlt) =9 —€z 3 (H.3)

74€Gk‘}(* t=1

by setting a small enough €, and similarly

Hmax (MZEk)Z(k)) < 3Cz:v

Thus, with very high probability,

1 . . 1 . . \l/1 -1 1/2
! !
| A || = lNkTé(k)Z(m <NkTZ(k)Z(k)> (N TZ(k:)Z(k)) N, TZ(k: &k ]

<30_1{ 1 ¢ < 1 o7 >£-- }1/2

33/20 101/2 ]' é/ f 1/2

1/2
33/2QIQJC;/2 [Nk Z Zézt] ) (H4)

ZGGk\K t=1

By the rate in (E.5),

S Yas

’LGGMK t=1

0 (m™*")

=0p (m_g’i) , (H.5)

N Z i(HZIme)

where the second line holds by the moment condition in Assumption 2. Substitute (H.5) back to

(H.4), and we obtain the desired result. O
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Proof of Lemma H.9. Recall that

B% (s)) 0 0
0  Bz(s) 0
MB (S) = )
0 0 m(g)
(p+1) x (m—14+mp)
and
1 T
zz — & Zz
Qw), N.T Ze; g itZit-
For any (p + 1) x 1 vector a,
N, T o T
k / .
a' Mg ( ) Ay =a M]B Z Z Zztzz G Nae e Z Z ZitVit
m N T i€Gy i t=1 ' N Tm 1€Gy g t=1
1 T
—GMB()Q 1zz N T éivit
® NiTm ze%;m ; '

1
_ "M ) H.6
75 e (0 X (1o

where the second line uses 3.7, 2,0 = Y1, 2;vit. By the i.i.d. assumption across 7 and ¢ on vy

and its independence with z, the conditional variance of this term can be calculated as

m

N;T
Var ( K CLIMB (S) Akg
m

— @I\\/H —1 !
T1, ., TN | =a B (8) Q) ..M (s) | a. (H.7)

The above is finite and proportional to ||a||” . To see it, (H.3) implies that with very high probability

Var (a/Mg () Aps| 21, ..., zy) > 3C ) ;‘1’%1\41 (s)Ms (s) a

P
2
o< a; = all,
1=0

where we abuse the notation a bit by letting a = (ao, ay, ..., ap)'. We can similarly verify the

Lindeberg condition for the last term in (H.6) as in Lemma A.8 in Huang et al. (2004) or Lemma
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A.8 in Su et al. (2019). We omit this verification process due to the similarity. We then apply the

Lindeberg Central Limit Theorem, and obtain

2 1/2
ML i (s) Ag / {a’ r“’f)MB (5) Qi .. Mz (s)/l a} 4 N(0,1).

m m

Proof of Lemma H.10. We only show the result that
Pr (IC (K*, A\y7) < IC(K* — 1, A\n7)) — 1.
Other cases are similar. Define an event
M = {Two groups merged and other groups corrected classified} .
By the nature of the HAC algorithm, and the proof in Theorem 3.1, we can similarly show that
Pr(M;) — 1.
Recall that
M={(Cux-, Gaprer, -, G ) = (G, Gagiees - Gcoprer ) -

We first show the result conditional on M and M, then we show the result unconditionally.

Without loss of generality, assume that observations in group K* — 1 and K* are merged. Thus,

IC (K*, Ayy) — IC (K* — 1, An7)
(Ngs—1+ Ng=) T

1 K~ A )
- k=K*-1

_ Ni+_1
Ng«_1 + Nk~

Ny

log (6U(K*_1\K*)) + Nge_i + Ng-

(H.8)
where the last line uses Ayr = 0o (NT') and N < N.
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We claim the result below and we defer its proof to the end:

N *— N *
A2 K*—1 A2 2 K A2 2
ey = (g2 A e S (g2 A 1),
TolE K =) T N Ny (& sy + 1)+NK*_1 + Nee (&ce1rcy + A3) +or (1)

(H.9)
where
1 T

A= NieiT > > [éit (W?I*(*—IIK*—I) N 7T?I?*—IIK*))F’ and

iGGK*,]_‘K* t=1

T
AgEN;T >3 [ (e — 7))

’iEGK*lK* t=1
and WO*(K*_”K*_D denotes the estimand of 7 for G+ U G+ k+.

Using (H.9) and the Jensen’s inequality,

. Ni+—1 .
log Ug(K*—l\K*—l) = Ni log (03(1{*—1\[{*) + A%)

*_ 1 —|— NK*
N

T N + N 8 (6%ke1r0e) + 23) +0p (1). (H.10)

Since

* *2

{Of(kK*—l)aB?K*—l)aU;%K*—n} # {Oéz(K*)?B(K*)?UU(K*)} )

we either have 0% ) # 0}tk or {@?K*—l)vﬁ(*K*fl)} # {az‘K*),BE*K*)}, so that either &7 .y jcr) 7
63( K+|Kk+) OF max {A2 A2} > 0 holds with very high probability. Together with this, we can

change “>” in (H.10) to “>”, so that

NK*
108 62 fen _11xce 1y > ~——————10g (62 je_115cey ) + —————10g (6% 1ee1cey ) +0p (1
8 Oy(K*—1|K*—1) N1 + Npo g( v(K*—1|K )) N1 + Ni- g( v(K*|K )) P (1)

(H.11)

Using (H.11), (H.8) implies that
IC (K*, Ayp) —IC (K* — 1, A7) < 0

holds with very high probability after some large N and 7T'.
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We have shown the desired result conditional on M and M. Since
Pr(iMNM;)>1—Pr(M° —Pr(Mj)—1,

the desired result then holds unconditionally.
We finish the proof by showing the claim in (H.9). Then as in the proof of (ii) in Theorem 3.2

(the decomposition of 63( ki) We have

T 2
Z Z(yzt Z R (1)K 1))
=1

1€G g* _ l\K*UGK*\K*

= > Z [ Zit ( T(K*—1|K*-1) — ?I*(*fHK*fl)) + 2 (W?;%LHK*A) - W?f(*fum)) + &+ @itr

ieGK*—l\K* t=1

+ 2 Z { Zit ( (K*—1]K*—1) — W?I*(*—HK*—I)) + £y (W?;(*_um_l) - W?[*(*‘K*)) + &t + i}itr

ZEUGK*‘K* t=1

Using the decomposition above and by the same analysis for 63( ki) 10 the proof of (i1) in Theorem
3.2, we can extract the leading term of the following:

N 1 T 9
012;(K*—1|K*—1) :(NK*,l i NK*) (T — 1) Z Z (yzt n7T K*—1|K*— 1))

iEGK*71|K*UGK*|K* t

=1
1 d 2 2
T LT T yieattaiten)

ZEGK*—HK* IGGK*lK* t=1

NK*_l A2 2 NK*
R 2 ke AT
NK*71+NK* (K 1‘K ) ! NK*71+NK*

6—3(K*|K*) + Ag + op (1) .

where the second and third lines repeatedly use the arguments for the analysis of 63(,€| k+)- The

above is the desired result. O]

Proof of Lemma H.11. We only show the result for K’ = K* + 1. Other cases are similar. Define

an event
M = {One group separated into two groups and other groups corrected classified} .
By the nature of the HAC algorithm, and the proof in Theorem 3.1, we can similarly show that

Pr (./\/lg) —1
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We show the result conditional on M and M. Without loss of generality, assume that obser-
vations in group K™ are separated into two groups, and the numbers of observations in groups K*
and K* + 1 are denoted as N« and Ng~o, respectively. Clearly Ng+ = Nk« + Ng+. Since
these two groups come from the same underlying group, the parameters of interest are the same.

Using the rates in Theorem 3.2,

2 0720 = Op [ ——— ) and 62 0720y = Op |
v(K*|K*+1) v( P m (K*+1|K*+1) — Op(k*) = UP m :

Since &) g rcry — Taiice) ( ) with the above, we have
NK 1T \ NK*QT
Then

IC (K* + 1, Anr) — IC (K™, Anr)

NyT
:N;*T {NK*lTlog (&U(K*|K*+1)) + Ng«oT'log (&u(K*+1|K*+1)) + Ant —Ni T log (@;(K*U{*))}
A N vz

= Ni- [log (6121(K*\K*+1)) — log (&3(K*|K )} + Ny {log( (K*+1|K*+1)) — log (&121(K*\K* )} NoT

:NK*lo 1 NK*2O 1 + ANT
PNV Nga T Niw P\ V/NgeaT ) " NiuT

_ \/NK*I + NK*2 O ]. _'_ >\NT
N N« "\VNe-T NgT
1 A
=0p ( ) + N > 0,

VNg-T) " Ne:T

with very high probability, where the last line holds due to \/ JX,LKl + \/ ]ZVVLKQ <2, An7 >V NT,

and Ng+ o< N.

We have shown the desired result conditional on M and M,. Since

Pr (M N Ms,) > 1 — Pr(M°) — Pr(MS) — 1,

the desired result then holds unconditionally. 0
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Proof of Lemma H.12. Without loss of generality, we ignore the group structure of other param-
eters for the following discussion. Moreover, we assume that we know (a(-), 3(+),02). It is in-

nocuous because 1 converges to the true value faster than v/ /N which is the convergence rate of

As in Lemmas H.10 and H.11, we only show that
Pr (f(j <IC*,5\NT) < f(j (]C* — 1, S\NT)) — 1,
and
Pr (Ifé (}C*, S\NT) < K/j (K* + 175\NT)) — 1.
As such, we divide the proof into two parts with Part 1 showing the first result and Part 2 for the
other.

Part 1. We show in Appendix G.2 that the information matrix is a well-behaved positive definite

matrix with diagonals being finite constants, even though 7" — oo. Recall that

0 0 2 0 2 0 0
0 = (Oz(l),au(l), ...,Oz(,c*),au(,c*),ﬁ s “'7TIC*—1) .

The true density function for y is

f(y

"0,
where we abuse the notation by letting ¥ = (62, a(-), 3(-)). By definition, ¢° uniquely maximizes
log | f (y |z; 0,0)] .
For a g that is in a small neighborhood of ¢,
log [ £ (y]z; 0.9)] —log [F (y]z: *.9)] = = (e~ &°) T (20— ¢°) +0 (HQ — QOH2> :

As mentioned at the beginning, [ is positive definite. Further, we restrict our attention to a compact

support of o, therefore, there exists a C' such that

log [ f (y|x; 0,9)| —log [ f (v

T 90,19)} < -C <0, (H.12)
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for all p outside of a small neighborhood of ¢°.
When we restrict the mixture distribution to come from K* — 1 distributions, clearly, the es-
timate converges to a parameter that is outside the small neighborhood of ¢°. By the consistency

and inequality in (H.12),
IC (K", Ayt) = 1C (K" = 1,Ay7) < =C'- N + 0p (N) + Ayr.

Further, A\yy < N , the above implies the first desired result.

Part 2. When we force L = K* + 1, denote

0 __ 0 2 0 2 0 0
g = (Oé(l), O-u(l)7 ceey OZ(K*JFI), O'u(;C*Jrl),Tl s "'7T/C*) s

as the population parameter. It is not unique but we use the one that the estimated parameters

converge to. < is essentially the same as ¢° in terms of mixture distribution; mathematically,

5% 0) = f (v

250", 0), (H.13)

where as before ¥ = (02, a(+), 3(+)). To see that, on the one hand

E [log f (yz

253", 0 )| = E[log f (v |v:: 0°,9)]

because <" has more degrees of freedom than that of 0" . On the other hand,

E {log f (yz

551’;§0719)} <E {bgf(yi

x50, 0)]

because f (y; |x; 0°,9) is the true underlying distribution. Therefore, (H.13) must hold.
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Let ¢ be the estimates when X = K* 4 1. Then, using (H.13),
D log f (yil2i;¢.90) Zlogf (yi |55 0,9)

S~ [log f (yi |3, 9) = 1og f (ui

150

1 & z ;
- v > [logf (yi |zi;0,9) —log f (yl

=1

Ti; Qoa 19):|

where the last line holds by the first order condition and the independence across /N so that

N
0
=0Op (N—l/z) and N ; B0 log f;

— Op (N—1/2) :

0

nT Z o log fz
¢=¢0

1 =< = Op (N‘l/z), and ||p — 0°|| = Op (N‘l/z). Using the above,

0=0

Ifé (IC*, S\NT) — IAC/ (IC* +1, S\NT> = _S\NT + Op (1) .

Then
Pr (fé (IC*, S\NT) < I,é (IC* + 1’:\NT)) — 1,

due to S\NT — 00. O
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